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Mechanising denotational semantics in Agda
 – motivation

Mechanisation? 

‣ Support practical use of formal semantics, check wellformedness


Denotational semantics? 

‣ Historical examples – e.g., semantics of inheritance (Cook & Palsberg 1989)


‣ Current interest – e.g., semantics of Scheme (R7RS-Large ongoing)


Agda? 

‣ Ease of embedding denotational definitions
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Background



Denotational semantics
 – Scott–Strachey style

Abstract syntax 

‣ Sets of abstract syntax trees (ASTs) defined by context-free grammars


Domain equations 

‣ Domains defined in terms of domain constructors – recursion unrestricted


Semantic functions 

‣ Compositional maps from ASTs to denotations, defined by equations


‣ Denotations defined in typed λ-notation
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Denotational semantics
 – Scott–Strachey style

            Peter D. Mosses, Gordon D. Plotkin: On Proving Limiting Completeness. SIAM J. Comput. 16(1): 179-194 (1987)

PROVING LIMITING COMPLETENESS 181

D= (D, E) with a least element -L o, and lubs U.x. of increasing sequences). The
important functions between domains are thosef: D --> E which are continuous, meaning
that if x, is an increasing sequence in D then f(x,) is in E and then, too, f(ll, x,)=
U,f(x,); we write D--> E for the cpo of all continuous functions from D to E, with
the pointwise orderingf_ g iff for all in D, f(x)_=_ g(x). See [SP] for further information
on this topic, especially as regards constructions of domains including the solution of
recursive domain equations. Our notation is essentially that of [Wad], to facilitate
comparison of results, and that of [SP] to handle cpos.

2. The intermediate semantics approach. We shall now prove the completeness of
an operational semantics for the A-calculus relative to its usual denotational semantics,
by introducing an appropriate intermediate semantics.

First let us recall the syntax of the A-calculus. We assume a denumerable set Var
of variables. Basically, the set Exp of A-terms is taken to be the least such that:

if x is in Var then x is in Exp;
if x is in Vat and M is in Exp then (Ax. M) is in Exp;
if M and N are in Exp then (MN) is in Exp.

However, for convenience, we extend Exp to include partial terms by means of a clause
for the special symbol

fl is in Exp.
We may now regard Exp as a poset, taking the least partial order

_
on Exp such that:

fl_ M, for all M in Exp;
if M_ M’ then (Ax. M)E (Ax. M’) for all M and M’ in Exp and x in Var;
if M M’ and N N’ then (MN) (M’N’) for all M, M’, N, N’ in Exp.

Note that (Exp, _) is not a cpo. However, we shall ensure that all functions that we
define on Exp are monotonic.

The standard denotational semantics of the A-calculus is given by the (monotonic)
function T’:Exp-> (Env->D) specified in Table 1. Here D is taken to be the (initial)
solution of D=D-> D that includes some arbitrary nontrivial cpo Do ([SP] (see also
our Appendix)). (This is a slight generalisation of Scott’s original D-model [Sco],
[Wad], where only complete lattices were considered.) We omit the isomorphism
D D-> D from formulae, when there is no danger of confusion.

TABLE
Standard semantics.

Domains

D D--> D (see text)
Env DTM

Denotations

of: Exp Env D
rx=p(x)
l/’Ax. M]p Ad e D M](p[d/x])
t/’MNp Mp)( Np

Our operational semantics for the A-calculus is given by the to-indexed family of
(monotonic) functions " Exp--> Exp defined in Table 2 for any n and any M in Exp;
"(M) may be regarded as the partial normal form of M determined by n steps of
a (parallel)reduction algorithm. That is, "(M) can be obtained by making some
/3-reductions on M, followed by replacing all remaining/3-redexes by fl. Thus each
(M) is an approximate normal form of M in the terminology of [Wad]. Moreover,
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Agda
 – some language features

‣ The universe of types     Set


‣ Inductive datatypes        data D : Set where …


‣ Dependent types            (x : A) → B


‣ Anonymous functions     λ x → y


‣ Postulated types             postulate …


‣ Rewrite rules                   eq : a ≡ b;  {-# REWRITE eq #-}


‣ Implicit { … } and instance {{ … }} arguments
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Embedding a denotational semantics in Agda
 – shallow embedding

inductive datatype definitions

definitions, postulated bijections

inductive function definitions

abstract syntax grammar

recursive domain equations

semantic function definitions

 
Domain THEORY

 
Domain NOTATION
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Notation
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Notation
 – domains

Mosses, Cockx, Reus

symbols and keywords such as → or where. Underscores in names play a special role for mixfix notation.
Mixfix notation. Agda supports mixfix notation for defining operators, with underscores in the name of

a symbol indicating argument positions. For example, if we declare _+_ : Nat → Nat → Nat, we can use
it as 1 + 1 (the spaces are required, since 1+1 is a valid Agda name!).

Anonymous functions. Lambda abstractions use the syntax ω x → u instead of ω x. u.
Implicit arguments. Arguments marked by single curly braces {. . . } in the type of a symbol are considered

to be implicit. These arguments may be omitted, and are then inferred by Agda’s type checker.
Type classes. Agda has no direct support for type classes, but they can be simulated using Agda’s instance

arguments to resolve type class instances. Instance arguments are marked by double curly braces {{. . . }}
and are resolved automatically by using definitions marked as instance.

Rewrite rules. Agda has support for rewrite rules [5] that are applied automatically during type checking.
Rewrite rules are declared by marking an equality proof eq : a → b with a {-# REWRITE eq #-} pragma.
Agda can optionally check confluence of rewrite rules, but currently does not check their termination. Since
only proven (or postulated) equalities can be added as rewrite rules, non-confluence and non-termination
cannot a!ect the soundness of Agda’s type checker, only its completeness [6].

3 Postulated Domain Notation

This section postulates Agda notation for the domain constructors and associated functions used in the
illustrative examples (Section 4↑). See the accompanying website [21] for hyperlinked, highlighted listings
of the complete Agda code with the details elided here (including module imports, fixity declarations, and
declarations of the types of meta-variables). In the PDF, the symbol ↑ following a reference to a numbered
section is a link to the corresponding page on the website.

3.1 Domains

Domains are embedded in Agda as elements of the type Domain. A domain D is not itself a type, but it has
a carrier type ↓↓ D ↔↔ : Set, which always contains an element ↗{D} (written ↗ when Agda can infer D).

module Domains where
postulate

Domain : Set -- Domain is the type of all domains
↓↓_↔↔ : Domain → Set -- ↓↓ D ↔↔ is the carrier type of D
↗ : {D : Domain} → ↓↓ D ↔↔ -- ↗{D} is the ’bottom’ element of D

Some previous papers on embedding denotational semantics in Agda [27,28,29] defined domains to be types:
Domain = Set. However, postulating ↗ : D for all D : Domain was then inconsistent with the existence of
an empty type in Agda. Postulating Domain : Set avoids that inconsistency.

The notation for domains postulated here supports type-checking embeddings of denotational semantics
in Agda such as those in the illustrative examples. It does not define or constrain the mathematical structure

of domains, nor the algebraic and universal properties of the associated functions.

3.2 Function Domains

The conventional notation in denotational definitions for the domain of continuous functions from D to E
is D ↘ E or [D ↘ E]. However, Agda reserves the notation D → E for the type of all (total) functions
from type D to type E; instead, we use the notation D →c E for embedding continuous function domains:

module Functions where
postulate _→c_ : Domain → Domain → Domain

Both ω-abstraction and application preserve continuity. In conventional denotational semantics, functions
between domains are defined using ω-abstraction and application from primitive continuous functions
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associated with specific domain constructors, so they are automatically continuous. This motivates treating
the carrier →→ D →c E ↑↑ of the embedding of a function domain as a type of continuous functions. (Proving

functions defined in ω-notation to be continuous in Agda requires pairing each ω-abstraction with an explicit
proof of its continuity, which is quite impractical – especially when embedding denotations defined in
continuation-passing style.)

However, to support type-checking the direct embedding of ω-notation from conventional denotational
definitions in Agda, it appears to be necessary to rewrite the carrier types of function domains to ordinary
function types:

postulate dom-cts : →→ D →c E ↑↑ ↓ (→→ D ↑↑ → →→ E ↑↑)
{-# REWRITE dom-cts #-}

Similarly, the notation A →s D is the embedding of the domain of all functions from an ordinary type A to
a domain D (which are trivially continuous, ordered pointwise):

postulate _→s_ : Set → Domain → Domain
postulate set-cts : →→ A →s D ↑↑ ↓ (A → →→ D ↑↑)
{-# REWRITE set-cts #-}

Embeddings of endofunctions ε on a domain D should always have fixed points fix ε, with fix itself also
being continuous:

postulate fix : →→ (D →c D) →c D ↑↑

3.3 Recursive Domains

Conventional denotational semantics often involves groups of mutually recursive domain definitions. In
Agda, recursive type definitions lead to non-termination of the type-checker. To avoid non-termination, it is
su!cient to break the recursion by leaving (one or more) domains as postulated. The following operations
can then be used to map values from a postulated domain to its structure and vice versa.

module Recursion where
postulate

_↔=_ : Domain → Domain → Set
-- an instance of D ↔= E declares that the structure of D is the same as E
unfold : {{D ↔= E}} → →→ D →c E ↑↑
fold : {{D ↔= E}} → →→ E →c D ↑↑

The instance parameter {{D ↔= E}} of the above operations restricts them to domains D and E for which
instance _ : D ↔= E has been declared.

