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Logical Aspects of Abstract Syntax

ω ! t ! T

t → s

〈𝐿, t〉 ⇓ v

𝑀 ! 𝑁

t " s

p # 𝑀

∀ t, s, T. (t ! T & t → s) ⊃ s ! T

∀ t, s1, s2. (t ⇓ s1 & t ⇓ s2) ⊃ s1 = s2

∀ t, s. t " s ⊃ C[t] " C[s]
confluence, normalization

type safety, congruence

cut elimination , parametricity

. . .

Logical Predicates
on

Abstract Syntax

Logical Properties
(! Language Metatheory)



Main Thesis

A general theory of these logical aspects using algebra
( Algebraic Logic )

This Talk:

• Overview of algebras of predicates over term structures

• Extensions to quantitative and graded predicates (!coeffects)
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Algebras of Abstract Predicates
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Algebra of Predicates = Algebra of relations
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But not expressive enouch

· Operations toForm compound LOGICALPREDICATES,

But Not for the structure ofAtomic predicates
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But not expressive enouch

· Operations to form complex Logical predicates
,

But Not for the structure ofAtomic predicates

t - S

t =s
DEFINED USING TERM STRUCTURE

<t
,
a> v 3 · structural recursion
-

4 +4 · patter matching

: · substitution

:

· CAN EXPRESS Logical properties
.

But Not Structural ones

Je .g. Bisimilarity is a congruence)

· Can Algebraize Logical reasoning But Not Structural Ones
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Algebras of Term Predicates



GENERAL APPROACH
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Context

Mathematics of Syntax = foundations for syntactic structures

𝑂𝑃 .𝑃 (𝑃)
∏
𝐿 :𝑀

. refl(𝑃) : 𝑃 =𝑀 𝑃 (
∑
𝑁≥0

2𝑁)+
∫ 𝑂

𝑃
𝑄𝑃𝐿d𝑃

Concrete Syntax “ (”, “𝑂”, “𝑃”, “ .”, “𝑃”, “ (”, “𝑃”, “)”, “)”

Abstract Syntax

𝑂𝑃

@

𝑃 𝑃

fun arg

𝑂𝑃

@

𝑃

body

fun arg

binder

·
·nam
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What About Teen Structure ?
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Main Result
.

1 ILics 2023

() "ALT
. Teen Structures Inouce ESSENTIALLY The same

ALGEBRA OF RELATIONS

(ii) This Algebra FAITHFULLY Internalise The Syntax Structure

Of Teens As Algebraic operation

(iii) THIS ALGEBRA CAN BE AXIOMATISED As An

ABSTRACT Algebr Of (Term) relations
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Comments
-

· ThAs ARISE CANONICALLY FROM SYNTAX Structures

· THEY EXPLAIN Many Operational Constructions flassen
& Howe's Extension

A & Paralle reduction 3 /NITIAL ALGEBRA

· TMAs are Syntax-independent

MD DEEP INVARANT OF SYNTAX Carame
uD ALL TRA THEOrEMs Hold On Any Term structure

What kind of Theorems Can we prove ?



Main Result
,
It flics 20261

4) Wishin Tras
,

we can define

· parallel & Sequential reduction
· BIU-STEP SMALL-STEP Op

. SEMANTISS
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Main Result
,
It flics 20261

(i) We can model fundamental semantic principles
· Gentzen Inversion principle

· tentzen conservation principle

Ex
.

(aip) a =Y : a



Main Result
,
It flics 20261

- (iii) We can prove fundamental metathedrms

alt F DET
>e ↑a
= E congruence
-

Global properties



Main Result
,
It flics 20261

- (iii) APPLICATIONS to
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Towards Coeffects



Quantitative & Graded Predicates
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Core IDEA .

111 Algebras of Quantitative Relations
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Core IDEA .

12) Algebras of Quantitative Relations

OVER RESOURCE SYNTAX STRUCTURE
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INTERNALISE THIS As

Graded relational modalities
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Conclusion
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