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Introduction

— We study intensional Martin-Lof type theory (ITT):

— X and 1 with strict 7,
— basic type formers =, +, .. .,
— a universe U.

— The identity type in ITT is, to some extent, underspecified:

— e.g. identity type of [1 cannot be characterized
— often this gap is bridged axiomatically (e.g. function extensionality, univalence)

— Our goal is to understand the relation between these axioms better
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Introduction

Function extensionality

A homotopy between functions f,g: [[, B is a pointwise equality:

f~g—Hf B(a) &(a).

Function extensionality states that “equality of functions is homotopy”
Axiom (Function extensionality, FE)

For all types A and families A= B, the following is a family of equivalences:

Hf,g:HABf:g_> nga reﬂfr—))\a.reflf(a).
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Introduction

Univalence

An equivalence of types A, B is a (well-behaved) bijection

A~B = ) <Z fgmid3>x<z hf~idA>.

f:A=B “g:B—A h:B—A

Univalence states that “equality of types is equivalence”

Axiom (Univalence, UAy)

A universe U is univalent if the following is a family of equivalences:

id-to-eq: HA,B:MA = B—A~B, refla — ida.
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Univalence and function extensionality
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Theorem (Voevodsky)

In ITT, the univalence axiom UAy, implies function extensionality for functions
between types between types in U.

One of the many amazing consequences of univalence.

This one is to some extent unexpected:
— FE is not a universe-dependent axiom

— UA does not seem to imply extensionality for other negative type formers

Can we separate this consequence from the core of univalence?
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Voevodsky's proof

Voevodsky's proof factors through a universe-independent fact:

i f:A~B
in U

—— FE
FE = (%) Inverseis f, !, check foftog=gand f lofog=gbyFE
(¥) = FE Key idea: the homotopies yield paths in function types

UA;;, = (*) By equivalence induction; less abstractly:

1. By UAy improve equivalence f: A ~ B to one coming from a path A=y B
2. For these the statement holds (by path induction, only check the case of id4)
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Categorical equivalences

Definition

A categorical equivalence of types A, B is

AXB = Z < Z fg =g_5 idB> X < Z hf:A_>AidA>.

f:A—»B “g:B—A h:B—A

— For A, B: U, these are isomorphisms in the (wild) category (U, —).
— Non-trivial examples: definitional isomorphisms, paths in ¢/ induce them

— Standard properties of isomorphisms in a (wild) category C:
id is isomorphism, 2-out-of-3, f.: C(C,A) — C(C, B) is equivalence, ...

It suffices to improve equivalences to categorical ones in the Voevodsky's proof!
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Categorical univalence
Lemma

FE is valid exactly if any equivalence can be improved to a categorical equivalence.

id—t% (A = B) ceg-to-eq

(A= B) (A=~ B)

id-to-eq
Univalence (UAy/) id-to-eq, g is equivalence for A, B: U
Function extensionality (FE) ceg-to-eqa g has section (< is equivalence) for all A, B

Definition (Categorical univalence, CUA;/)

U is categorically univalent if id-to-ceqs g: A =y B — A= B is an equivalence for
A, B: U. Equivalently, if the (wild) category U is univalent.

g12 This axiom was proposed in a MathOverflow question by Dorais (2013)
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Counter models for function extensionality

Categorical univalence is defined such that UA;; <= CUA; A FEy
Is the decomposition proper? Need model M of ITT with M F CUA;; and M # FEy

Getting models refuting FE but validating 7 for I types (f = Ax.f(x)) is non-trivial.

Realizability e.g. Streicher (1993)

— Hard to combine with homotopical features without validating FE

Projective model structure on [BZ,, Gpd] Bordg (2015)

The exceptional translation Pédrot and Tabareau (2018)
— Refute CUAy,

Polynomial models Von Glehn (2015)
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von Glehn's polynomial model
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Theorem (von Glehn)

For a nice' model Ml of ITT, there is a model Poly(M) of ITT s.t. Poly(M) F —FE.
Categorical univalence survives this construction:

Theorem (Cavallo, H.)

Given a nice model Ml with M = UA then Poly(M) F CUA.

In fact, we get a more uniform statement:

Theorem (Cavallo, H.)
Given a nice model Ml with Ml F CUA® then Poly(M) F CUA®.

Here, CUA® is categorical univalence for the category U’ for all types /: U

'modeling coproducts and empty types with 7
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von Glehn's polynomial model

Basics
in Poly(M) in M in M
Context T is Fr:- U v:THEL(y): U
Type '+ A'is v:THEAMR):U v:T,a: A(y) F A(y,a): U
Context extension I.A FYXrA: U (v,a): ZrAETL(Y)+A(y,a): U
Elements T - u: A v: THu(y): Ay) v:Tyar A(y, u(y) F u(y,a): [(y)
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Id typesTFu=4v v:TEuly)=av(y) ~v:T,-:u(y)=av(y)FO0.

[ Je]
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von Glehn's polynomial model
Equivalences and categorical equivalences

Ordinary equivalences An equivalence '+ e = (f,g, G, h,H): A~ B is given by

Fr-e=(f,g,G,h,H): A~ B
Ma: Abf,: B(f(a)) — [+ A(a)
rb:Blg,: A(g(b)) — [ + B(b) No condition on f, g, h!
[,b: BF hy: A(h(b)) — [ + B(b)

Categorical equivalences For [+ e = (f,g, G, h,H): A= B analogous and additionally
F,b:BI—,:gbofg(b)?inr F,a:AI—,:faohf(a)ﬁinr

Hence, f, g, h factor over inr and induce equivalences on 2" components.

By UAy in base model, get A =;; B and A =;;4 Be.
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Some details on Voevodsky's proof

The key step in the UA = FE proof is as follows:

1. For Al P contractible, the map 7: ), P — A'is an equivalence
2. By univalence m,: (304 P)* — A% is an equivalence
3. fibg, (ida) > [[4 P. i.e, the following is a homotopy pullback

H B( G <Z B(a) )
ll? W*ll?

. pA
]. idA fA .

4. Hence, MaP ~ 1 and thus contractible
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