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1970

Apollo 13 mission Soviet Lunokhod rover 
drives on the moon

What if one formula is more 
necessary than another?



Grades of Modality (Goble, 1970)

• Indexed family of modalities  
                        e.g.  is “more necessary” than 


• Gradation: 


• Nec:  


• (K)    


• (T)     


• (4)         (a modern observation: ordering induces )


• Model: indexed sets of ‘necessary’ propositions connected by -family of 
accessibilities relations

{NiA}i∈[1..k]
N2A N1A

( j ≤ i) ⇒ NiA → NjA
⊢ A implies ⊢ NiA

Ni(A → B) → NiA → NiB
NiA → A
NiA → NiNiA Ni ⊔ j A → NiNjA

[1..k]

“Degrees of necessity” - Logic ℒk
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In So Many Possible Worlds (Fine, 1972)
Quantifying worlds (between  of  and  of )∃ ◊ ∀ □

• Indexed family of modalities   
                  meaning  is true in at least  accessible worlds


• Model  with 


• Gradation:  

• Base:  

• Additional axioms depending on properties of R (not considered by Fine), e.g., 

• (T)                        (for reflexive )

{◊≥iA}i∈[0,|𝒲|]
A i

(𝒲, R ⊆ 𝒲 × 𝒲) w ⊧ ◊≥iA iff |{v ∈ 𝒲 ∣ w R v ∧ v ⊧ A} | ≥ i

( j ≤ i) ⇒ ◊≥iA → ◊≥jA

◊≥0A ↔ 𝖳

A → ◊≥1A R
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A general view (so far): pre-ordered graded modalities
Syntax 

• Indexing set  with preorder 


• Indexed family of modalities 


• Gradation: 


Semantics 

• A contravariant functor   

A common philosophy: make (modal) reasoning more fine-grained via grading

I ( ≤ ) ⊆ I × I
{Fi : ℙ → ℙ}i∈I

( j ≤ i) ⇒ FiA → FjA

F : (I, ⪯)𝗈𝗉 → [ℙ, ℙ]

(Goble) po-graded necessity, (Fine) po-graded possibility
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Type-and-effect systems (Gifford, Lucassen, 1986)
Make typing more fine-grained to capture intensional aspects (side effects)

Typing judgments   include description of side effectsΓ ⊢ e : τ, F

Γ, x : σ ⊢ e : τ, F

Γ ⊢ λx . e : σ F τ, ∅
Γ ⊢ e1 : σ H τ, F Γ ⊢ e2 : σ, G

Γ ⊢ e1 e2 : τ, F ∪ G ∪ H
(x : σ) ∈ Γ

Γ ⊢ x : σ, ∅
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Type-and-effect systems (Gifford, Lucassen, 1986)
Make typing more fine-grained to capture intensional aspects (side effects)

Typing judgments   include description of side effectsΓ ⊢ e : τ, F

Γ, x : σ ⊢ e : τ, F

Γ ⊢ λx . e : σ F τ, 1
Γ ⊢ e1 : σ H τ, F Γ ⊢ e2 : σ, G

Γ ⊢ e1 e2 : τ, F ∙ G ∙ H
(x : σ) ∈ Γ
Γ ⊢ x : σ, 1

Originally sets of effect operations; 
Nielson and Nielson (’94,’99) generalisd to pre-ordered monoids  (ℳ, ∙ , 1, ⊑ )

A graded type system sans modalities: annotation attached to judgments; 
structure of annotations reflects sequential semantics of effects

( )ℕ, + ,0, ≤e.g., cost via: 
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Graded monads model effect systems (Katsumata, 2014)

• Model of type-and-effect systems  where 
 is a graded monad:


‣  where ( , , ) is a monoidal category


‣ unit   and multiplication 


‣ associativity and unitality coherence conditions

[[Γ ⊢ t : A, F]] : [[Γ]] → TF [[A]]
T

T : ℳ → [𝒞, 𝒞] ℳ ∙ 1
ηA : A → T1A μF,G,A : TGTFA → TF∙GA

(see also O, Petricek, Mycroft, 2014)

• Or build a graded monadic meta language with explicit   
type constructor

TFA
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Modal
Type

Analysis

Pure Effectful

MAA

Graded
Modal
Type

Analysis

Pure Effectful

f ◊ A f ∈ ℳ
Monoid
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Modal
Type

