Mechanising Denotational Semantics
In Agda

Peter Mosses, Jesper Cockx, Bernhard Reus

MFPS 2026, Ljubljana, Slovenia, 1-3 June 2026



Mechanising denotational semantics in Agda

- motivation

Mechanisation?
» Support practical use of formal semantics, check wellformedness
Denotational semantics?
> Historical examples — e.g., semantics of inheritance (Cook & Palsberg 1989)
> Current interest — e.g., semantics of Scheme (R’"RS-Large ongoing)
Agda?

> Ease of embedding denotational definitions
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Background



Denotational semantics
- Scott-Strachey style

Abstract syntax

> Sets of abstract syntax trees (ASTs) defined by context-free grammars
Domain equations

> Domains defined in terms of domain constructors — recursion unrestricted
Semantic functions

» Compositional maps from ASTs to denotations, defined by equations

> Denotations defined in typed A-notation
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Denotational semantics
- Scott-Strachey style

First let us recall the syntax of the A-calculus. We assume a denumerable set Var
of variables. Basically, the set Exp of A-terms is taken to be the least such that:

e if x is in Var then x 1s in Exp;

e if x is in Var and M is in Exp then (Ax. M) is in Exp;

e if M and N are in Exp then (MN) is in Exp.

Domains Denotations

D=D->D (seetext) V.Exp-> Env->D

Env=D"*" Vixlp = p(x)

VirAx. M lp=AdeD . V[M](p[d/x])
VIMN]p=(V[M]p)(VIN]p)

Peter D. Mosses, Gordon D. Plotkin: On Proving Limiting Completeness. SIAM J. Comput. 16(1): 179-194 (1987)



https://doi.org/10.1137/0216015

Agda

- some language features

> The universe of types  Set

> Inductive datatypes data D : Set where ...

> Dependent types (x:A)— B

> Anonymous functions AX —y

> Postulated types postulate ...

> Rewrite rules eq:a=b; {-# REWRITE eq #-}

> Implicit{ ... } and instance {{ ... }} arguments
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Embedding a denotational semantics in Agda
- shallow embedding

abstract syntax grammar iInductive datatype definitions

recursive domain equations

definitions, postulated bijections

semantic function definitions iInductive function definitions

o 4
o 4

Domain THEORY ’ Domain NOTATION ’



Notation



Notation

- domains

module Domains where

postulate
Domain : Set -- Domain 1s the type of all domains
({ ) : Domain — Set -- {( D ) is the carrier type of D

L {D : Domain} — ( D )) -- 1{D} is the ’bottom’ element of D

module Functions where
postulate —¢ : Domain — Domain — Domain
postulate dom-cts : (D —=“E ) =(( D) — (E))
{-# REWRITE dom-cts #-}

postulate —° : Set — Domain — Domain
postulate set-cts: ( A =D ) = (A — ( D))
{-# REWRITE set-cts #-}




Notation

- fixed points of functions; recursive domains

postulate fix : ( (D —° D) —°D )

module Recursion where
postulate

—- an instance of D = E declares that the structure of D is the same as E

unfold : {{D = E}} - (D —°E)
fold :{{D=E}} > (E—=°D)

>~ : Domain — Domain — Set

module Updates where

p

0 /a]l=Xa — if a==2a"then § else p a’

_/_l:1Ea A}y = ((A =" D) =D =°A =7 (A =°D))
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lllustrative examples



lllustrative examples

Untyped A-calculus

> simple example, embedding Scott’s model D,

In the paper (and the appendix of these slides):

» PCF (Programming Computable Functions, Plotkin 1977)
- Intrinsically-typed syntax, dependent types of domains
> Scm (an ad hoc sublanguage of Scheme)

- sum and product domains, denotations in continuation-passing style
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Untyped A-calculus



Denotational semantics

- Scott-Strachey style

First let us recall the syntax of the A-calculus. We assume a denumerable set Var
of variables. Basically, the set Exp of A-terms is taken to be the least such that:

e if x i1s in Var then x is in Exp;
e if x is in Var and M is in Exp then (Ax. M) is in Exp;
e if M and N are in Exp then (MN) is in Exp.