3.4 Flat Domains

Lifting an ordinary set A by adding a ↗ element gives a flat domain, usually written A→. Our Agda
embedding postulates a corresponding domain constructor A +↗, together with a function ↑ for injecting
elements of A into A +↗, and an operator f ω for extending functions on A to arguments in A +↗.

module Flat where
postulate

_+↗ : Set → Domain -- A +↗ constructs a flat domain
↑ : →→ A →s (A +↗) ↑↑ -- (↑ a) injects a into A +↗
_ω : →→ (A →s D) →c (A +↗) →c D ↑↑ -- f ω extends f to map ↗ to ↗
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Notation
 – fixed points of functions; recursive domains

Mosses, Cockx, Reus
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module Updates where
_[_/_] : {{Eq A}} → →→ (A →s D) →c D →c A →s (A →s D) ↑↑
ω [ ε / a ] = ϑ a→ → if a == a→ then ε else ω a→

Similarly for stores ϖ : →→ (A +↓) →c D ↑↑:

_[_/_]↓ : {{Eq A}} → →→ ((A +↓) →c D) →c D →c (A +↓) →c ((A +↓) →c D) ↑↑
ϖ [ ε / ϱ ]↓ = ϑ ϱ→ → (ϱ ==↓ ϱ→) ↔↗ ε , ϖ ϱ→

Defining an operation m [ x ← y ] for extension or overriding of dependent maps m is less straightforward,
as it involves an equality test that may return an equivalence proof.
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Illustrative examples
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Illustrative examples

Untyped λ-calculus 

‣ simple example, embedding Scott’s model 


In the paper (and the appendix of these slides): 

‣ PCF (Programming Computable Functions, Plotkin 1977)


- intrinsically-typed syntax, dependent types of domains


‣ Scm (an ad hoc sublanguage of Scheme)


- sum and product domains, denotations in continuation-passing style

D∞
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Untyped λ-calculus
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4 Illustrative Examples

This section illustrates mechanisation of denotational semantics in Agda with three examples, all using the
postulated notation (Section 3→) for domains and their associated operations: the Untyped Lambda-Calculus
(Section 4.1→), PCF: A Programming Language for Computable Functions (Section 4.2→), and Scm: A
Sublanguage of Scheme.

4.1 Untyped Lambda-Calculus

This section presents our Agda embedding of a denotational semantics of the untyped ω-calculus.

4.1.1 Abstract Syntax

Abstract syntax is not regarded as a domain. In conventional Scott–Strachey style denotational semantics,
abstract syntax is generally first-order: terms are finite, totally-defined elements.

A variable is written x n. The argument n merely distinguishes between variables – it is not a De Bruin
index. The term constructor var below includes variables in terms.

In Agda, mixfix notation requires argument positions _ to be separated by characters other than spaces.
The term constructors for function abstraction and application use the Unicode character ! as a separator.

module Examples.LC.Abstract-Syntax where
data Var : Set where

x : Nat → Var
data Exp : Set where

var_ : Var → Exp -- variable reference
(|ω_!_|) : Var → Exp → Exp -- function abstraction
(|_!_|) : Exp → Exp → Exp -- function application

4.1.2 Domain Equations

Simply defining D↑ = (D↑ →c D↑) would lead to non-termination of the Agda type-checker. Instead, we
postulate the domain D↑, together with a bijection D↑ ↓= (D↑ →c D↑). This declares unfold : ↔↔ D↑ →c

(D↑ →c D↑) ↗↗ and fold : ↔↔ (D↑ →c D↑) →c D↑ ↗↗.

module Examples.LC.Domain-Equations where
postulate

D↑ : Domain -- corresponds to Scott’s domain
instance eqD↑ : D↑ ↓= (D↑ →c D↑) -- bijection

Env = Var →s D↑ -- environments

Use of the conventional notation ε [ ϑ / v ] for updating an environment ε to map v to d requires an equality
test for variables, elided here.

4.1.3 Semantic Functions

The semantic equations below correspond closely to those found in textbooks on denotational semantics
(e.g., [40]). In larger conventional definitions, fold and unfold are usually left implicit, but Agda does not
support this.

module Examples.LC.Semantic-Functions where
!_" : Exp → ↔↔ Env →c D↑ ↗↗
! var v " ε = ε v
! (|ω v ! e |) " ε = fold ( ω ϑ → ! e " (ε [ ϑ / v ]) )
! (| e1 ! e2 |) " ε = unfold ( ! e1 " ε ) ( ! e2 " ε )
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5 Postulated Properties

The Properties module postulates basic properties of some of the operations of the postulated domain
notation (Section 3→). These properties are expected to hold in various categories of domains [1] but they
do not define the mathematical structure of domains.

The postulated properties support proofs that terms have identical denotations. For example, some
illustrative tests (Section 6→) declare that the denotation of a function application is equivalent to the
denotation of a constant; other tests declare that particular instances of renaming do not a!ect denotations.

When postulated properties are declared as rewrite rules, Agda can use them automatically in proofs.
Agda also has an option to check that the declared rewrite rules form a confluent system. Rewrite rules are
safe to use with Agda.Builtin.Equality when that option is enabled. Confluent but non-terminating rewrite
rules cannot break consistency, as shown by Cockx, Tabareau, and Winterhalter [6].

The rewrite rules declared below support automatic proof of identity for all the illustrative tests: the
proof terms are simply refl (i.e., reflexivity).

module Functions where
postulate

apply-fix : {ω : ↑↑ D →c D ↓↓} → fix ω ↔ ω (fix ω) -- apply-fix{ω} unfolds fix ω once
{-# REWRITE apply-fix #-}

The rewrite rule apply-fix does not cause the type-checker to diverge, despite the obvious non-termination.
Agda’s type checker uses weak head evaluation: it only unfolds expressions to the point where the top-level
constructor becomes visible. In particular, it will not evaluate under a ε-abstraction unless it is being
compared to another ε-abstraction and the bodies are not syntactically equal.

module Recursion where
postulate

elim-unfold-fold : {{_ : D ↗= E}} → {e : ↑↑ E ↓↓} → unfold (fold e) ↔ e
{-# REWRITE elim-unfold-fold #-}

A rule for fold (unfold d) ↔ d could be added, but it is not needed for the current illustrative tests.

module Flat where
postulate

elim-ω-↑ : (f ω) (↑ a→) ↔ f a→
elim-ω-↘ : (f ω) ↘ ↔ ↘

{-# REWRITE elim-ω-↑ elim-ω-↘ #-}

Removing any of the above rewrite rules breaks the proof in at least one of the illustrative tests. In principle,
all refl proof terms that rely on rewrite rules could be replaced by proofs that apply the postulated properties
to specified subterms. However, we expect that it would be quite tedious to develop such proofs, and reading
them is unlikely to provide new insights.

The remaining postulated properties are for domains that are not used in the semantics of the LC and
PCF languages; they will be needed when tests for equivalence of denotations of Scm expressions are added.
Postulates of properties for our operations on tuples and sequences have not yet been developed.

6 Illustrative Tests

The tests below illustrate automatic proof of equivalence of term denotations by the Agda type-checker: the
type-correctness of the refl definitions of the declared equivalences confirms that they hold. Such tests can
check that the denotation of a function call is equivalent to the denotation of a constant in the embedding of
a denotational semantics. They can even check that a specific renaming preserves the denotation of a term.

Apart from confirming that a denotational semantics defines denotations which satisfy some expected
equivalences at least for some terms, some of the tests also depend on rewrite rules for the postulated
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properties (Section 5→). The success of those tests indirectly checks that the rewrite rules preserve
denotations. (A more systematic approach would be to develop a suite of unit tests for consequences of
postulated properties, independently of denotational definitions.)

6.1 LC Tests

check-convergence : -- (ωx1.x42)((ωx0.x0 x0)(ωx0.x0 x0)) = x42
! (| (|ω x 1 ! var x 42 |) !
(| (|ω x 0 ! (| var x 0 ! var x 0 |) |) ! (|ω x 0 ! (| var x 0 ! var x 0 |) |) |) |) " ↑ ! var x 42 "

check-convergence = refl

check-abs : -- (ωx1.x1)(ωx1.x42) = ωx2.x42
! (| (|ω x 1 ! var x 1 |) ! (|ω x 1 ! var x 42 |) |) " ↑ ! (|ω x 1 ! var x 42 |) "

check-abs = refl

check-free : -- (ωx1.(ωx42.x1)x2)x42 = x42
! (| (|ω x 1 ! (| (|ω x 42 ! var x 1 |) ! var x 2 |) |) ! var x 42 |) " ↑ ! var x 42 "

check-free = refl

A reviewer pointed out that the only interpretation of ↓↓ D↔ ↗↗ in Agda could be a singleton type, so that
one should expect many equalities to hold. However, when the proof of an equality is simply by refl, Agda’s
type-checker does not automatically use such reasoning.

6.2 PCF Tests

check-fix-lambda : -- fix (ωg. ωa. 42) 2 ↑ 42
A→! (| (| L Y ! (|ω g ! (|ω a ! L k 42 |) |) |) ! L k 2 |) " ε↘ ↑ ↑ 42

check-fix-lambda = refl

check-countdown : -- fix (ωg. ωa. ifz a then 42 else g (pred a)) 5 ↑ 42
A→! (| (| L Y ! (|ω g ! (|ω a !

