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Goal

Specifying dependent type theories, in the spirit of initial-algebra se-
mantics (Goguen, 1974).

® Define category of “models”.
® Desired type theory implicitly defined as initial object therein...

® ... up to isomorphism!

June 2026
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The usual pattern

) category
resentation — theor
P y of models
lex sketch lex cat — LP* cat (Ehresmann)
contextual
GAT - cat - LP cat (Cartmell)

Not so convenient for specifying dependent type theories.

*LP = locally presentable

A. and T. Hirschowitz, A. Lafont Direct initial-algebra semantics for (M)DTT June 2026
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The usual pattern, second generation

presentation — theory category
of models
SOGAT repr;eas;nct:\tble LP bicat  (Uemura)
co-type — LP co-cat (Nguyen &
theory Uemura)
enhanced L enhanFed LP bicat (Osser)
sketch theories

® More convenient for dependent type theories!

® Higher-dimensional.

A. and T. Hirschowitz, A. Lafont Direct initial-algebra semantics for (M)DTT June 2026
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This work

We propose:

Direct initial-algebra semantics
® Work directly in RLPCAT.

® No presentations, no theories.

® 1-categories of models.

® Constructions similar to Nguyen and Uemura's.

® In RLPCAT: LP categories, right adjoints.

® More accessible: old-school category theory.

® More precise (up to iso rather than co-equivalence).

¢ Counterpart:

® [sofibration condition in pullbacks.
® Morphisms preserve operations strictly.

A. and T. Hirschowitz, A. Lafont Direct initial-algebra semantics for (M)DTT June 2026
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Plan

(2) By example
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Example 0: simple operation

Pullback along suitable “refinement” functors.

e —— Get? o----- b N )
1J lrefinement ]
A — Set? d

At A2 °

Object of the pullback: A equipped with A? — A.

Bonus
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Example I: natural models

Natural model (Awodey, 2018)

var

RN

tm —
pra
tm
C

T
N

where 7% and 7™ are discrete fibrations.

(var not necessarily over C.)

Context extension ext

var atm

ty — tm — C
'rA » T,ArT:A > T, A.

A. and T. Hirschowitz, A. Lafont Direct initial-algebra semantics for (M)DTT June 2026
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Example I: natural models

PreNatMod “— DFib? | [
‘ ‘ Ci——C,
cod cod? 1
Cat (T Cat2 Cy I
C \
Cc \ Co
C

Bonus

Objects: pre-natural models = natural models without the right adjoint.

tmLty

7r>\ xty

C
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Example I: natural models

'U_U/I"
NatMod Cat?di tm T’ ty
Cat %4 I
PreNatMod ———— Cat?
proj ; . dom :
tm y oo tm o] Y

A. and T. Hirschowitz, A. Lafont Direct initial-algebra semantics for (M)DTT

June 2026



Intro By example Local presentability SOGATs Conclusion Bonus

Example Il: dependent products

® First recall standard definition as extensional type constructor
(Coraglia and Di Liberti).

® Then reconstruct in RLPCAT.
Defined by

B(tm) - tm
B(proj)| proi
B(ty) - e >ty

Y

t
where P = 7,7 o ext”.

A. and T. Hirschowitz, A. Lafont Direct initial-algebra semantics for (M)DTT June 2026
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Example Il: dependent products

Definition of 3

* ”‘ty
DFibc <25 DFib,, —> DFibc.

Computing B(ty)

B—T,A+B

ty —— PB(ty)
of e
C = ty r C
r,A ITrA! r

Element of B(ty)r: a type I' + A, together with I', A + B.

A. and T. Hirschowitz, A. Lafont Direct initial-algebra semantics for (M)DTT June 2026
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Example Il: dependent products

Definition of 3

* 71'|ty
DFibc <25 DFib,, —> DFibc.

Type of []

A. and T. Hirschowitz, A. Lafont Direct initial-algebra semantics for (M)DTT June 2026
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Example Il: dependent products

Reconstruction in RLPCAT, first step.

tm’ proj tm proj
\ t , \ t

Y Y
\ im — tm proj " tm proj
us

- ty' \* ty
C PreNatMod% — PreNatMod?2 xtm Am’ /,,m
JQ J c c
T base?

Cat T Cat?

