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1. Natural Models ↳

Def
.

A natural model consists of :

· a cat C of contexts 2 :* -T,

· presheaves T , F of types & terms,

· a natural transformation :F->T
othat types the terms, I

type
It

1

theory Ma :A) yT-T
2

A
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· t : F-T is representable :

T
.A-F
↓

↓ ↓+
+-> T

A

This models context extension
,

# # : T
.
A -> M

*
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· substitution is modelled by composition*.

M a : A :A-M

[e] F

-Atalr] : Alr]
a

-↓a
L ->M-T
ju A

-
A[o]

*) not pullback !
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· Typeformers [
,
It are modelled using the

polynomial endofunctor of :-T :

: ->

4t(X) =2x
M

ef/t
F YT!M

C -

-..... -- .
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· E . g. T- Rules of Form - Intro - Elim-comp

PF
↓

<) 4 + 1 It
-

PT= 1
11 *

FormA #AtiBIn a



Lo

· The [-Rules state a multiplication

(Epair) : PtoPt => Pt

in the cat Poly (E) of polynomial functors
3

-F
t pain

tot ↓ It
PT-T

where
2

Pt
.t
= PtoPt 2
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· The model t :F-T has extensional

identify types just if there's a pullback :

FfF Ta: A T b : A

-
&

↓ t
FFXF -> T

T + Egp(a , b)
T Eq

-I
↳

↓
I a : A

TT
↑ f refial : Eg

,
(a
, a)



2 . Path Types 78

Now fix an interval in E,
do

1 I
d,

↑

For each object X we have a pathobject ,

X + XF= Y

Iand a factorization X -X

of XX > ↓
XIX
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Def

.
+: F-> T has path types if

there are maps :

FIF
I
-

↓ ↓ +

F -> T
Path

Nwhere +- is the

Y ↓ pathobject
At
F factorization

of At overT



Do
We need the following :

&e f : Y -X is a Hurewicz fibration if

for all I & y
& h,

Homotopy-
11

lifting
property 1

[xIX
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We need the following :

&e f : Y -X is a Hurewicz fibration if

for all I & y
& h

C

- ⑳
Y

2xI= X

#



↳2
Fact If - :Y -> X is Aurewicz, then

there's a section 1 : X
*

xY-PF :

I->
Y -Y
! N

↓

1 ↓ ↓
Xi- X

Call & normal if 1191% = p .
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Prop . Suppose t : F -T,
-

-F
Ii) has path types
↓

↓

↓
FF -+ T =

ii) is a normal Huewicz fibration
·

Then -> models intensional Id-types.
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Lemma

. If :F -T satisfies (i) P(ii) ,

then any type A-X classified by t

has a connection X : AF-AFXI.

PPf . X IXI & - - 7 I

AF- A 11 X, #
· --- -

-

P
↓

-->
--> i

·->. AxA
P -

*
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1) Given :A
2) We have :

L A ->F
↓ It

-

i ↓etX -T
A

FF

3) Models : ↓ t

Form

XA *
Y
,
X
, y :A to Ida(x , y) 1.

⑪ ↓
!

Intro
%.

# T
X
,
X :A+ ref(x) : Idy(x ,x)

A
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4) NTS :

X
,y : A , p

: Idy(x ,y) + C

X : A + c : Cy
Elim

X
,y : A ,

P : Idp(x ,y) + T : C

AF
%

Comp --
*

It
X :AtJp = c

A- T
C
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Equivalently :

A=- --T
Cp

I -
+

C

↓ Iat = F- -
5) Take

-

and get Xpxc =: Jp
I : P

-
- .

P T
Da



3. Examples ↳S

1) I = 1 in any LC2
:

2-> Y A = #

↓
---

,

7
M ↓

AxA
[x1 -> X

all f :Y- X path types

are H : fibrations are diagonals

Extensional TT 3



29
2) I = · . in Gpds :

->H F
= G
*

↳ G
Eis I ----- ↓ ↓

,

(dom
,
cod)

I+ G GxG = GXG
X= Y
P

Hurewiez Pathobject
= (iso.) fibration

= arrow groupoid

Usual H-S Groupoid model
D



3) I = 11] in set = Set** 20

Kan fibrations are Hurewicz,
So Id . types Follow from the Prop

.

4) I = 11] in cSet = Sett :

Hurewicz + Path types

=> n-box filling f. all so
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. Box Filling E

↓

lef f : Y -X has nbox filling if for all
open boxes in : -->> In

,
and all b

,
c
,
there's a diagonal

filler y ,
as in :

-T

in-
In-> X

Briefly
,

in of
&



222
Yop. Suppose the model +:F ++

(i) has path types ,

(ii) is Hurewicz.

Thes any type family A- X classified by t

has no box filling f. all n yo.

↓P W->A-> I STSi
↓

in- ----↓ ↳t in to t

In-> X->T Fuso
.
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Lemma For

any A -X,
-

-

intAt EX into to A *

Pf
- b I
1-> A b

do↓-
-

C
·

I-> AxA
·C X si

*

i + Al in t A
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-. ofPrevi 1 - F
= :.

int,

I-

2) path types => ↑I-> F
+F1

J

It in +
F

S

FxF- T
T

3) Lemma - it ,

Etc
., by induction on no·
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THANKS !

-
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