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What is the identity type?

» Per Martin-Lof:
datalda.1ype) (@ : A) : A — Type
refl : ldgaa

» Cubical Type Theory: I — A

» Higher Observational Type Theory (HOTT):
Idaxs (a0, bo) (a1, b1) := Idaag a; x Idg bg by
dataldy : N —» N — Type
zero : |ldy zero zero
suc : Idy ngny — Idy (sucng) (sucnq)
codata ldsiream, : Streamy — Streamy — Type
head : Idsiream, S — lda (head s) (head s”)
tail  : ldsiream, SS" — ldstream, (tails) (tails”)
ldrype AB:=A=B
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Promises of HOTT

+

Explainable

+ Definitional univalence:
f:A—>B isEquiv(f)
univalence(f) : ldrype AB
transport ,x x (univalence(f)) = f

+ Efficient

Higher inductive types only work in the empty context;
computation rules for higher constructors are typal
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Why is OTT — HOTT difficult?

Computation in HOTT:

coe : (A() Aq: Type) g IdType Apg A1 — Ag — A4
coe Ag A1 (univalence(f,e)) ag := f(ap)
apg : IdTypeAOA1 - IdType (FAo) (FA1)
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> every function f : A — B is a “set with endofunction”’-homomorphism, i.e.
f(aA a) =ap (fa)

> given an agp : A, we choose f : A — A with f x := ag, then:

ap =f(apap) = aa (fao) = apao

» o: (N :Type) > N - (N — N) — N is not algebraic
> Reynolds (1983): preservation of relations:
> a:(X:Type) > X - X

> every relation R : A — B — Type is preserved: Rab — R (ap a) (agb)

> if the relation is the graph of a function: fa=b—-f(aga)=agb
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Theories of internal parametricity

» Bernardy—Moulin (2012, 2013): higher dimensional syntax

» Bernardy—Coquand—Moulin (2015): substructural interval

> Nuyts—Devriese (2018): simpler semantics

» Cavallo—Harper (2021): parametricity and univalence combined

» Altenkirch—Chamoun—Kaposi—Shulman (2024): first structural theory
> Mike Shulman (2024-2026): the proof assistant Narya

» Sarah Reboullet’s thesis (2025): analysis of a problem in BCM 2015

» Jem Lord (2025): internal axiomatic parametricity
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whiteboard example: polymorphic identity
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Iteration — induction
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Iteration — induction
dataN : Type
zero : N
suc :N—->N
dataN" : Type” NN

zero” : NP zero zero

suc”® : NP ngny

— NP (sucng) (sucny)
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[teration — induction

dataN : Type iteyy : (A:Type) > A—> (A—>A) >N A
zero : N iteyAzszero =2z
suic :N—->N itewAzs (sucn) =s(iteyAzsn)
dataN" : Type” NN iteye : (A7 : Type” NN) — AP zero zero
zero® : NP zero zero — (AP ngny = AP (sucng) (sucny)) — N” ng ny
suc” : NP ngny — AP ng ny
— NP (sucng) (sucny) iteye A” 28 5P zero® = 2P

iteye AP 28 s (sucP nP) = s (iteye AP 2P 57 n°)
indy : (P: N — Type) —» Pzero —» (Pn — P(sucn)) » (n:N) - Pn

indyPz"sn:=

iteye (Glue (ng ny > P ng)) zP (nP - s nP) n
~——

—————

: Glue (no ny + P o) zerozero . Guue (ng ny > Png) n ny — Glue (no ny +— P ng) (sucno) (sucny)