(| (| (| L ≃ ! (| L Z ! V a |) |) ! L k 42 |) !
(| V g ! (| L (|⇐1|) ! V a |) |) |) |) |) |) ! L k 5 |) " ε↘ ↑ ↑ 42

check-countdown = refl

7 Mechanising Domain Theory

In order to check ones understanding of a programming language or to develop new features one wishes to
use a theorem prover. To model denotational semantics of any interesting language, however, one must
employ domain theory to model recursive functions and recursive types. The prover of choice must thus
provide libraries that implement a su!ciently rich domain theory. Alas, there are not many libraries (that
are easy enough to use), one can make repeated use of postulates, like in the presented Agda development.
In the literature the following mechanisations of domain theory are known:

7.1 Overview of Mechanised Standard Domain Theory

There have been previous successful attempts to mechanise classical domain theory and Milner’s Logic
for Computable Functions [22]. Franz Regensburger [36] developed a corresponding formalisation in
Isabelle/HOL [31] which was further extended as described in [30]. The authors of the latter use a special
tactic that “reduces the continuity of an LCF term to the continuity of its basic components by structural

rules” [30]. In Agda, there exists the possibility for users to define tactics through reflection [54]. It might
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Mechanised standard domain theory
 – in proof assistants

HOLCF 

‣ Regensburger (1995, 1999)


Coq/Rocq 

‣ Paulin-Mohring (2009), Benton et al. (2009), Dockins (2014)


Agda 

‣ De Jong & Escardó (2021)
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Synthetic domain theory (SDT) 

Aim: 

‣ domains are sets


‣ functions between domains are automatically continuous


Dana Scott (1980, pp. 426–7):


‣ “Now we cannot hope to embed the theory of a typed λ-calculus in a 
classical higher-order theory […]. Something else has to be tried, and the 
answer is higher-order intuitionistic logic.”
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Synthetic domain theory (SDT)

Various authors (1980s–90s):


‣ developed full subcategories of models of intuitionistic set theory


Alex Simpson (2004, p. 208):


‣ “an axiomatic basis for [a single unifying] treatment” 

‣ “start off with a category S of intuitionistic sets […] extract a full subcategory of 
predomains, P, whose associated category of partial maps, pP, is algebraically compact” 

‣ “require that S have enough structure to model full Intuitionistic Zermelo–Fraenkel (IZF) 
set theory […] implemented by asking for S to be given as the full subcategory of small 
objects in a category C with class(ic) structure and universal object”
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Mechanising SDT
 – an existing mechanisation

Bernhard Reus (1996, 1999) & Thomas Streicher (1999):


‣ domains as complete extensional -spaces


‣ axiomatised in the Extended Calculus of Constructions (ECC) 

‣ mechanised in Lego extended with an impredicative universe of sets


‣ appears to be impossible to translate into Agda

Σ
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Mechanising SDT

Alex Simpson (2004, p. 220):


‣ “it seems likely that, with appropriate reformulations, the development […] 
could be carried out in the (predicative) context of Martin-Löf’s Type Theory” 


‣ “Similarly, it appears that a predicative set theory could be used rather than 
IZF, for example Aczel’s CZF”


Are there major obstacles to doing it in Agda?
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Embedding a denotational semantics in Agda
 – shallow embedding

inductive datatype definitions

diagrams?

inductive function definitions

abstract syntax grammar

recursive domain equations

semantic function definitions

 
Domain THEORY

 
SDT   
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Conclusion

Currently: 

‣ Shallow embedding of denotational definitions in Agda


‣ Mechanisation with almost no changes to λ-notation or domain equations


In future? 

‣ Implement SDT in Agda – based on Alex Simpson’s unifying framework


‣ Replace current postulates by definitions 

Help needed – new collaborators welcome!
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and its Correctness 
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Abstract 
This paper presents a denotational model of inheritance. 
The model is based on an intuitive motivation of the 
purpose of inheritance. The correctness of the model is 
demonstrated by proving it equivalent to an operational 
semantics of inheritance based upon the method-lookup 
algorithm of object-oriented languages. Although it was 
originally developed to explain inheritance in object- 
oriented languages, the model shows that inheritance is 
a general mechanism that may be applied to any form 
of recursive definition. 

1 Introduction 
Inheritance is one of the central concepts in object- 
oriented programming. Despite its importance, there 
seems to be a lack of consensus on the proper way to 
describe inheritance. This is evident from the following 
review of various formalizations of inheritance that have 
been proposed. 

The concept of prefizing in Simula [5], which evolved 
into the modern concept of inheritance, was defined in 
terms of textual concatenation of program blocks. How- 
ever, this definition was informal, and only partially ac- 
counted for more sophisticated aspects of prefixing like 
the pseudo-variable this and virtual operations. 

The most precise and widely used definition of inher- 
itance is given by the operational semantics of object- 
oriented languages. The canonical operational seman- 
tics is the “method lookup” algorithm of Smalltalk: 
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When a message is sent, the methods in 
the receiver’s class are searched for one with a 
matching selector. If none is found, the meth- 
ods in that class’s superclass are searched next. 
The search continues up the superclass chain 
until a matching method is found. . . . 

When a method contains a message whose 
receiver is self, the search for the method for 
that message begins in the instance’s class, re- 
gardless of which class contains the method 
containing self. . . . 

When a message is sent to super, the search 
for a method . . . begins in the superclass of the 
class containing the method. The use of super 
allows a method to access methods defined in a 
superclass even if the methods have been over- 
ridden in the subclasses. [6, pp. 61-641 

Unfortunately, such operational definitions do not nec- 
essarily foster intuitive understanding. As a result, in- 
sight into the proper use and purpose of inheritance is 
often gained only through an “Aha!” experience [I]. 

Cardelli [2] identifies inheritance with the subtype re- 
lation on record types: “a record type T is a subtype 
(written 5) of a record type r’ if 7 has all the fields of T’, 
and possibly more, and the common fields of 7 and r’ are 
in the 5 relation.” His work shows that a sound type- 
checking algorithm exists for strongly-typed, statically- 
scoped languages with inheritance, but it doesn’t give 
their dynamic semantics. More recently, McAllister and 
Zabih [9] suggested a system of “boolean classes” simi- 
lar to inheritance as used in knowledge representation. 
Stein [16] focused on shared attributes and methods. 
Minsky and Rozenshtein [lo] characterized inheritance 
by “laws” regulating message sending. Although they 
express various aspects of inheritance, none of these pre- 
sentations are convincing because they provide no ver- 
ifiable evidence that the formal model corresponds to 
the form of inheritance actually used in object-oriented 
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matching selector. If none is found, the meth- 
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The search continues up the superclass chain 
until a matching method is found. . . . 

When a method contains a message whose 
receiver is self, the search for the method for 
that message begins in the instance’s class, re- 
gardless of which class contains the method 
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When a message is sent to super, the search 
for a method . . . begins in the superclass of the 
class containing the method. The use of super 
allows a method to access methods defined in a 
superclass even if the methods have been over- 
ridden in the subclasses. [6, pp. 61-641 

Unfortunately, such operational definitions do not nec- 
essarily foster intuitive understanding. As a result, in- 
sight into the proper use and purpose of inheritance is 
often gained only through an “Aha!” experience [I]. 

Cardelli [2] identifies inheritance with the subtype re- 
lation on record types: “a record type T is a subtype 
(written 5) of a record type r’ if 7 has all the fields of T’, 
and possibly more, and the common fields of 7 and r’ are 
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checking algorithm exists for strongly-typed, statically- 
scoped languages with inheritance, but it doesn’t give 
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lar to inheritance as used in knowledge representation. 
Stein [16] focused on shared attributes and methods. 
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by “laws” regulating message sending. Although they 
express various aspects of inheritance, none of these pre- 
sentations are convincing because they provide no ver- 
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Scheme denotational semantics
 – excerpt: 66 Revised7 Scheme

7.2.2. Domain equations

↵ 2 L locations
⌫ 2 N natural numbers

T = {false, true} booleans
Q symbols
H characters
R numbers
Ep = L⇥ L⇥ T pairs
Ev = L*⇥ T vectors
Es = L*⇥ T strings
M = {false, true, null, undefined, unspecified}

miscellaneous
� 2 F = L⇥ (E* ! P ! K ! C) procedure values
✏ 2 E = Q+ H+ R+ Ep + Ev + Es + M+ F

expressed values
� 2 S = L ! (E⇥ T) stores
⇢ 2 U = Ide ! L environments
✓ 2 C = S ! A command conts
 2 K = E* ! C expression conts

A answers
X errors

! 2 P = (F⇥ F⇥ P) + {root} dynamic points

7.2.3. Semantic functions

K : Con ! E
E : Exp ! U ! P ! K ! C

E* : Exp* ! U ! P ! K ! C
C : Com* ! U ! P ! C ! C

Definition of K deliberately omitted.

E [[K]] = �⇢! . send (K[[K]])

E [[I]] = �⇢! . hold (lookup ⇢ I)
(single(�✏ . ✏ = undefined !

wrong “undefined variable”,
send ✏ ))

E [[(E0 E*)]] =
�⇢! . E*(permute(hE0i § E*))

⇢
!
(�✏* . ((�✏* . applicate (✏* # 1) (✏* † 1) !)