A. and T. Hirschowitz, A. Lafont Direct initial-algebra semantics for (M)DTT June 2026
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Example Il: dependent products

Reconstruction in RLPCAT, second step.

PreNatModscart — PreNatMod?Zr

baseert

Cat T CatZeart

Similar...
Objects:

A. and T. Hirschowitz, A. Lafont Direct initial-algebra semantics for (M)DTT

Conclusion

June 2026

Bonus



Intro By example Local presentability SOGATs Conclusion

Example Il: dependent products

Reconstruction in RLPCAT, last step.

=
NatMody — PreNatModgcan \ o __j_ﬁ .
‘4, | . /
NatMod — PreNatMod% I

var
tm T\ PB(tm) B tm__proj
\ \

tm| ol by \"B(ty)|t

S
C

ty

m
v

Bonus
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Plan

(3) Local presentability
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Disclaimer

® Mere peek for lack of time.

® Plus it's work in progress.

ty

® Focus on hardest part: P = 7,” o ext™.

A. and T. Hirschowitz, A. Lafont Direct initial-algebra semantics for (M)DTT June 2026
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ext”: cartesian lifting

® Fibration base: PreNatMod — Cat.
® Cartesian lifting by pullback.
Also a fibration in RLPCAT (Street, 1974):

U . T0j
NatMod Pﬂ\ &)

7; -
7 Lm

H N PreNatMod ext*(tm) \,,/ (proj)

ext*(U) W o €$t (ty) \ /
NatMod ctx base
atMo ext -
" Cat iy .

ty ly

A. and T. Hirschowitz, A. Lafont Direct initial-algebra semantics for (M)DTT June 2026
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7Y opcartesian lifting

e QOpfibration base: PreNatMod — Cat.
® Problem: not an opfibration in RLPCAT.

® Current solution: show that “canonical” opcartesian lifting lives in
RLPCAT.

DFib[2] <
% N E///

n‘\,ﬂ\/) DFib

DFib /A/\d ‘wd ’ .
\/ Cat B /f

dom

(Discrete fibrations compose.)

Bonus
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7Y opcartesian lifting

Deduce desired opcartesian lifting.

o ;*B(U)
NatMod R

A N

/ PreNatMod

‘7

ext*(U)

ctx
NatMod Tt
atMo /7\
\/)

ty

base

Cat

SOGATs Conclusion

ext™ (tm) ext*(proj)
N \
o ext™(ty)

Bonus

A. and T. Hirschowitz, A. Lafont
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Plan

@ SOGATs
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Brief reminder on SOGATSs

® Based on a logical framework, say ULF (Uemura’s LF).
® Two sorts: * and O.

® Two-level “contexts”, as in

ZIT+M:A
signature // X K type
context term

Main entry point

Signature ~» category of models.

A. and T. Hirschowitz, A. Lafont Direct initial-algebra semantics for (M)DTT June 2026
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Interpretation of judgements

Concretely, Z|I"'+ M : A is interpreted as
= z [M]
(] [A]

Cat1 W DFib

o PreNatMod o SPreNatMod

when A : O, where
e Cat;: categories with a terminal object;
® SPreNatMod := pre-natural models with a section.

A. and T. Hirschowitz, A. Lafont Direct initial-algebra semantics for (M)DTT June 2026
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Interpretation of judgements

Concretely, Z|T" + M : A is interpreted as

Sk

Cat; v DFib PreNatMod «—— SPreNatMod

when A :

A. and T. Hirschowitz, A. Lafont Direct initial-algebra semantics for (M)DTT June 2026
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Signature extension (simplified)

Let s € {x,0}.

2T+ ST'rA:O
I => s+ S TT=AF
|+ |IT'+A:O
EI=s|FT:5s ZI=A|T+T:A
2. I=s|FT:s EI=A|IFT:A
2,I'=s —— (Pre)NatMod 2, I'=A —— SPreNatMod
I Jos | Js
z DFib z PreNatMod

® The former adds “indexed stuff”.

® The latter adds “indexed structure”.

Bonus

A. and T. Hirschowitz, A. Lafont Direct initial-algebra semantics for (M)DTT June 2026
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Plan

(5) Conclusion
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Conclusion

Direct initial-algebra semantics
Construct categories of models directly from 2-categorical properties

of RLPCAT.
No presentations, no theories.

® Use Nguyen and Uemura’s techniques for the most part.