Domains Denotations
D=D->D (seetext) V.Exp-> Env->D
Env=D"* Vix]p = p(x)
VirAx. M lp=AdeD . V[M](p[d/x])
VIMN]p=(VIM]p)(VINIp)

Peter D. Mosses, Gordon D. Plotkin: On Proving Limiting Completeness. SIAM J. Comput. 16(1): 179-194 (1987)
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Untyped A-calculus

- embedding Iin Agda

module Examples.LC.Abstract-Syntax where
data Var : Set where

x : Nat — Var module Examples.LC.Semantic-Functions where
data Exp : Set where | | : Exp = { Env —¢ Doo ))

var : Var — Exp -- variable reference [ var v | p =pv

(AN o |): Var - Exp — Exp -- function abstraction [ (Aviue)]p=fodd(Ad—=[e](p[d/Vv]))

| o ) : Exp— Exp — Exp -- function application [ (erues )] p=unfold ([er]p)(Je]p)

module Examples.LC.Domain-Equations where

postulate
Doo : Domain -- corresponds to Scott’s domain
instance eqDoo : Doo = (Doo —¢ Doo) -- bijection

Env = Var —° Doo -- environments
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Postulated properties

- for use In tests

module Functions where
postulate

apply-fix : {o: (D =D )} — fix o = ¢ (fix ) -- apply-fix{p} unfolds fix ¢ once
{-# REWRITE apply-fix #-}

module Recursion where
postulate

elim-unfold-fold : {{ : D= E}} = {e: ( E )} — unfold (fold e) = ¢
{-# REWRITE elim-unfold-fold #-}
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lllustrative Tests

- for the untyped A-calculus

check-convergence : -- (Ax1.x42) ((Ax0.x0 x0) (Ax0.x0 x0)) = x42
[ ( (Ax1,varx42])

| (AxOyu(varxOpyvarxO0) h)u (AxO0,(varxOyvarx0 ) |)]) ] | =] varx42]
check-convergence = retl

check-abs : -- (A\x1.x1) (\x1.x42) = A\x2.x42

[ ((AxLlovarxl) o (Ax1lpyvarx42 ) )] =[] (Ax1,varx42)) ]
check-abs = refl

check-free : -- (A\x1.(\x42.x1)x2)x42 = x42

[ ((Ax1o((Ax42 varx1l ) yvarx2|) )uvarx42|) | = [ varx42]
check-free = refl
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Mechanising domain theory




Mechanised standard domain theory

— In proof assistants

HOLCF

> Regensburger (1995, 1999)
Coqg/Rocq

> Paulin-Mohring (2009), Benton et al. (2009), Dockins (2014)
Agda

> De Jong & Escardo (2021)
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Synthetic domain theory (SDT)

Aim:

> domains are sets

> functions between domains are automatically continuous
Dana Scott (1980, pp. 426-7):

> “Now we cannot hope to embed the theory of a typed A-calculus in a
classical higher-order theory [...]. Something else has to be tried, and the
answer Is higher-order intuitionistic logic.”
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Synthetic domain theory (SDT)

Various authors (1980s—90s):

> developed full subcategories of models of intuitionistic set theory
Alex Simpson (2004, p. 208):

» “an axiomatic basis for [a single unifying] treatment”

> “start off with a category S of intuitionistic sets [...] extract a full subcategory of
predomains, P, whose associated category of partial maps, pP, is algebraically compact”

> “require that S have enough structure to model full Intuitionistic Zermelo—Fraenkel (IZF)
set theory [...] implemented by asking for S to be given as the full subcategory of small
objects in a category C with class(ic) structure and universal object”
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Mechanising SDT

— an existing mechanisation

Bernhard Reus (1996, 1999) & Thomas Streicher (1999):

» domains as complete extensional 2.-spaces
» axiomatised in the Extended Calculus of Constructions (ECC)
> mechanised in Lego extended with an impredicative universe of sets

> appears to be impossible to translate into Agda
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Mechanising SDT

Alex Simpson (2004, p. 220):

> “It seems likely that, with appropriate reformulations, the development |...]
could be carried out in the (predicative) context of Martin-L6f’s Type Theory”

> “Similarly, it appears that a predicative set theory could be used rather than
IZF, for example Aczel’'s CZF”
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Embedding a denotational semantics in Agda
- shallow embedding

abstract syntax grammar iInductive datatype definitions

recursive domain equations

semantic function definitions 9 iInductive function definitions

Domain THEORY ’ ’
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Conclusion

Currently:
> Shallow embedding of denotational definitions in Agda

> Mechanisation with almost no changes to A-notation or domain equations

> Implement SDT in Agda — based on Alex Simpson’s unifying framework

> Replace current postulates by definitions

25



MOSSES.