Analysis

Graded
Modal
Type

Analysis

linear non-linear

!AA

linear non-linear

r □ A
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Bounded Linear Logic (Girard, Scedrov, Scott, 1992)
(‘Rigid’ subset here)

!r1
A1, …, !rn

An ⊢ B

!s*r1
A1, …, !s*rn

An ⊢ !sB
pr

Γ, A ⊢ B
Γ,!1A ⊢ B

der

Γ, !xA, !yA ⊢ B
Γ, !x+yA ⊢ B

contr
Γ ⊢ B

Γ, !0A ⊢ B
weak

• Linear logic + indexed family of modalities  meaning used at most -timesℕ− !rA r

Γ,!rA ⊢ B r ≤ s
Γ,!sA ⊢ B

approx

• (2013-14) Generalise to (pre-ordered) semiring [+ some technicalities for sound substitution]
Bounded linear types in a resource semiring (Ghica, Smith)
A Core Quantitative Coeffect Calculus (Brunel, Gaboardi, Mazza, Zdancewic)
Coeffects: a calculus of context-dependent computation (Petricek, O, Mycroft)
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BLL / GLL semantics via graded exponential comonad

!r*sA → !r!sA
!1A → A

!0A → 1
!r+sA → !rA⊗!sA

!sA → !rA
where r ≤ s

 where  is a pre-ordered semiring! : ℛ𝗈𝗉 → [𝒞, 𝒞] (ℛ, * ,1, + ,0, ≤ )

promotion and 
dereliction

approximation weakening and 
contraction

!rA⊗!rB → !r(A ⊗ B)
1 → !r1

monoidality - promotion over multiple variables

 / 2112



Goble’s logic has graded comonadic semantics
Revisiting the 1970s logics through the modern gadgets

•  forms a graded comonad over  
 
                   

NiA ([1..k], ⊔ ,1, ≥ )

εA : N1A → A δi,j,A : Ni ⊔ j A → NiNjA
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Another semiring-graded necessity example: 
confidentiality and non-interference

On Graded Coe!ect Types for Information-Flow Control 131

the substitution of any term t into the body is in the interpretation of the 
expression relation at the result type (due to the call-by-name semantics of 
our language). The interpretation of the graded modal type rA is the set of 
terms which are the promotions of terms in the interpretation A. Note that, 
since the purpose of the grade r is to relate two values of type A, the unary 
relation completely ignores the grade. The importance of grades only shows up
in the binary relation (as explained below). Finally, the [Γ ] relation defines an
interpretation of the context Γ as a set of maps from variables to expressions
(written as γ) that can be substituted for each variable.

Fig. 4. Binary expression, value and c ontext relations

The binary relation (Fig. 4) formalises the key security requirements with 
respect to grades. Like the unary, the binary relation is defined for values and 
expressions. However, the key di!erence is that the binary interpretation of a 
type is a set of pairs of terms, as opposed to just a set of terms as in the unary
case. The binary interpretation is also parameterised by a grade representing the
adversary level adv against whom we desire indistinguishability of secrets.

We explain the binary expression relation first: A adv E relates two expressions 
of type A when the values obtained by reducing them can be related under the 
binary value interpretation at the same type. Since we only relate the resulting
values when both the expressions terminate, our logical relation internalises what
is known as ‘termination-insensitive non-interference’ [64]. We believe that our 
current development can be generalised to a termination sensitive version of 
non-interference by additionally proving co-termination of the two executions. 
We leave that part as an interesting direction for future work.

For the binary value interpretation ( A adv V ), like in the unary case, we focus 
only on the function and the graded types here. The interpretation of the func-
tion type As → B relates two λ-expressions, when given related expressions at

134 V.-B. Liepelt et al.

– (app) with typing Γ1 + r · Γ2 t1 t2 : B and premises Γ1 t1 : Ar → B and 
Γ2 t2 : A. 
Thus we have a context interpretation (γ1,  γ2) ∈ r · Γ1 + Γ2 

adv from which 
we need to derive a context (γ1,  γ2) ∈ Γ1 

adv to compute the left-hand side 
t1. For every x such that x :r1 A ∈ Γ1 and x :r2 A ∈ Γ2 then this requires 
us to map from ([t3], [t4]) ∈ r1+r · r2A adv E to ([t3], [t4]) ∈ r1A adv E in 
the interpretation of the context in order to apply i nduction over the first
typing premise. In the case where ¬(r1 + r · r2 ≤ adv) but r1 ≤ adv then we
have a contradiction since r1 ≤ adv implies r1+r · r2 ≤ adv by the decreasing
property of + (i.e., that 0 is the top element, see Proposition 2). A similar use 
of this property occurs in every other case where the cont ext need splitting,
i.e., expressions comprising more than two subterms.