(unpermute ✏*)))

E [[(lambda (I*) �* E0)]] =
�⇢! . �� .

new � 2 L !
send (hnew � | L,

�✏*!00 .#✏* = #I* !
tievals(�↵* . (�⇢0 . C[[�*]]⇢0!0(E [[E0]]⇢

0!00))
(extends ⇢ I* ↵*))

✏*,
wrong “wrong number of arguments”i

in E)

(update (new � | L) unspecified �),

wrong “out of memory” �

E [[(lambda (I* . I) �* E0)]] =
�⇢! . �� .

new � 2 L !
send (hnew � | L,

�✏*!00 .#✏* � #I* !
tievalsrest

(�↵* . (�⇢0 . C[[�*]]⇢0!0(E [[E0]]⇢
0!00))

(extends ⇢ (I* § hIi) ↵*))
✏*
(#I*),

wrong “too few arguments”i in E)

(update (new � | L) unspecified �),

wrong “out of memory” �

E [[(lambda I �* E0)]] = E [[(lambda (. I) �* E0)]]

E [[(if E0 E1 E2)]] =
�⇢! . E [[E0]] ⇢! (single (�✏ . truish ✏! E [[E1]]⇢!,

E [[E2]]⇢!))

E [[(if E0 E1)]] =
�⇢! . E [[E0]] ⇢! (single (�✏ . truish ✏! E [[E1]]⇢!,

send unspecified ))

Here and elsewhere, any expressed value other than undefined
may be used in place of unspecified.

E [[(set! I E)]] =
�⇢! . E [[E]] ⇢ ! (single(�✏ . assign (lookup ⇢ I)

✏
(send unspecified )))

E*[[ ]] = �⇢! . h i

E*[[E0 E*]] =
�⇢! . E [[E0]] ⇢! (single(�✏0 . E*[[E*]] ⇢! (�✏* .  (h✏0i § ✏*))))

C[[ ]] = �⇢!✓ . ✓

C[[�0 �*]] = �⇢!✓ . E [[�0]] ⇢! (�✏* . C[[�*]]⇢!✓)

7.2.4. Auxiliary functions

lookup : U ! Ide ! L
lookup = �⇢I . ⇢I

extends : U ! Ide* ! L* ! U
extends =
�⇢I*↵* .#I* = 0 ! ⇢,

extends (⇢[(↵* # 1)/(I* # 1)]) (I* † 1) (↵* † 1)

wrong : X ! C [implementation-dependent]

send : E ! K ! C
send = �✏ . h✏i

single : (E ! C) ! K
single =
� ✏* .#✏* = 1 !  (✏* # 1),

wrong “wrong number of return values”

new : S ! (L+ {error}) [implementation-dependent]

hold : L ! K ! C
hold = �↵� . send (�↵ # 1)�
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Notation
 – flat domains, Booleans

Mosses, Cockx, Reus

associated with specific domain constructors, so they are automatically continuous. This motivates treating
the carrier →→ D →c E ↑↑ of the embedding of a function domain as a type of continuous functions. (Proving

functions defined in ω-notation to be continuous in Agda requires pairing each ω-abstraction with an explicit
proof of its continuity, which is quite impractical – especially when embedding denotations defined in
continuation-passing style.)

However, to support type-checking the direct embedding of ω-notation from conventional denotational
definitions in Agda, it appears to be necessary to rewrite the carrier types of function domains to ordinary
function types:

postulate dom-cts : →→ D →c E ↑↑ ↓ (→→ D ↑↑ → →→ E ↑↑)
{-# REWRITE dom-cts #-}

Similarly, the notation A →s D is the embedding of the domain of all functions from an ordinary type A to
a domain D (which are trivially continuous, ordered pointwise):

postulate _→s_ : Set → Domain → Domain
postulate set-cts : →→ A →s D ↑↑ ↓ (A → →→ D ↑↑)
{-# REWRITE set-cts #-}

Embeddings of endofunctions ε on a domain D should always have fixed points fix ε, with fix itself also
being continuous:

postulate fix : →→ (D →c D) →c D ↑↑

3.3 Recursive Domains

Conventional denotational semantics often involves groups of mutually recursive domain definitions. In
Agda, recursive type definitions lead to non-termination of the type-checker. To avoid non-termination, it is
su!cient to break the recursion by leaving (one or more) domains as postulated. The following operations
can then be used to map values from a postulated domain to its structure and vice versa.

module Recursion where
postulate

_↔=_ : Domain → Domain → Set
-- an instance of D ↔= E declares that the structure of D is the same as E
unfold : {{D ↔= E}} → →→ D →c E ↑↑
fold : {{D ↔= E}} → →→ E →c D ↑↑

The instance parameter {{D ↔= E}} of the above operations restricts them to domains D and E for which
instance _ : D ↔= E has been declared.

3.4 Flat Domains

Lifting an ordinary set A by adding a ↗ element gives a flat domain, usually written A→. Our Agda
embedding postulates a corresponding domain constructor A +↗, together with a function ↑ for injecting
elements of A into A +↗, and an operator f ω for extending functions on A to arguments in A +↗.

module Flat where
postulate

_+↗ : Set → Domain -- A +↗ constructs a flat domain
↑ : →→ A →s (A +↗) ↑↑ -- (↑ a) injects a into A +↗
_ω : →→ (A →s D) →c (A +↗) →c D ↑↑ -- f ω extends f to map ↗ to ↗

5
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3.4.1 Booleans

The McCarthy conditional operation ω →↑ ε1 , ε2 extends the usual ternary conditional choice to domains.
It returns ↓ whenever its first argument is ↓.

module Booleans where
Bool↓ = Bool +↓
_→↑_,_ : ↔↔ Bool↓ →c D →c D →c D ↗↗ -- ω →↑ ε1 , ε2 is conditional choice
_→↑_,_ = (ϑ b ε1 ε2 → if b then ε1 else ε2) ω

This module also defines Eq A for use as an instance parameter, restricting operation definitions to types A
such that _==_ : A → A → Bool, and postulates a Bool↓-valued operation ε1 ==↓ ε2 on A +↓.

3.4.2 Naturals

Agda allows decimal notation for natural numbers, as well as unary notation using zero and suc.

module Naturals where
Nat↓ = Nat +↓

3.5 Sum Domains

The separated sum D + E of two domains corresponds to lifting the disjoint union of their carrier sets. The
following operations can be used directly for binary sums, and iterated for domains with more than two
summands.

module Sums where
postulate

_+_ : Domain → Domain → Domain -- D + E is separated sum
inj1 : ↔↔ D →c (D + E) ↗↗ -- inj1 ε is injection from D
inj2 : ↔↔ E →c (D + E) ↗↗ -- inj2 ϖ is injection from E
[_,_] : ↔↔ (D →c F) →c (E →c F) →c ((D + E) →c F) ↗↗
-- [ ϱ , ς ] applies ϱ to arguments in D, and ς to arguments in E

Conventional denotational definitions of programming languages (e.g., in [41]) use domain names instead
of numerical indices in operations associated with separated sums. The inherently dependent types of the
Agda embedding of these operations are as follows.

postulate
_↭_ ↘↑_ : Domain → Nat → Domain → Set
_in↓_ : ↔↔ D ↗↗ → (E : Domain) → {{E ↭ n ↘↑ D}} → ↔↔ E ↗↗ -- ε in↓ E injection
_|↓_ : ↔↔ E ↗↗ → (D : Domain) → {{E ↭ n ↘↑ D}} → ↔↔ D ↗↗ -- ϖ |↓ D projection
_≃↓_ : ↔↔ E ↗↗ → (D : Domain) → {{E ↭ n ↘↑ D}} → ↔↔ Bool↓ ↗↗ -- ϖ ≃↓ D inspection

The operations are defined only for D and E where an instance of type E ↭ n ↘↑ D is declared for some n.
Instead of defining the summands D of a separated sum domain E by an equation E = ... + D + ..., the
domain E is merely postulated, and each summand is declared separately by instance _ : E ↭ n ↘↑ D (where
n should be a di!erent natural number for each summand).

3.6 Product Domains

The carrier of the binary product D × E of two domains consists of all pairs (d , e) of elements of D and
E with the pair (↓{D} , ↓{E}) as the bottom element ↓{D × E}. Neither the product nor pairing is
associative. The following operations can be used directly for binary products, and iterated for products of
more than two domains.

6



PCF
 – abstract syntax: types, variables, constants

Mosses, Cockx, Reus

4.2 PCF: A Programming Language for Computable Functions

PCF and its denotational semantics were orginally defined by Dana Scott in 1969 [46] with combinators
(S, K) instead of ω-abstraction. Gordon Plotkin subsequently defined a denotational semantics for PCF
including ω-abstraction [35]. The Agda modules presented below are an embedding of the latter definition.

PCF is an intrinsically typed language: every well-formed term has a unique type. The following
grammar summarises the context-free abstract syntax of types ε, ϑ and terms M,N with variables ϖω

i
(i → 0) and constants c. In Section 4.2.1↑ we reflect Plotkin’s presentation of PCF more accurately by
exploiting Agda’s support for dependent types.