< =2 O O

N MFPS2026-Agda

About Notation Examples

Notation

pdmosses.github.io/mfps2026-agda/Notation/#1277

Properties

Tests

Library

ithub.io/mf

© pdmosses.github.io/mfps2026-agda/Notation/

Postulated Domain Notation

® Q search

B

110%

This section postulates Agda notation for the domain constructors and associated functions used in

the illustrative examples.

{-# OPTIONS --rewriting --confluence-check --lossy-unification #-}

module Notation where

open import Agda.Builtin.Equality public using (_=_; refl)

open import Agda.Builtin.Equality.Rewrite using ()
open import Agda.Builtin.Nat public using (Nat) renaming (_==_ to _==N)

variable A B C : Set

Domains

Domains are embedded in Agda as elements of the type bomain . A domain D is not itself a type,

but it has a carrier type ¢ D ) :
Agda can infer p).

R

module Domains where
postulate

Domain : Set

L.
: {D : Domain} -» < D )
: Domain

4
1

Domain - Set

Set , which always contains an element 1{p} (written L when

-- Domain is the type of all domains
-- {( D ) is the carrier type of D
-- 1{D} is the 'bottom' element of D

-- 1 is a unit domain

O
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Original motivation

A Denotational Semantics of Inheritance
and 1ts Correctness

William Cook* Jens Palsberg
Department of Computer Science Computer Science Department
Box 1910 Brown University Aarhus University

This paper presents a denotational model of inheritance.
The model 1s based on an intuitive motivation of the
(1963-2021) purpose of inheritance. The correctness of the model 1s
demonstrated by proving it equivalent to an operational
semantics of inheritance based upon the method-lookup
algorithm of object-oriented languages.

OOPSLA '89: Conference proceedings on Object-oriented programming systems, languages and applications
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Scheme denotational semantics

- excerpt:

66 Revised” Scheme

7.2.2. Domain equations

o € L
veN
T = {false, true}
Q
H
R
En, =L XLXT
E, =L*xT
E, = L*x T

locations
natural numbers
booleans
symbols
characters
numbers

pairs

vectors

strings

M = {false, true, null, undefined, unspecified}

peF =Lx(E*—>P—=>K—C)

miscellaneous
procedure values

¢ecE =Q+H+R+E, +E, +E +M+F

ceS =L— (EXT)
pelU =Ide —L
feC =S —A
keK =E*—=C
A
X
weP = (FXF xP)+ {root}

7.2.3. Semantic functions

IC: Con — E
E Exp—>U—-P—>K—>C

expressed values
stores
environments
command conts
expression conts
answers

errors

dynamic points

E[(Qambda (I* . ) T™* Eg)] =
APWE . AO .
newo € L —
send ({newo |L,
Ae*w' k' He* > HTF —
tievalsrest
(Aa* . (Ap" . C[IM*]p'w' (E[Eo]p'w' k"))
(extends p (I* § (I)) ™))

€>I<

(#1%),
wrong “too few arguments”) in E)
K
(update (new o | L) unspecified o),
wrong “out of memory” o

E[(lambda I T'* Ep)] = E[(Qambda (. I) T'™* Eg)]

E[(if Eo B E2)] =
Apwk . E[Eo] pw (single (Xe . truish e — E[E1] pwk,
E[Ez]pwr))

E[Gf Eo EN] =
Apwk . E[Eo] pw (single (e . truish e — E[E1] pwk,
send unspecified k))

Here and elsewhere, any expressed value other than undefined
may be used in place of unspecified.

El(set! T E)] =
Apwk . E[E] p w (single(Xe . assign (lookup p 1)

(send unspecified k)))






Notation

- flat domains, Booleans

module Flat where
postulate
_+.1L : Set — Domain -- A +1 constructs a flat domain
1 (A =% (A+1) ) -- (T a) injects a into A +1
P ((A—=°D) = (A+L)=¢D) -- f % extends f to map L to L

module Booleans where

Bool L = Bool +.1
— , :{(BoolL D =D —=¢D}) -- 8 — 01 , 02 is conditional choice
— , = ()\ b 61 69 — if b then §; else 52) :




PCF

— abstract syntax: types, variables, constants

module Examples.PCF.Abstract-Syntax where

data Types : Set where -- type terms
L . Types -- individuals
0 . Types -- truth-values
= lTypes — Types — Types -- functions
data Vars : Types — Set where -- typed variables
o : Nat — (o : Types) — Vars o -- « 1 0 is a variable of type o
data £4 : Types — Set where -- typed constants
tt L4 0 -- true
ff - L4 0 -- false
D LA (0= 0= 0= 0) -- conditional
Y - LA ((0 = 0) = 0) -- fixed point
k : Nat — L4 ¢ -- numerals
(+1) LA (0= 0) -~ successor
(—1) LA (L =1) -- predecessor
Z - L4 (1 = o) -- zero test



