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x = 0; x = 1;

1/2 1/2

verifying equivalence of programs
P ≡ Optimised(P)

Implementation ≡ Specification

Source ≡ Compiled

developing proof techniques

In my work: with behavioural equivalences, like bisimilarity or trace semantics 

e.g. by axiomatisations / up-to techniques
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Coalgebra

Uniform framework for dynamic transition systems, based on 

category theory.  

generic notion of behaviour 
equivalence, e.g. bisimilarity

states

object in the base 
category C

behaviour 
type

functor on the  
base category C 

form a category 
too

A coalgebra is a generic transition system:

X ⟶ FX
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… 
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Has no fixpoint characterisation, or other general properties ?

The ε-distance is defined by dε (s,t) = inf { ε  | s ~ε t }
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The ε-distance between 𝝂𝛾 and 𝝂0 is 𝛾
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The ε-distance between 𝝂𝛾 and 𝝂𝜉 is |𝛾-𝜉|

𝛾 ∈ [0,1/2)
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Starting from a metric space (S,d), it gives a distance on DS by

Lévy-Prokhorov lifting
S→ (D S)A

D ◊ D æ

”d
LP (µ0, µ1) = inf{Á | ’X ™ S : µi(X) Æ µ1≠i(X

d
Á ) + Á, for i = 0, 1},

where

ere Xd
Á = {y | ÷x œ X : d(x, y) < Á}.

call the Lévy-Prokhorov (LP, fo

… and further a behavioural distance on by fixpointsS→ (D S)A



Recall bisimulation for PTS (one label)
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S→ D S

BX Y

D X

dc

π1 π2

D YD B

ε-Bisimulation in a diagram

⊑⊑ε⊒

with: 𝜑 ⊑ε 𝜓  iff for all A ⊆ B, 𝜑(A) ≤ 𝜓(A) + ε

ε⊒



S→ FS

BX Y

FX

dc

π1 π2

FYFB

ε-Bisimulation for F-coalgebras

⊑ε⊒

as long as F comes with a suitable order

this enables new definition of approximate bisimulations for other types of systems

⊑ε⊒
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Bw = { 𝛼 ∊ Aω | w is a prefix of 𝛼 }
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Trace Equivalence and History

Jacobs ’04  

Cirstea ’10 

Kerstan & König ’13 

Urabe & Hasuo ’15 

Goy & Rot ‘18

Two states s and t are trace equivalent, notation   s = tr t  ,  if and only if they have the same trace: 


             s = tr t   ⟺  trace (s)  = trace (t)

Axiomatization of finite trace equivalence (coalgebraically): Silva & S. ‘11

Previous work on infinite trace equivalence (coalgebraically): 

Long history  
in formal methods 
origins in fractal theory
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e, f   :=  v  |  e ⊕p f  |  a.e  |  fix v.e

for p ∊ [0,1], a ∊ A

Process terms are expressions that are guarded and closed. 

every v in  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Theorem (Kleene-style) :

Expressions

e, f   :=  v  |  e ⊕p f  |  a.e  |  fix v.e

for p ∊ [0,1], a ∊ A

Process terms are expressions that are guarded and closed. 

every v in  
scope of a.(-)

every v in  
scope of fix v.(-)

Process terms behave:

𝛾 : PTerms → D (A x PTerms) 

For every state s in an LMC, there exists a process term ts with  
 
                         s = tr ts

Expressions for labelled Markov chains:    Stark & Smolka ’00 

| *
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The role of G

1/3 t + 1/3u1/3 s

u

a d

Freely generated by: 

t

c

1/2 u1/2 t

s

a b

There are different ways to represent this as a coalgebra D≤ S → GD≤ S  

1. Every coalgebra c: S→ D (A x S)  

determinizes to c#: DS→ GDS


2. Prob(Aω) carries the final  
G-coalgebra 
 
Prob(Aω) → G Prob(Aω)


3. Infinite trace equivalence 
is the final coalgebra semantics
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First functor on Convex Algebras:


                      X⊥ = {⊥} ⋃ {r ∙ x | r ∊ (0,1], x ∊ X} adds a free generator to X

Now G is just an exponent:


                      GX = { f : A → X⊥ | f(a) = ra ∙ x, ∑a∊A ra = 1 }

convention: ⊥ = 0 ∙ - 

Proof obligations: 


                     G is finitary, preserves surjective homomorphisms,… is proper ! 
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A zigzag is a diagram in F-coalgebras over convex algebras (D - algebras) of the form:

It relates x ∊X and y ∊Y, denoted x ~ y,  if there exist z2k∊ Z2k, for k = 1,.., n-1 with z0 = x, z2n =y,                                              
                                              f2k-1( z2(k-1) ) = f2k( z2k )

F is proper if whenever X and Y have free fg carriers, and x ~ y, then  there is a zigzag whose  
all nodes have free fg carriers. 

For the upper nodes, it suffices to be fg. 
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Thank You !

Strong foundations enhance developments in formal methods.


Coalgebraic generalisations may give strong foundations.


Two recent cases in favour of bisimilarity. 