ε, ϑ ::= ϱ | o | (ε ↓ ϑ) (1)
c ::= tt | ! | ↔ | Y | kn | (+1) | (↗1) | Z (2)

M,N ::= ϖω
i | c | (M N) | (ωϖω

i M) (3)

4.2.1 Abstract Syntax

The following abstract syntax of well-formed PCF terms in Agda uses indexed datatype definitions. PCF
function types ε ↓ ϑ are written ε ↘ ϑ , and variables ϖω

i are written ϖ i ε (where the argument i merely
distinguishes between variables – it is not a De Bruin index).

module Examples.PCF.Abstract-Syntax where

data Types : Set where -- type terms
ϱ : Types -- individuals
o : Types -- truth-values
_↘_ : Types → Types → Types -- functions

data Vars : Types → Set where -- typed variables
ϖ : Nat → (ε : Types) → Vars ε -- ϖ i ε is a variable of type ε

data LA : Types → Set where -- typed constants
tt : LA o -- true
! : LA o -- false
↔ : LA (o ↘ ε ↘ ε ↘ ε) -- conditional
Y : LA ((ε ↘ ε) ↘ ε) -- fixed point
k : Nat → LA ϱ -- numerals
(|+1|) : LA (ϱ ↘ ϱ) -- successor
(|↗1|) : LA (ϱ ↘ ϱ) -- predecessor
Z : LA (ϱ ↘ o) -- zero test

data Terms : Types → Set where -- typed terms
V _ : Vars ε → Terms ε -- variable
L_ : LA ε → Terms ε -- constant
(|_"_|) : Terms (ε ↘ ϑ) → Terms ε → Terms ϑ -- function application
(|ω_"_|) : Vars ε → Terms ϑ → Terms (ε ↘ ϑ) -- function abstraction

4.2.2 Domain Equations

The domains D ε form a “standard collection of domains for arithmetic” in PCF, written Dω in [35]. As
PCF is a simply-typed language, the domains D ε are not reflexive, so their embedding in Agda can use
ordinary type definitions, not involving bijections.
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PCF
 – abstract syntax: terms; domain equations

Mosses, Cockx, Reus

4.2 PCF: A Programming Language for Computable Functions

PCF and its denotational semantics were orginally defined by Dana Scott in 1969 [46] with combinators
(S, K) instead of ω-abstraction. Gordon Plotkin subsequently defined a denotational semantics for PCF
including ω-abstraction [35]. The Agda modules presented below are an embedding of the latter definition.

PCF is an intrinsically typed language: every well-formed term has a unique type. The following
grammar summarises the context-free abstract syntax of types ε, ϑ and terms M,N with variables ϖω

i
(i → 0) and constants c. In Section 4.2.1↑ we reflect Plotkin’s presentation of PCF more accurately by
exploiting Agda’s support for dependent types.

ε, ϑ ::= ϱ | o | (ε ↓ ϑ) (1)
c ::= tt | ! | ↔ | Y | kn | (+1) | (↗1) | Z (2)

M,N ::= ϖω
i | c | (M N) | (ωϖω

i M) (3)

4.2.1 Abstract Syntax

The following abstract syntax of well-formed PCF terms in Agda uses indexed datatype definitions. PCF
function types ε ↓ ϑ are written ε ↘ ϑ , and variables ϖω

i are written ϖ i ε (where the argument i merely
distinguishes between variables – it is not a De Bruin index).

module Examples.PCF.Abstract-Syntax where

data Types : Set where -- type terms
ϱ : Types -- individuals
o : Types -- truth-values
_↘_ : Types → Types → Types -- functions

data Vars : Types → Set where -- typed variables
ϖ : Nat → (ε : Types) → Vars ε -- ϖ i ε is a variable of type ε

data LA : Types → Set where -- typed constants
tt : LA o -- true
! : LA o -- false
↔ : LA (o ↘ ε ↘ ε ↘ ε) -- conditional
Y : LA ((ε ↘ ε) ↘ ε) -- fixed point
k : Nat → LA ϱ -- numerals
(|+1|) : LA (ϱ ↘ ϱ) -- successor
(|↗1|) : LA (ϱ ↘ ϱ) -- predecessor
Z : LA (ϱ ↘ o) -- zero test

data Terms : Types → Set where -- typed terms
V _ : Vars ε → Terms ε -- variable
L_ : LA ε → Terms ε -- constant
(|_"_|) : Terms (ε ↘ ϑ) → Terms ε → Terms ϑ -- function application
(|ω_"_|) : Vars ε → Terms ϑ → Terms (ε ↘ ϑ) -- function abstraction

4.2.2 Domain Equations

The domains D ε form a “standard collection of domains for arithmetic” in PCF, written Dω in [35]. As
PCF is a simply-typed language, the domains D ε are not reflexive, so their embedding in Agda can use
ordinary type definitions, not involving bijections.
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module Examples.PCF.Domain-Equations where

D : Types → Domain -- standard domains
D ω = Nat→ -- natural numbers
D o = Bool→ -- truth-values
D (ε ↑ ϑ) = D ε →c D ϑ -- functions

Environments ϖ are type-preserving maps from variables to values. They are naturally modeled by a
dependent type: Env ε consists of type-preserving maps from variables in Vars ε to their values in the
domain D ε. The environment ϖ→ maps all variables to →.

Env = (ε : Types) → ↓↓ Vars ε →s D ε ↔↔ -- typed environments
ϖ→ : Env -- initial environment
ϖ→ _ _ = →

Extension or overriding typed environments, written ϖ [ v / x ]→, requires instances of the equality tests for
both variables and types. The definition of the latter is somewhat tedious.

4.2.3 Semantic functions

The notation ϖ ! ϱ i ε " gives the value of the variable ϱ i ε in ϖ by applying ϖ ε to the variable.
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ϖ ! ϱ i ε " = ϖ ε (ϱ i ε)
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properties (Section 5→). The success of those tests indirectly checks that the rewrite rules preserve
denotations. (A more systematic approach would be to develop a suite of unit tests for consequences of
postulated properties, independently of denotational definitions.)

6.1 LC Tests

check-convergence : -- (ωx1.x42)((ωx0.x0 x0)(ωx0.x0 x0)) = x42
! (| (|ω x 1 ! var x 42 |) !
(| (|ω x 0 ! (| var x 0 ! var x 0 |) |) ! (|ω x 0 ! (| var x 0 ! var x 0 |) |) |) |) " ↑ ! var x 42 "

check-convergence = refl

check-abs : -- (ωx1.x1)(ωx1.x42) = ωx2.x42
! (| (|ω x 1 ! var x 1 |) ! (|ω x 1 ! var x 42 |) |) " ↑ ! (|ω x 1 ! var x 42 |) "

check-abs = refl

check-free : -- (ωx1.(ωx42.x1)x2)x42 = x42
! (| (|ω x 1 ! (| (|ω x 42 ! var x 1 |) ! var x 2 |) |) ! var x 42 |) " ↑ ! var x 42 "

check-free = refl

A reviewer pointed out that the only interpretation of ↓↓ D↔ ↗↗ in Agda could be a singleton type, so that
one should expect many equalities to hold. However, when the proof of an equality is simply by refl, Agda’s
type-checker does not automatically use such reasoning.

6.2 PCF Tests

check-fix-lambda : -- fix (ωg. ωa. 42) 2 ↑ 42
A→! (| (| L Y ! (|ω g ! (|ω a ! L k 42 |) |) |) ! L k 2 |) " ε↘ ↑ ↑ 42

check-fix-lambda = refl

check-countdown : -- fix (ωg. ωa. ifz a then 42 else g (pred a)) 5 ↑ 42
A→! (| (| L Y ! (|ω g ! (|ω a !

(| (| (| L ≃ ! (| L Z ! V a |) |) ! L k 42 |) !
(| V g ! (| L (|⇐1|) ! V a |) |) |) |) |) |) ! L k 5 |) " ε↘ ↑ ↑ 42

check-countdown = refl

7 Mechanising Domain Theory

In order to check ones understanding of a programming language or to develop new features one wishes to
use a theorem prover. To model denotational semantics of any interesting language, however, one must
employ domain theory to model recursive functions and recursive types. The prover of choice must thus
provide libraries that implement a su!ciently rich domain theory. Alas, there are not many libraries (that
are easy enough to use), one can make repeated use of postulates, like in the presented Agda development.
In the literature the following mechanisations of domain theory are known:

7.1 Overview of Mechanised Standard Domain Theory

There have been previous successful attempts to mechanise classical domain theory and Milner’s Logic
for Computable Functions [22]. Franz Regensburger [36] developed a corresponding formalisation in
Isabelle/HOL [31] which was further extended as described in [30]. The authors of the latter use a special
tactic that “reduces the continuity of an LCF term to the continuity of its basic components by structural

rules” [30]. In Agda, there exists the possibility for users to define tactics through reflection [54]. It might
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3.4.1 Booleans

The McCarthy conditional operation ω →↑ ε1 , ε2 extends the usual ternary conditional choice to domains.
It returns ↓ whenever its first argument is ↓.

module Booleans where
Bool↓ = Bool +↓
_→↑_,_ : ↔↔ Bool↓ →c D →c D →c D ↗↗ -- ω →↑ ε1 , ε2 is conditional choice
_→↑_,_ = (ϑ b ε1 ε2 → if b then ε1 else ε2) ω

This module also defines Eq A for use as an instance parameter, restricting operation definitions to types A
such that _==_ : A → A → Bool, and postulates a Bool↓-valued operation ε1 ==↓ ε2 on A +↓.