=Pzero =Py =P (sucno)
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Semi-cubical types*

codataT : Type
ty : T — Type
rel: (x:T) > TP xx
codataT" : Type® TT
ty" (T - Type)  tyty
rel” : ((x: T) = TP xx)P relrel
codata TPP : (TypeP TT)P TP TP
ty"? - (T — Type)” ty ty)” ty" ty”

rel’ - (((x : T) = TP xx)P relrel)P rel® rel”
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codataT" : Type® TT
ty” : 7" xox1 — Type® (ty Xo) (ty x1)
rel” - (xo : TP xo 1) — TPP x2 X2 (rel xo) (rel xq)
codata TPP : Type®? TP TP TP TP
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Fibrancy

codataisFib : Type — Type

coe L isFib® Asfo fy — Ag — Aq
coh - (o : isFib® As fo fr) (@ : Ag) — Az ag (coefs ag)
coe™'  :isFibP Axfofy — A1 > A

coh™  :(f :isFib® Axfyfi)(ar : A1) — As (coe™' fraq) a4
id : (fg : iSFibP A2 fo f1)(a0 . Ao)(a1 : A1) — isFib (A2 ao 31)
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Two-dimensional Kan fillers

codataisFib : Type — Type
coe - isFib® Asfofi — Ap — A4 (also in the other direction)
coh - (o : isFibP As fo 1) (@ : Ag) — Az ag (coefsag)
id - (fp : isFib® Ax fy 1) (ap : Ag)(as : A1) — isFib (Asap ay)
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— isFib” (A2 @02 a12) (id f20 @00 a10) (id f21 @1 @11)
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Identity type(A’ " Fib

ldas:A— A— Fib
IdA,f dpaiy = (AP dp a1, id fP ap 31)
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Fib closed under T, L, X, 2, II, Bool

F : Type — Type

coe :FPCyfgfy —» Cy — Cy (also in other dir.)

coh : (fg : FP Cg fo f1)(Co : Co) - Cg Co (COG f2 Co)

id :FP02f0f1 —>(C():Co)(C1 :C1)—>F(CgCoC1)
genirip : (A : Type) - FA — isFibA
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Fib closed under T, L, X, 2, II, Bool

F : Type — Type

coe :FPCyfgfy —» Cy — Cy (also in other dir.)

coh : (fg : FP Cg fo f1)(Co : Co) - Cg Co (COG f2 Co)

id :FP02f0f1 —>(Co:Co)(C1 :C1)—>F(CgCoC1)
genirip : (A : Type) - FA — isFibA

whiteboard

Lemma: =P A2 Bg €1 — (ao :Ao)(a1 : A1) i A2 doday = Bz (eo ao) (61 81).
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Fib closed under W and M

S : Type

P : S — Type

w : Type

sup :(s:8)—> (Ps—>W)—->W
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Fib closed under W and M

S : Type

P : S — Type

w : Type

sup :(§:S)—>(Ps—>W)->W

Indexed W-types: Non-uniform parameterised W-types:
I :Type I :Type

S :Type S :1—> Type

P :S—Type P :{i:l} - Si— Type

j {s:S}—-Ps—|

k :S—>1 k {i:l}{s:Si} > Pis—|
W /- Type W (i:1]): Type

sup:(s:S)—> ((p: Ps) > W(jp))
— Wi(ks)

sup: (s:Si) > ((p: Ps) > Wi(kp))
— W
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Univalence

is11(R:A — B — Fib) := ((a: A) — isContr ((b : B).Rab)) x
((b: B) — isContr (X(a : A).Rab))
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id isBisimR R2X0X1 - (l’o : Ro ap bo)(l’1 : R1 a b1) — isBisim (ag b2 = Rg as b2 0] l'1)

B
Bo 2 B
Ro,is11] Ry, is11P TR1,is11/\ GelR
Ao Aq is11 ———— isBisim FibP Ag A4
Ao R:=id

is11 (az bz > Roasbargry)
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Summary

> Narya: a proof assistant with internal parametricity
> polymorphic identity
> ijterator — induction, with definitional computation rulesa
> symmetric inductive and coinductive types
> semi-cubical types®
> higher coinductive types, fibrancy

> fibrant families come with transport
> T, 1, %, X, II, Bool, W, M fibrant
> definitional univalence

» Future:
» isFib Fib,
> pormalisation

> higher inductive types
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