PCF

- abstract syntax: terms; domain equations

data Terms : Types — Set where -- typed terms
vV . Vars 0 — Terms o -- variable
L - LA 0 — Terms o -- constant
| u ) :Terms(oc=7)— Terms o — Terms 7 -- function application
(N o ) : Varso — Terms 7 — Terms (0 = 7) -- function abstraction

module Examples.PCF.Domain-Equations where

D : Types — Domain -- standard domains
D = Nat_L -- natural numbers
D o = Bool L -- truth-values

D(c=7)=Doc —°D 1 -- functions

Env = (0 : Types) — ( Vars 0 —° D ¢ )) -- typed environments



PCF

- semantic functions

module Examples.PCF.Semantic-Functions where

| I: Env—=Varso — (D o) -- typed variable denotations
plaic]|=po(aio)

Al 1:L%0 = (Do) -- typed constant denotations
Al tt ] = 1 true

Al ff ] = 1 false

AD] =>\55152%(5H51,52)

A[Y | = fix

Alkn] =tn

AL(+1) ] =(An—T(n+1))°

Al (1) ] =An—=T0h=="0— L,7(n-1))*¢

Al Z ] =(An—=17(n==N0))*

Al ]|: Terms 0 — { Env —=° D ¢ )) -- typed term denotations
ATV aio]p =plaio]

Al Lc]p = Al c]

AT(MuND]p =A[M]p(ATN]p)

A’:(M&icfu'\/'!)]]px:A’[[M]](p[ [aio])



PCF

- Illustrative tests

check-fix-lambda : -- fix (Ag. Aa. 42) 2 = 42

AT(ILY s (Agulhanlka2)))oLk2)]pl =142
check-fix-lambda = refl

check-countdown : -- fix (Ag. Aa. ifz a then 42 else g (pred a)) 5 = 42

ATT(LYu(Agu(raw
(((LDuw(LZuVa))ulLk42).

(Veu(L(=1)uVa)D)DDDDuLkd)]pl=7142
check-countdown = refl




Scm



Notation

- sum domains

module Sums where
postulate

4+ . Domain — Domain — Domain -- D + E is separated sum

injq . (D —=¢(D+E)) -- inj; 6 is injection from D
injo - (E—=°(D+ E)) -- inj9 € is injection from E
[ ] (D —=°F) =“(E—=°F) =°((D+E) =°F))

- [ o, ¥ ] applies ¢ to arguments in D, and ¢ to arguments in E

postulate
-~ 2>+ : Domain — Nat — Domain — Set
inl (D) — (E:Domain) - {{E =2 n+— D}} = ( E) -- 0 inl E injection

(D
L s (E) =
cl : (E ) — (D : Domain) - {{E 2> n— D}} - ( Booll ) -- ¢ €1 D

(D : Domain) - {{E 2 n— D}} — ( D) -- ¢ | L D projection

inspection



Notation

- product domains, function updates

module Products where

postulate
-~ X : Domain — Domain — Domain -- D x E is the categorical product
., 1 {D—=°E—=°(D xE)) - (0 , ) is a pair of elements
11 {((DxE)—=¢D) -— (0, &)1 is O
1o {((DxE)—=°E) -—— (0 , e)ly is ¢

module Updates where
/1 iEa Ay = (A= D) =D =°A=*(A=°D))
pld/a]l=Xxa —if a==2a"then  else p &

/s QB Ay = (A +1L) =7 D) =D = (A+1) = ((A+L) =°D))
cld/all=Axd = (a==Ld)—0d,0d



Notation

- tuple and sequence domains

module Tuples where

N\

- Domain — Nat — Domain

module Sequences where

postulate

()

)
S

N T

(D
- (
- (
- (

(

-

- Domain — Domain

)

N\

(D ~ sucn) —¢D*)
D * —¢ NatL )

D CD*%CD*»
D *

D *

D - n is the domain of n-tuples (n > 0)

D * is the finite sequence domain

() is the empty sequence

(01 , ... »> is a non-empty sequence
# 0* is the length of sequence 0"
0*1 § 09 is sequence concatenation
0¥ 4 n is the nth element