3.4.2 Naturals

Agda allows decimal notation for natural numbers, as well as unary notation using zero and suc.

module Naturals where
Nat↓ = Nat +↓

3.5 Sum Domains

The separated sum D + E of two domains corresponds to lifting the disjoint union of their carrier sets. The
following operations can be used directly for binary sums, and iterated for domains with more than two
summands.

module Sums where
postulate

_+_ : Domain → Domain → Domain -- D + E is separated sum
inj1 : ↔↔ D →c (D + E) ↗↗ -- inj1 ε is injection from D
inj2 : ↔↔ E →c (D + E) ↗↗ -- inj2 ϖ is injection from E
[_,_] : ↔↔ (D →c F) →c (E →c F) →c ((D + E) →c F) ↗↗
-- [ ϱ , ς ] applies ϱ to arguments in D, and ς to arguments in E

Conventional denotational definitions of programming languages (e.g., in [41]) use domain names instead
of numerical indices in operations associated with separated sums. The inherently dependent types of the
Agda embedding of these operations are as follows.

postulate
_↭_ ↘↑_ : Domain → Nat → Domain → Set
_in↓_ : ↔↔ D ↗↗ → (E : Domain) → {{E ↭ n ↘↑ D}} → ↔↔ E ↗↗ -- ε in↓ E injection
_|↓_ : ↔↔ E ↗↗ → (D : Domain) → {{E ↭ n ↘↑ D}} → ↔↔ D ↗↗ -- ϖ |↓ D projection
_≃↓_ : ↔↔ E ↗↗ → (D : Domain) → {{E ↭ n ↘↑ D}} → ↔↔ Bool↓ ↗↗ -- ϖ ≃↓ D inspection

The operations are defined only for D and E where an instance of type E ↭ n ↘↑ D is declared for some n.
Instead of defining the summands D of a separated sum domain E by an equation E = ... + D + ..., the
domain E is merely postulated, and each summand is declared separately by instance _ : E ↭ n ↘↑ D (where
n should be a di!erent natural number for each summand).

3.6 Product Domains

The carrier of the binary product D × E of two domains consists of all pairs (d , e) of elements of D and
E with the pair (↓{D} , ↓{E}) as the bottom element ↓{D × E}. Neither the product nor pairing is
associative. The following operations can be used directly for binary products, and iterated for products of
more than two domains.
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_|→_ : ↑↑ E ↓↓ → (D : Domain) → {{E ↭ n ↔↗ D}} → ↑↑ D ↓↓ -- ω |→ D projection
_↘→_ : ↑↑ E ↓↓ → (D : Domain) → {{E ↭ n ↔↗ D}} → ↑↑ Bool→ ↓↓ -- ω ↘→ D inspection

The operations are defined only for D and E where an instance of type E ↭ n ↔↗ D is declared for some n.
Instead of defining the summands D of a separated sum domain E by an equation E = ... + D + ..., the
domain E is merely postulated, and each summand is declared separately by instance _ : E ↭ n ↔↗ D (where
n should be a di!erent natural number for each summand).

3.6 Product Domains

The carrier of the binary product D × E of two domains consists of all pairs (d , e) of elements of D and
E with the pair (→{D} , →{E}) as the bottom element →{D × E}. Neither the product nor pairing is
associative. The following operations can be used directly for binary products, and iterated for products of
more than two domains.

module Products where
postulate

_×_ : Domain → Domain → Domain -- D × E is the categorical product
_,_ : ↑↑ D →c E →c (D × E) ↓↓ -- (ε , ω) is a pair of elements
_↓1 : ↑↑ (D × E) →c D ↓↓ -- (ε , ω)↓1 is ε
_↓2 : ↑↑ (D × E) →c E ↓↓ -- (ε , ω)↓2 is ω

3.6.1 Tuples
The domain D ˆ n of n-tuples of elements of a domain D is conventionally written Dn, but Agda does not
support the use of variables as superscripts.

module Tuples where
_^_ : Domain → Nat → Domain -- D ^ n is the domain of n-tuples (n ≃ 0)

3.6.2 Sequences
The domain D → of finite sequences of elements of a domain D is conventionally written D→.

The following notation for the various operations on sequences was introduced in the early 1970s, and is
used in the Scheme semantics [11]. (The single angle-brackets $...〉 used to form sequences are unrelated to
the double angle-brackets ↑↑ D ↓↓ used for the carrier of domain D.)

module Sequences where
postulate

_→ : Domain → Domain -- D → is the finite sequence domain
$〉 : ↑↑ D → ↓↓ -- 〈$ is the empty sequence
$_〉 : ↑↑ (D ^ suc n) →c D → ↓↓ -- 〈 ε1 , ... $ is a non-empty sequence
# : ↑↑ D → →c Nat→ ↓↓ -- # ε→ is the length of sequence ε→

_§_ : ↑↑ D → →c D → →c D → ↓↓ -- ε→1 § ε→2 is sequence concatenation
_↓_ : ↑↑ D → →c Nat →s D ↓↓ -- ε→ ↓ n is the nth element
_†_ : ↑↑ D → →c Nat →s D → ↓↓ -- ε→ † n is the nth tail

3.7 Updates

When a type A has an equality operation _==_ : A → A → Bool, environments ϑ : ↑↑ A →s D ↓↓ can be
‘updated’ (i.e., extended or overridden) using the conventional notation ϑ [ ε / a ], defined as follows.
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module Updates where
_[_/_] : {{Eq A}} → →→ (A →s D) →c D →c A →s (A →s D) ↑↑
ω [ ε / a ] = ϑ a→ → if a == a→ then ε else ω a→

Similarly for stores ϖ : →→ (A +↓) →c D ↑↑:

_[_/_]↓ : {{Eq A}} → →→ ((A +↓) →c D) →c D →c (A +↓) →c ((A +↓) →c D) ↑↑
ϖ [ ε / ϱ ]↓ = ϑ ϱ→ → (ϱ ==↓ ϱ→) ↔↗ ε , ϖ ϱ→

Defining an operation m [ x ← y ] for extension or overriding of dependent maps m is less straightforward,
as it involves an equality test that may return an equivalence proof.
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_|→_ : ↑↑ E ↓↓ → (D : Domain) → {{E ↭ n ↔↗ D}} → ↑↑ D ↓↓ -- ω |→ D projection
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The operations are defined only for D and E where an instance of type E ↭ n ↔↗ D is declared for some n.
Instead of defining the summands D of a separated sum domain E by an equation E = ... + D + ..., the
domain E is merely postulated, and each summand is declared separately by instance _ : E ↭ n ↔↗ D (where
n should be a di!erent natural number for each summand).

3.6 Product Domains

The carrier of the binary product D × E of two domains consists of all pairs (d , e) of elements of D and
E with the pair (→{D} , →{E}) as the bottom element →{D × E}. Neither the product nor pairing is
associative. The following operations can be used directly for binary products, and iterated for products of
more than two domains.

module Products where
postulate

_×_ : Domain → Domain → Domain -- D × E is the categorical product
_,_ : ↑↑ D →c E →c (D × E) ↓↓ -- (ε , ω) is a pair of elements
_↓1 : ↑↑ (D × E) →c D ↓↓ -- (ε , ω)↓1 is ε
_↓2 : ↑↑ (D × E) →c E ↓↓ -- (ε , ω)↓2 is ω

3.6.1 Tuples
The domain D ˆ n of n-tuples of elements of a domain D is conventionally written Dn, but Agda does not
support the use of variables as superscripts.

module Tuples where
_^_ : Domain → Nat → Domain -- D ^ n is the domain of n-tuples (n ≃ 0)

3.6.2 Sequences
The domain D → of finite sequences of elements of a domain D is conventionally written D→.

The following notation for the various operations on sequences was introduced in the early 1970s, and is
used in the Scheme semantics [11]. (The single angle-brackets $...〉 used to form sequences are unrelated to
the double angle-brackets ↑↑ D ↓↓ used for the carrier of domain D.)

module Sequences where
postulate

_→ : Domain → Domain -- D → is the finite sequence domain
$〉 : ↑↑ D → ↓↓ -- 〈$ is the empty sequence
$_〉 : ↑↑ (D ^ suc n) →c D → ↓↓ -- 〈 ε1 , ... $ is a non-empty sequence
# : ↑↑ D → →c Nat→ ↓↓ -- # ε→ is the length of sequence ε→

_§_ : ↑↑ D → →c D → →c D → ↓↓ -- ε→1 § ε→2 is sequence concatenation
_↓_ : ↑↑ D → →c Nat →s D ↓↓ -- ε→ ↓ n is the nth element
_†_ : ↑↑ D → →c Nat →s D → ↓↓ -- ε→ † n is the nth tail

3.7 Updates

When a type A has an equality operation _==_ : A → A → Bool, environments ϑ : ↑↑ A →s D ↓↓ can be
‘updated’ (i.e., extended or overridden) using the conventional notation ϑ [ ε / a ], defined as follows.
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Table 1. Notation for domains

𝐿→ !at domain with elements 𝐿 ↑ {→}
𝑀 ↓ 𝑀 ↔ continuous function domain
𝑀 ↗ 𝑀 ↔ cartesian product domain
𝑀 + 𝑀 ↔ separated sum domain
𝑀↘ possibly-empty sequence domain
𝑀+ nonempty sequence domain

Table 1 summarizes the notation used for basic domain
constructors. Domains can be de"ned recursively in terms
of these constructors (familiarity with the foundations of
domain theory and the mathematical structure of domains
is not required). The set 𝐿 ↓ 𝑀 of all functions from a set 𝐿
to a domain 𝑀 can be regarded as a domain (e.g., the domain
of environments de"ned in Section 3 consists of functions
from a set of identi"ers to a domain of locations).