– (pr) with typing r ·Γ [t ]  :  rA and premise Γ t : A.
For all x :s B ∈ Γ then context interpretation contains some ([t1], [t2]) ∈ 

(r · s)B adv E from which we need that ([t1] , [t2]) ∈ sB adv
E in order to

induct on the premise.
In the case where r ≤ adv but ¬(r · s ≤ adv) and thus (r · s)B adv E = 
[B ]E ∧ t2 ∈ [B ]E then we have ¬(s ≤ adv)  by  lax idempotence of * (and 
a proof by cont radiction) and thus sB adv

E = [B ]E ∧ t2 ∈ [B ]E which is
satisfied by the context here.

– (if) with typing (r · Γ1)  +  Γ2 if t1 then t2 else t3 : A and r ≤ 1. 
For all x :r1 B ∈ Γ1 and x :r2 B ∈ Γ2 then context interpretation contains 
some ([t1], [t2]) ∈ (r · r1+r2)B adv E . 
In the case w here ¬((r · r1)+ r2)≤ adv then due to the typing requiring r ≤ 1
it follows that ¬r1 ≤ adv by, i.e.,

(0) ¬((r · r1)  +  r2)≤ adv (assumption) 
(1) r1 ≤ adv (assumption) 
(2) r ≤ 1 (typing) 
(3) r · r1 ≤ adv · 1 (monotone · (1), (2)) 
(4) r · r1 ≤ adv (multiplicative unit (3)) 
(5) ((r · r 1) + r2)≤ adv (decreasing + (4))
(6) ⊥ (¬-elim (0),(5))
(7) ¬(r1 ≤ adv) (¬-intro (1),(6))

Thus the incoming context interpretation su!ces for the context i nterpreta-
tion of t1.

Note that the proof does not make use of the antisymmetry property y et,
which instead arises in the final central theorem:

Theorem 3 (Non-Interference). For all judgments x :s A t : adv B where 
adv ≤ s and adv = s then given v1 : A  and  v2 : A then [v1/x ]t ≡ [v2/x ]t.

(where ≡ is full β-equality of terms, derived from the operational semantics).

Proof. (nonInterference, NonInterFerence.agda) We sketch some interesting 
details here, but the binary fundamental theorem does most of the heavy lifting.

• Lattice  with top  and bottom 


•  means an  values that can only be “read” by “levels” 

r ∈ ℒ ⊤ ⊥

□r A A r ≤ ℓ

(Liepelt, Marshall, O, Rajani, Vollmer, 2025)

(Gaboardi, Katsumata, O, Breuvart, Uustalu, 2016) 
(Abel & Bernardy, 2020) 

• Model: graded exponential comonad  [[ − ]] : ℒ → [[ℒ, ΔTm], [ℒ, ΔTm]]
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Graded linear logic + indexed types
In practice, with the Granule language implementation

rep : forall {a : Type, n : Nat}  
    . N n -> (a -> a) [n] -> (a -> a) 
rep Z     [f] = \x -> x; 
rep (S n) [f] = \x -> f (rep n [f] x) 

copy : forall {a : Type, s : Semiring} . a [(1 + 1):s] -> (a, a) 
copy [y] = (y, y) 

https://granule-project.github.io

Quantitative program reasoning with graded modal types 
(O, Liepelt, Eades, ICFP 2019)
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Where do they come from? 
Graded (co)monads derived two ways
• (Bénabou, 1967) Monads are lax functors

μf,g : Tg ∘ Tf ⇒ T(g ∘ f ) η : Id𝒞 ⇒ Tid

• Graded monads are (co)lax monoidal functors

T * = 𝒞
• Graded monads are (op)lax functors from the delooping of a monoid

 η : Id𝒞 ⇒ Tid* μ : Tid* ∘ Tid* ⇒ T(id* ∘ id*)T * = 𝒞  T : [1,Cat]𝗅𝖺𝗑

T : [BM, Cat]𝗅𝖺𝗑

Vollmer et al.