0 T n is the nth tail



Scm

- from a published paper

Table 3. Scm: Abstract syntax

Z € Int integers

K € Con constants

I € Ide identifiers
E € Exp expressions

Con — Z | #t | #f
Exp — K|I| (E E*) | (lambda I E)
| (if E E; Ey) | (set! I E)

Table 4. Scm: Domain equations

a €L

v € N = Nat,

tr € T = {false, true} ,
R =Int;
P=LXL

locations
natural numbers
booleans
integer numbers

pairs

M = {null, unallocated, undefined, unspecified} ,

F=E"—> (E—>C) > C
cecE=T+R+P+M+F

ceS=L—-E

peU=Ide - L

feC=S—>A
A

procedures
expressed values
stores
environments
continuations

ANSWETrS


https://doi.org/10.1145/3759427.3760369

Scm
- In Agda

module Examples.Scm.Abstract-Syntax where

lde = String -- identifiers
data Con : Set where -- constants
int . Int — Con -- integer numerals
#Ht . Con -- true
#f . Con -- false
mutual
data Exp . Set where --
con . Con — Exp --
ide . lde — Exp --

() - Exp — Exp* — Exp -
(lambda |, |) : Ide — Exp — Exp --
(

f o u ) :Exp— Exp— Exp — Exp --
(set! | . lde — Exp — Exp --
data Exp* . Set where -
LI Z EXp* -
LI . Exp — Exp* — Exp”* - -

expressions

constants

identifiers

procedure application
procedure abstraction
conditional choice
assignment

expression sequences
empty sequence
sequence prefix

module Examples.Scm.Domain-Equations where

postulate Loc : Set

locations
natural numbers
booleans
numbers

pairs
environments

data Misc : Set where null unallocated undefined unspecified

L =Lloc+.L - -
N = NatL - -
T = Bool L .
R =Int +L --
P =LxL —-
U =Ide >%L -
M = Misc +_L - -
postulate E : Domain -
S =L —>°E .
postulate A : Domain -
C=S—->°A --

F =E* —°(E—°C)—>°C--

postulate instance
E+=T :E>1+— T
E+=R : E2>2+— R
E+=P :EZ23—P
E+=M:E 24— M
E+=F :E>5—F

miscellaneous
expressed values
stores

answers

command continuations
procedure values

- Misc



Scm

- from a published paper

K :Con — E
E:Exp—>U—-(E—->C)—>C
E:Exp > U—- (E"—>C)—>C
|Z]| = ZinE

[#t] = trueinE

[#f]| = falseinE

[K]px = x(K[K])
[I]|px = hold (p1) k
[(E E)]px =

E[E[p(de. E"[E* | p(Ae™. (e | F) €7k))
E | (lambda I E) [|pk =

k ((Ae’k”. list €™ (Ae.

alloce (Aa. E|E| (p[a/I]) k"))

)inE)

th v v X X X

(1)
(2)
(3)

(4)
(5)

(7)

S Gf E E; Ez)]px =
E[E] p (2e. (8)
truishe — & [|E1|| px, E [ E2] px)
E|(set! T E)|px =

EE| p (Ae. assign (p 1) € (k unspecified)) (9)
E'[ llpx=x() (10)
E'|E E*|px =

(11)

E[E] p (he. & [E°] p (Ae*.k ((€) § €))


https://doi.org/10.1145/3759427.3760369

Scm
- In Agda

module Examples.Scm.Semantic-Functions where

Kl | : ( Con —*E) -~ constant denotations KlintZ]=17ZinLE
El ] : {Exp—=*U —¢(E—°C) —-°C) -- expression denotations K[#t] =1trueinl E
EXl |: ( Exp* =% U —=¢(E* —°C) —=°C) -- sequence denotations IC| #t ] = 1 falseinl E

Elcon K| pr =r (K[| K])
Elidel ] pk = hold (p I) &
E[(ELE )] pr =EClE]pAe=E[E [ p(Ae" = (e|LF)e r))
El (lambda I LE) [ px =r((Ae K —
iste* (AMe = alloce Na—=E[E](p[a/!1])K))
)inl E)
El(ELEILEs )] pr=E]E] p(Ae—trushe —E[E ]| pr,E E] pr)
El (set!  LE]) | p~ =& E] p(Xe—assign (pl)e(x (T unspecified inL E)))
o] pr  =r()

ENEwE Jpr=E[E]lpAe=E[E |pAe —=nr({e)8e))