Table 2. Notation for values

→ unde"ned element of any domain
𝑁 = 𝑂 equality in a !at domain 𝐿→
𝑃 ↓ 𝑄,𝑅 McCarthy conditional
𝑆𝑁 . · · · 𝑁 · · · function mapping 𝑁 to · · · 𝑁 · · ·
!x "xed point of functions in 𝑀 ↓ 𝑀
𝑇 [𝑂/𝑁] mapping 𝑁 to 𝑂, otherwise as 𝑇
≃𝑁, 𝑁 ↔⇐ pair in product domain 𝑀 ↗ 𝑀 ↔

𝑁 in𝑀 injection into sum domain 𝑀
𝑁 ⇒ 𝑀 test if in summand domain 𝑀
𝑁 | 𝑀 projection to summand domain 𝑀
≃· · · , 𝑁, · · · ⇐ sequence in domain 𝑀↘ or 𝑀+

# 𝑈 length of sequence 𝑈
𝑈 § 𝑃 concatenation of sequences 𝑈 and 𝑃
𝑈 ⇑ 𝑉 𝑉th member of sequence or pair 𝑈
𝑈 † 𝑉 drop "rst 𝑉 members of sequence 𝑈

Table 2 summarizes the notation for values. Functions
between domains are always continuous when de"ned in
terms of this notation. The restriction of equality tests 𝑁 = 𝑂
to !at domains is required for continuity.

3 Scm: A Simple Sublanguage of Scheme
This section presents a denotational semantics for a sim-
ple ad hoc sublanguage Scm of Scheme. Scm omits various
features of the sublanguage de"ned in the Scheme reports:

• multiple return values;
• lambda-abstractions with "xed numbers of arguments;
• unspeci"ed order of subexpression evaluation;
• command sequences and cond-expressions;
• immutable objects;
• characters, vectors, and strings;
• dynamic points; and
• error reports.

The de"nition of Scm has the same structure as the deno-
tational semantics given in the Scheme reports: the abstract
syntax and domain equations precede the de"nitions of the
semantic functions, but the de"nitions of auxiliary functions
are deferred to the end.

Table 3. Scm: Abstract syntax

Z ⇒ Int integers
K ⇒ Con constants
I ⇒ Ide identi"ers
E ⇒ Exp expressions

Con ⇓↓ Z | #t | #f
Exp ⇓↓ K | I | (E E↘) | (lambda I E)

| (if E E1 E2) | (set! I E)

Scm: Abstract Syntax. The Scm constructs in Table 3
include literal integers and booleans, but not quotations,
which are to be added in Section 4.

Table 4. Scm: Domain equations

𝑊 ⇒ L locations
𝑋 ⇒ N = Nat→ natural numbers
𝑌 ⇒ T = {false, true}→ booleans

R = Int→ integer numbers
P = L ↗ L pairs
M = {null, unallocated, unde!ned, unspeci!ed}→
F = E↘ ↓ (E ↓ C) ↓ C procedures

𝑍 ⇒ E = T + R + P +M + F expressed values
𝑎 ⇒ S = L ↓ E stores
𝑏 ⇒ U = Ide ↓ L environments
𝑐 ⇒ C = S ↓ A continuations

A answers

Scm: Domain Equations. Table 4 de"nes domains for the
Scm semantics. Some of them are simpler than the domains
de"ned for the semantics in the Scheme standards:

• P corresponds to EP, but omits the truth-value that
distinguishes between mutable and immutable pairs;

• M omits false and true, letting T be a summand of E;
• F omits the location component of procedures;
• E omits symbols, characters, vectors, and strings; and
• S avoids the need for pairing stored values with truth-
values by adding the value unallocated to E.
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4.3 Scm: A Sublanguage of Scheme

Scm is a particularly basic sublanguage of the core Scheme expression language whose denotational semantics
is defined in the Scheme reports [41]. The domains and auxiliary functions declared in this section are
explained in the presentation of the conventional denotational semantics of Scm [28]; they involve the
notation for sequence domains (Section 3.6.2→).

4.3.1 Abstract Syntax

The following grammar [28] summarises the abstract syntax of Scm expressions E : Exp with integers Z : Int,
constants K : Con and identifiers I : Ide. The meta-variable E→ : Exp→ implicitly ranges over arbitrary
sequences of expressions.

K ::= Z | #t | #f (4)
E ::= K | I | (E0 E→) | (lambda I E) | (if E0 E1 E2) | (set! I E) (5)

In the following Agda embedding of the above grammar, the abstract syntax of sequences E→ : Exp→ is made
explicit: the empty sequence is represented by !!! , and sequence prefixing by E !! E→.

module Examples.Scm.Abstract-Syntax where

Ide = String -- identifiers

data Con : Set where -- constants
int : Int → Con -- integer numerals
#t : Con -- true
#f : Con -- false

mutual
data Exp : Set where -- expressions

con : Con → Exp -- constants
ide : Ide → Exp -- identifiers
(|_!_|) : Exp → Exp→ → Exp -- procedure application
(|lambda_!_|) : Ide → Exp → Exp -- procedure abstraction
(|if_!_!_|) : Exp → Exp → Exp → Exp -- conditional choice
(|set!_!_|) : Ide → Exp → Exp -- assignment

data Exp→ : Set where -- expression sequences
!!! : Exp→ -- empty sequence
_!!_ : Exp → Exp→ → Exp→ -- sequence prefix

4.3.2 Domain Equations

The domains for Scm are somewhat simpler than for the denotational semantics in the Scheme standards
[41], but still involve all our postulated domain constructors. Using definitional equations D = E instead of
postulated bijections D ↑= E avoids the need for the functions fold and unfold.

module Examples.Scm.Domain-Equations where

postulate Loc : Set
L = Loc +↓ -- locations
N = Nat↓ -- natural numbers
T = Bool↓ -- booleans
R = Int +↓ -- numbers
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P = L × L -- pairs
U = Ide →s L -- environments
data Misc : Set where null unallocated undefined unspecified : Misc
M = Misc +→ -- miscellaneous
postulate E : Domain -- expressed values
S = L →c E -- stores
postulate A : Domain -- answers
C = S →c A -- command continuations
F = E → →c (E →c C) →c C -- procedure values

The published denotational semantics of Scm [28] defines the domain E of expression values by the
equation E = T + R + P + M + F, and the domain F of procedure values by F = E→ ↑ (E ↑ C) ↑ C.
Mutually recursive groups of domain equations have well-defined solutions, but in Agda, defining both the
corresponding domains E and F by equations would cause the type checker to diverge. Postulating one
(or both) of these domains avoids divergence; postulating E also has the benefit that the embeddings and
projections for its summands subsume the bijection between E and its intended structure.

The following postulates instantiate injection (ω in→ E), inspection (ε ↓→ D), and projection (ε |→ D)
for each summand D of E.

postulate instance
E+=T : E ↭ 1 ↔↑ T
E+=R : E ↭ 2 ↔↑ R
E+=P : E ↭ 3 ↔↑ P
E+=M : E ↭ 4 ↔↑ M
E+=F : E ↭ 5 ↔↑ F

4.3.3 Auxiliary Functions

The ϑ-notation in the Agda definitions of auxiliary functions for Scm corresponds closely to that in its
published denotational semantics [28].

module Examples.Scm.Auxiliary-Functions where

assign : ↗↗ L →c E →c C →c C ↘↘ -- assign ϖ ϱ stores ϱ at location ϖ
assign ϖ ϱ ς φ = ς (φ [ ϱ / ϖ ]→)

hold : ↗↗ L →c (E →c C) →c C ↘↘ -- hold ϖ gives the value stored at ϖ
hold ϖ ↼ φ = ↼ (φ ϖ) φ

In the continuation-passing style used to define auxilary functions for Scm, giving explicit continuity proofs
would be particulary tedious. For example, the function hold is simply a combination of ϑ-abstraction and
application, which is wellknown to ensure continuity.

postulate new : ↗↗ (L →c C) →c C ↘↘ -- new gives an unallocated location

alloc : ↗↗ E →c (L →c C) →c C ↘↘ -- alloc ϱ allocates a location for ϱ
alloc ϱ ↼ = new (ϑ ϖ → assign ϖ ϱ (↼ ϖ))

postulate initial-store : ↗↗ S ↘↘ -- may have initialised locations

Conventional denotational definitions usually leave the injection function ↑ from sets into flat domains
implicit, in contrast to the embedding of the definition of truish:
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Table 5. Scm: Semantic functions

K : Con → E
E : Exp → U → (E → C) → C
E↑ : Exp↑ → U → (E↑ → C) → C

K ↓𝐿↔ = 𝐿 inE (1)
K ↓#t↔ = true inE (2)
K ↓#f↔ = false inE (3)