Tm TmT1 TmTnTk TmTn→k

T1Tm Tm Tm→nTk Tm→n→k

Tmω

ωTm
µm,1

Tmµn,k

µm,nTk
µm,n→k

µ1,m µm→n,k

R2: Remark 2.12: The first point is more or less regurgitating Def 2.11 above. I think this space166

is better spent on expanding examples. Why not just add a line ’That is, an I-graded monad is a lax167

monoidal functor..” to Def 2.11?168

Remark 2.13 Definition 2.12 has two equivalent presentations:169

• View the graded monad T as a lax monoidal functor T : I → [C, C] such that the unit and multiplication170

arise from lax monoidality;171

1 M↑M [C, C]↑ [C, C]

M [C, C] M M↑M

1

Id
T↑T

→
µ

↓

T T

ω

• View the graded monad T as a lax 2-functor (Def. 2.2) T : BI → Cat. That is, the object map172

T0 : BI0 → Cat0 on the single object picks out a category T0(↓) = C. And since there is only173

one pair of BI objects then we have one T↔,↔ : I → [C, C] functor on the hom-categories, which is the174

usual indexed endofunctor construction for graded monads seen above (because the source hom-category175

B(I)(↓, ↓) = I and the target hom-category Cat(T0(↓), T0(↓)) = [C, C]), along with operations arising176

from the lax preservation of functorial axioms: ω : idC ↔ T↔,↔1 and µ : ↗(T↔,↔ ↑ T↔,↔) ↔ T↔,↔, that is,177

µm,n : T↔,↔(m) ↗ T↔,↔(n) ↔ T↔,↔(m↘ n). The expected graded monad axioms are just the specialisation178

of the lax functor coherence conditions (Def. 2.2).179

This view essentially applies the “delooping” construction to the lax-monoidal presentation to lift to180

a 2-categorical perspective.181

The lax 2-functor view is the one we use throughout the rest of the paper. Since there is only one182

object in BI, we typically omit the object subscripts and instead write the element of I as the subscript,183

writing Tn instead of T↔,↔(n); this aligns the notation with the more typical presentation.184

R2: Example 2.13 (and elsewhere) Please say what the morphisms on N are. I believe you are viewing185

N as the preordered monoid with the standard order. I found the description of the graded list monad186

strange (is there a proof that it works out?). There are at least two natural graded list monads. One187

can take N to be discrete and consider the graded list monad with L nX being lists of length exactly n.188

On the other hand, one can view the multiplicative monoid N as a preordered monoid with the standard189

order and construct the graded monad L nX of lists of length at most n. Illustrating such variants can190

help illuminating the role of grades to the uninitiated.191

Example 2.14 Let C be a category with finite products and let I be the natural numbers N under192

multiplication. The graded list monad is then given by L↔,↔ : Iop → [C, C], that is, L : BIop → Cat with193

L0(↓) = C and LnA = A
n (i.e., n-wise product of A), i.e., lists of length n, with ω

L

A
: A → L1A given194

by ω
L

A
(a) = [a] (singleton list) and µ

L

m,n,A
: LmLnA → L(m↔n)A given by flattening a list, of length m, of195

lists of length n into a list of length m ↓ n. The grading is contravariant since whenever n ≃ m we have196

f : n → m ⇐ (BI)1 which gives (Lf)A : LmA → LnA, throwing away elements from (the end of) a list of197

length m to the sublist of length n.198

R2: Example 2.14: the notation changes here. I think it should be Ptop and Pbot199

Example 2.15 Let C be a category with a terminal object 1 and let I be the two-element category derived200

from the pre-order I0 = {⇒,⇑} where ⇒ ≃ ⇑, with tensor ↘ = ⇓ as the greatest-lower bound and unit201

⇑. The graded partiality monad P : Iop → [C, C] is then defined by P⇑A = A and P⇒A = 1, i.e., P⇑202

6

T : (M, ∙ ,I) → ([𝒞, 𝒞], ∘ ,Id)
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Graded monads for Live Variable Analysis (LVA)
Classical dataflow can be captured as a grade

• Transfer functions monoid  [variable demand, out  in] 

