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Various categorical structures enjoy internal languages formulated as ex-
tensional dependent type theories a la Martin-Lof, where universal categori-
cal properties are mapped to type constructors [Mai05]|. This correspondence
covers a hierarchy from lex categories through regular categories and pretopoi
up to topoi.

A regular category, a finitely complete category with stable images, has
an internal type theory built from the terminal type, dependent sum, exten-
sional equality, and quotient on the terminal type, corresponding to stable
quotients of kernel pairs. We prove a canonical normal form theorem for this
type theory: every closed derivable judgement reduces to one in canonical
form. Closed types evaluate to a terminal, dependent sum, equality, or quo-
tient type, and closed terms to the corresponding introductory form. This
gives the standard consequences of canonicity, in particular consistency.

The proof uses computability predicates, originating with Tait (1967) and
adapted to Martin-Lof’s type theory by Nordstrom, Petersson, and Smith
(1990). Then, Valentini [Val00| proved the canonical form theorem for full
extensional Martin-Lof type theory. We adapt Valentini’s argument to our
setting: the main result is the treatment of the quotients, which has no
counterpart in [Val00]. We define a computability predicate on judgements
that records both a derivation and an evaluation to canonical form, and
show that all logical rules, including those for the quotient type, preserve
computability.

We previously gave a partial formalisation in Coq covering the empty
context case [Bor23|, and we extend it here to a complete one in Cubical
Agda [Bor26|. As future work, we plan to investigate whether the argument
extends along the modular hierarchy up to topoi.
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