E ↓K↔𝑀𝑁 = 𝑁 (K ↓K↔) (4)
E ↓I↔𝑀𝑁 = hold (𝑀 I) 𝑁 (5)
E ↓(E E↑)↔𝑀𝑁 =

E ↓E↔𝑀 (𝑂𝑃 . E↑ ↓E↑↔𝑀 (𝑂𝑃↑ . (𝑃 | F) 𝑃↑𝑁)) (6)

E ↓(lambda I E)↔𝑀𝑁 =

𝑁 ((𝑂𝑃↑𝑁↗ . list 𝑃↑ (𝑂𝑃 .
alloc 𝑃 (𝑂𝑄 . E ↓E↔ (𝑀 [𝑄/I]) 𝑁↗))

) inE)

(7)

E ↓(if E E1 E2)↔𝑀𝑁 =

E ↓E↔ 𝑀 (𝑂𝑃 .
truish 𝑃 → E ↓E1↔ 𝑀 𝑁, E ↓E2↔ 𝑀 𝑁)

(8)

E ↓(set! I E)↔𝑀𝑁 =

E ↓E↔ 𝑀 (𝑂𝑃 . assign (𝑀 I) 𝑃 (𝑁 unspeci!ed)) (9)

E↑ ↓ ↔𝑀𝑁 = 𝑁 ↘ ≃ (10)
E↑ ↓E E↑↔𝑀𝑁 =

E ↓E↔ 𝑀 (𝑂𝑃 . E↑ ↓E↑↔ 𝑀 (𝑂𝑃↑ .𝑁 (↘𝑃≃ § 𝑃↑))) (11)

Scm: Semantic Functions. The denotations of expres-
sions and expression sequences in Table 5 are de!ned in
continuation-passing style. The argument 𝑁 ranges over the
domain E → C for expressions, and over E↑ → C for expres-
sion sequences.
Most of the auxiliary functions used in the semantics of

Scm have the same interpretation as in the Scheme reports:
• hold 𝑄 𝑁 gives the value stored in location 𝑄 ;
• list 𝑃↑ 𝑁 allocates a list of locations to store the compo-
nents of 𝑃↑;

• alloc 𝑃 𝑁 allocates a location 𝑄 and initializes it to 𝑃 ,
then applies 𝑁 to 𝑄 ;

• assign𝑄 𝑃 𝑅 stores 𝑃 in location 𝑄 .
As usual in continuation-passing style, the current store 𝑆 is
implicitly single-threaded by composing continuations.
Notice that, as in Scheme, a procedure (lambda I E)

can be called with any number of arguments. For example,
((lambda x x) 3 4 5 6) returns the list (3 4 5 6); and
((lambda x x) 1) returns the list (1).

Table 6. Scm: Auxiliary functions

assign : L → E → C → C
assign𝑄𝑃𝑅 = 𝑂𝑆 . 𝑅 (𝑆 [𝑃/𝑄])

hold : L → (E → C) → C
hold 𝑄𝑁 = 𝑂𝑆 .𝑁 (𝑆 𝑄) 𝑆

new : (L → C) → C [implementation dependent]

alloc : E → (L → C) → C
alloc 𝑃𝑁 = new (𝑂𝑄 . assign𝑄 𝑃 (𝑁 𝑄))

truish : E → T
truish 𝑃 = 𝑃 inT ⇐→ ((𝑃 | T) = false ⇐→ false, true),

true

cons : F
cons 𝑃↑𝑁 = # 𝑃↑ = 2 ⇐→ alloc (𝑃↑ ⇒ 1) (𝑂𝑄1 .

alloc (𝑃↑ ⇒ 2) (𝑂𝑄2.
𝑁 (↘𝑄1,𝑄2≃ inE))) ,⇑

list : F
list 𝑃↑𝑁 = # 𝑃↑ = 0 ⇐→ 𝑁 (null inE) ,

list (𝑃↑ † 1) (𝑂𝑃 . cons ↘𝑃↑ ⇒ 1, 𝑃≃ 𝑁)

car : F
car 𝑃↑𝑁 = # 𝑃↑ = 1 ⇐→ hold ((𝑃↑ ⇒ 1 | P) ⇒ 1) 𝑁 ,⇑

cdr : F
cdr 𝑃↑𝑁 = # 𝑃↑ = 1 ⇐→ hold ((𝑃↑ ⇒ 1 | P) ⇒ 2) 𝑁 ,⇑

setcar : F
setcar 𝑃↑𝑁 =

# 𝑃↑ = 2 ⇐→ assign ((𝑃↑ ⇒ 1) | P) ⇒ 1)
(𝑃↑ ⇒ 2)
(𝑁 (unspeci!ed inE)) ,⇑

setcdr : F
setcdr 𝑃↑𝑁 =

# 𝑃↑ = 2 ⇐→ assign ((𝑃↑ ⇒ 1) | P) ⇒ 2)
(𝑃↑ ⇒ 2)
(𝑁 (unspeci!ed inE)) ,⇑

Scm: Auxiliary Functions. The de!nitions of the auxil-
iary functions in Table 6 correspond closely to those in the
Scheme reports. Here, however, the function new takes a con-
tinuation 𝑁; it should either apply 𝑁 to a location currently
storing unallocated, or ignore 𝑁.
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Table 5. Scm: Semantic functions

K : Con → E
E : Exp → U → (E → C) → C
E↑ : Exp↑ → U → (E↑ → C) → C
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E ↓(lambda I E)↔𝑀𝑁 =

𝑁 ((𝑂𝑃↑𝑁↗ . list 𝑃↑ (𝑂𝑃 .
alloc 𝑃 (𝑂𝑄 . E ↓E↔ (𝑀 [𝑄/I]) 𝑁↗))

) inE)

(7)

E ↓(if E E1 E2)↔𝑀𝑁 =

E ↓E↔ 𝑀 (𝑂𝑃 .
truish 𝑃 → E ↓E1↔ 𝑀 𝑁, E ↓E2↔ 𝑀 𝑁)

(8)
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E↑ ↓ ↔𝑀𝑁 = 𝑁 ↘ ≃ (10)
E↑ ↓E E↑↔𝑀𝑁 =

E ↓E↔ 𝑀 (𝑂𝑃 . E↑ ↓E↑↔ 𝑀 (𝑂𝑃↑.𝑁 (↘𝑃≃ § 𝑃↑))) (11)
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truish : →→ E →c T ↑↑ -- truish ω is true for all ω except false
truish ε = (ε ↓↔ T) ↗↘ (((ε |↔ T) ==↔ ↑ false) ↗↘ ↑ false , ↑ true) ,

↑ true

The remaining auxiliary function definitions shown here involve the operations for (finite) sequences ε→

declared in the module Notation.Products.Sequences.

cons : →→ F ↑↑ -- cons 〈 ε1 , ε2 〉 allocates and initialises a pair
cons ε→ ϑ = (# ε→ ==↔ ↑ 2) ↗↘

alloc (ε→ ↓ 1) (ϖ ϱ1 →
alloc (ε→ ↓ 2) (ϖ ϱ2 → ϑ ((ϱ1 , ϱ2) in↔ E))) ,

↔

In [28] the auxiliary function list is defined by recursion on ε→. Agda accepts recursive definitions only when
it can mechanically prove that the recursion terminates, which is not the case for arguments in postulated
types. The following definition uses the postulated operation fix to avoid recursion.

list : →→ F ↑↑ -- list ε→ allocates and initialises a list
list = fix ϖ (list↑ : →→ F ↑↑) → ϖ ε→ ϑ →

(# ε→ ==↔ ↑ 0) ↗↘ ϑ (↑ null in↔ E) ,
list↑ (ε→ † 1) (ϖ ε → cons $ (ε→ ↓ 1) , ε 〉 ϑ)

4.3.4 Semantic Functions

The ϖ-notation in the Agda definitions of semantic functions for Scm corresponds closely to that in its
published denotational semantics [28].

module Examples.Scm.Semantic-Functions where

K!_" : →→ Con →s E ↑↑ -- constant denotations
E!_" : →→ Exp →s U →c (E →c C) →c C ↑↑ -- expression denotations
E→!_" : →→ Exp→ →s U →c (E → →c C) →c C ↑↑ -- sequence denotations

K! int Z " = ↑ Z in↔ E
K! #t " = ↑ true in↔ E
K! #f " = ↑ false in↔ E

E! con K " ς ϑ = ϑ (K! K ")
E! ide I " ς ϑ = hold (ς I) ϑ
E! (| E ! E→ |) " ς ϑ = E! E " ς (ϖ ε → E→! E→ " ς (ϖ ε→ → (ε |↔ F) ε→ ϑ))
E! (|lambda I ! E |) " ς ϑ = ϑ ( (ϖ ε→ ϑ↑ →

list ε→ (ϖ ε → alloc ε (ϖ ϱ → E! E " (ς [ ϱ / I ]) ϑ↑))
) in↔ E )

E! (|if E ! E1 ! E2 |) " ς ϑ = E! E " ς (ϖ ε → truish ε ↗↘ E! E1 " ς ϑ , E! E2 " ς ϑ)
E! (|set! I ! E |) " ς ϑ = E! E " ς (ϖ ε → assign (ς I) ε (ϑ (↑ unspecified in↔ E)))

E→! !!! " ς ϑ = ϑ $〉
E→! E !! E→ " ς ϑ = E! E " ς (ϖ ε → E→! E→ " ς (ϖ ε→ → ϑ ($ ε 〉 § ε→)))
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