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This work in progress is about specifying dependent type theories, in the spirit of initial-algebra
semantics [7, 6], which consists in defining the desired type theory implicitly (up to isomorphism) as the
initial object in a suitable category of “models”. Most concrete implementations of this idea proceed by
introducing a formal notion of presentation, and associating to each presentation a category of models
– with at least an initial object. Such notions of presentation include, e.g., Cartmell’s [3] generalised
algebraic theories (GATs) and Uemura’s [14] second-order algebraic theories (SOGATs). Users of such
frameworks must thus keep in mind the link between presentations and their semantics.

In this work, we explore a direct approach to initial-algebra semantics. This means (1) delineating an
algebraic structure whose objects include potential categories of models of dependent type theories, and
(2) constructing the desired objects algebraically.

We instantiate this idea for constructing 1-categories of models of type theories. Our algebraic struc-
ture is the large 2-category RLPCAT of locally presentable categories, right adjoints, and all natural
transformations.

As others [14, 9, 4, 5, 12], our approach enables (1) building substitution into operation arities, and
(2) specifying what Coraglia and Di Liberti call extensional type constructors [4, §3.7], a compact way
of axiomatising some type formers, along with their constructors and eliminators. However, unlike these
approaches, we implement initial-algebra semantics in the 1-categorical sense. We view this as a gain
both (1) in accessibility, since we mostly use old-school category theory, and (2) in precision, since we
implicitly define the desired type theories up to isomorphism rather than equivalence. In counterpart,
model morphisms must preserve operations strictly. We illustrate our approach by designing a semantics
to SOGATs, and by reconstructing the category of models of multimodal type theory [8], which SOGATs
typically cannot handle.

In order to construct the desired locally presentable categories, we use mostly known 2-categorical
properties of RLPCAT. The main idea is to define categories of models by pullback along suitable “refine-
ment” functors. Below left are a few typical refinement functors, where →, R, S1, adj, and � respectively
denote the free-standing arrow, retraction, parallel pair of arrows, isomorphism, and adjunction1.
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For a given category A of models, one defines an “arity” functor to the codomain of a suitable refinement
functor, and takes the pullback. Typically, an arity functor A → Set2 picks two sets 𝑋 (𝐴) and 𝑌 (𝐴)
computed from each model 𝐴; and the pullback (above right) consists of models 𝑀 equipped with a map
𝑋 (𝐴) → 𝑌 (𝐴). Similarly, the other refinements respectively equip models with a section, an equation, an
isomorphism, and a right adjoint.

The main challenge, then, is to be able to construct relevant refinement and arity functors 2-categorically
within RLPCAT. Our main tools are Bird’s flexible limits [1] and 2-categorical notions (op)fibrations [13].
One well-known technical aspect that is specific to 1-categorical models is that, in order for our pullbacks
to remain in RLPCAT, we need to ensure that refinement functors to be isofibrations [10, 2]. For com-
parison, Uemura and Nguyen [11] use ∞-pullbacks for related purposes, which lifts this constraint.

1Beware, Catadj denotes the 1-category of 2-functors adj → Cat, 2-natural transformations.
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