® Type constructors require more work.

Applications:
® SOGATs and
® (not here) multimodal type theory.

June 2026
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Outlook

® Improve treatment of opcartesian lifting.

e Strengthen link with Uemura’s semantics?

A. and T. Hirschowitz, A. Lafont Direct initial-algebra semantics for (M)DTT June 2026
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Plan

T. Hirschowitz, A. Lafont Direct initial-algebra semantics for (M)DTT



Intro By example Local presentability SOGATs Conclusion Bonus

More on SOGATSs

® For fixed signature X:
® behaves like a normal type theory with dependent products, say
ULFy,

® with two sorts * and O,
® (x,0,0)-dependent products.

CFA: = XA+ B:0O

SIT+[I4B: O
® Signature extension rules:
2l 2l F JI'FA:O
>IN = *+ . I'=n0o¢r S I'= A+

A. and T. Hirschowitz, A. Lafont Direct initial-algebra semantics for (M)DTT June 2026
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1-categorical semantics of SOGATSs

Rough strategy

1. for each signature X,

® alocally presentable category [X] and
® a model of type theory ULFy with dependent products;

2. interpret signature extension rules.

In fact:
* [Z] consists of a functor n*: || — Cat*;

® here, “model of type theory” means generalised CwF.

Notation
Omitting | —|.

#Cats with terminal object.

A. and T. Hirschowitz, A. Lafont Direct initial-algebra semantics for (M)DTT June 2026
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Gecawfs (essentially Coraglia, Di Liberti, Emmenegger)

Let K be any 2-category.

Generalised category with families (gecawf) in K

var

/\
tm—
pra
tm
C

—
N

where
° 7% and x'™: fibrations in K,

® proj: fibration morphism,

® components of unit and counit are cartesian.

A. and T. Hirschowitz, A. Lafont Direct initial-algebra semantics for (M)DTT June 2026
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The main gecawf

SPreNatMod -2, PreNatMod

N

DFib

¢ Right adjoint: self pullback.

® ~» context extension is dom, : PreNatMod — DFib.

A. and T. Hirschowitz, A. Lafont Direct initial-algebra semantics for (M)DTT June 2026
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Interpretation of ULFy

Taken care of by “homming into” the main gecawf:

[Z, SPreNatMod] [2.9] [Z, PreNatMod]
\ A cod,]
[Z, DFib]

Claim
Each [ULFyz] has dependent products.

A. and T. Hirschowitz, A. Lafont Direct initial-algebra semantics for (M)DTT June 2026
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Application

[ty :o,el:ty = «] NatMod
Tl 1Q o
\C/ [ty :olA : ty] s

[ty:olFty: o] DFib 7ty C
- v doV

Cat1 PreNatMod ty

\ lDFle"d \

[ = id

\ DFib /
¢ E

c

nty

O —

A. and T. Hirschowitz, A. Lafont Direct initial-algebra semantics for (M)DTT June 2026
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Application

[ty :o,el:ty = «] NatMod
Tl 1Q o
\C/ [ty:olA : ty] S

[ty:olFty: o] DFib 7ty C
- v doV

Cat1 PreNatMod ty

\ lDFle"d \

[ = id

\ DFib /
¢ E

c

nty

O —

A. and T. Hirschowitz, A. Lafont Direct initial-algebra semantics for (M)DTT June 2026
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Application (sanity check)

[ty:O,el:ty= x| NatMod
W ¢ 14’ vty
= [ty :olA:ty]
H}’C/Ilty: - Dlitu D]]y DFib e
y: y: dOV
[ Catl PreNatMod ty ﬂtv E
C

\d lDFle"d \‘ /
w DFib /
C C /E

Ok, this was a bit trivial after all...

A. and T. Hirschowitz, A. Lafont Direct initial-algebra semantics for (M)DTT June 2026
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Application

Signature for (object) dependent product type:
Yp:=(ty:0,el:ty=*I1:(A:ty,B:el(A) — ty) = ty).
Interpretation of input arity ...|A:tyF el(A) — ty: O:

[[el(A) — ty]]—> tm Xc ty ——— ty
il ke
C

ty tm

var gtm

ext

Y= ]_l tye:tt()/,a)'

acty,,

A. and T. Hirschowitz, A. Lafont Direct initial-algebra semantics for (M)DTT June 2026
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