• Graded state monad  - a stateful computation with LVA transfer  

(𝒫(𝕍) → 𝒫(𝕍), ∘ ,id) →

𝖦𝗆ψ A ψ

(Ivašković, Mycroft, O, FSCD 2020)

[[ l : X := Y + Z]]𝖦 = (gl = 𝖽𝗈{x ← 𝗀𝖾𝗍Y ; y ← 𝗀𝖾𝗍Z ; 𝗉𝗎𝗍X(x + y)})

kill(X) = λd . d∖{X}
gen(X) = λd . d ∪ {X}

𝗉𝗎𝗍X : ℤ → 𝖦𝗆kill(X) ⊤
𝗀𝖾𝗍X : 𝖦𝗆gen(X)ℤ

: 𝖦𝗆gen(Y)∘gen(Z)∘put(X)ℤ = 𝖦𝗆λd.(d∖{X})∪{Y,Z}ℤ
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Graded monads for Live Variable Analysis (LVA)
Grades specialise the semantics

liveIn(ψ) = ψ(∅)
footprint(ψ) = ψ(∅) ∪ (𝕍∖ψ(𝕍))

𝖦𝗆ψ A = 𝖲𝗍𝗈𝗋𝖾(liveIn(ψ)) → A × 𝖲𝗍𝗈𝗋𝖾(footprint(ψ))
Read subset of store

Provided subset of store

Theorem - Soundness of deadcode elimination

Let   ,  m : 𝖦𝗆ψ1 1 f : 1 → 𝖦𝗆ψ2B
If       then     (𝕍∖ψ1(𝕍)) ∩ ψ2(∅) = ∅ μ(𝖦𝗆ψ1f )m ≡ f()

i.e., grades shows  is dead-code, which is validated denotationallym

State A = 𝖲𝗍𝗈𝗋𝖾 → A × 𝖲𝗍𝗈𝗋𝖾

(Ivašković, Mycroft, O, FSCD 2020)  / 2118



Sans modalities semantically: graded categories*
• A monoidal category  of grades


• A class  of objects


• An -enriched category over  (via Day tensor/exponents) 

• Hom object  for all objects  and 


• Identity morphisms 


• Composition ◦ : 


• Upcast function  for all grades 

(ℳ, ∙ ,1)
𝖮𝖻𝗃(𝒞)

[ℳ, Set] 𝒞
𝒞(I, J)(m) I, J ∈ 𝖮𝖻𝗃(𝒞) m ∈ ℳ

idI ∈ 𝒞(I, I)(1)
𝒞(J, K)(m) × 𝒞(I, J)(n) → 𝒞(I, K)(m ∙ n)
↑n

m: 𝒞(I, J)(m) → 𝒞(I, J)(n) m ≤ n

Graded Hoare Logic and its category semantics,  
Gaboardi, Katsumata, O, Sato (2021)

*V-indexed categories, Wood (1978)
Locally graded categories, Levy (2019)  / 2119



Many more instances and applications…
• Subexponentials (Danos, Miller, Nigam)


• Contextual Model Type Theory (Nanevski, Ahmed, 
et al.)


• Hardware schedules (Ghica et al. ’14)


• Explicit provability logics (Artemov ’95, ’01)


• Quantitative operational models (Bianchini, 
Dagnino, Giannini, Zucca)


• Multi-stage programming (Pfenning & Davies, Zu)


• Quantitative Type Theory (McBride, Atkey)


• Costs (Cicek, Gaboardi, Rajani, Garg)


• Robustness / sensitivity (Gaboardi et al., Pierce et 
al.)


• Flexibly graded monads (McDermott, Katsumata, 
Uustalu, Wu)


• Degradings (McDermott)


• Contextads (Capucci, Myers)


• Adjoint logic (Hanukaev, Eades, Pfenning, 
Pruiksma)
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Take home messages
• Graded structures enable fine-grained reasoning


‣ Reason about additional properties in a logic/type ystem

‣ Specialise a denotational model

‣ Prune program synthesis (see: Hughes, O, (LOPSTR 2020, ESOP 2024))


• Formulated via some kind of lax functoriality 
      functoriality = reflect structure of a proof theory / semantics in the grade 
      (co)laxness  = computational content


• Models of polymorphic and dependent grades tricky; lots to do here!

vs.
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Thanks!


