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Abstract

Proofs in quantitative algebra are, generally, infinite objects due to the presence of infinitary rules in the deductive apparatus.
A quantitative equational theory is called compact if all its consequences are derivable by means of finite proofs, that is,
proofs not using any instances of the infinitary rules. This definition is purely logical. In this work we give an equivalent, but
categorical, characterisation based on the notion of monad restriction.
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1 Introduction

Quantitative algebra, introduced in [21], is an active area of investigation (see, e.g., [1,2,4,5,6,7,12],
[13,22,29,27,26,25,28,19,17,23,31,32,14,9,11,24]) aimed at extending the methods of universal algebra to
the study of so-called quantitative algebras. In the original formulation of [21], a quantitative algebra is an
algebra whose carrier is an extended metric space. More formally, it is a triple A = (A, d 4, {O'A}O—EE) where
(A,d,) is an extended metric space and (A, {c4},¢cx) is a B-algebra, in the ordinary sense of universal
algebra, for some signature Y of function symbols. The key novel concept is that of quantitative equation:
an expression of the form s =, ¢t indexed by a real number ¢ > 0, whence the adjective “quantitative”,
which generalises ordinary equations (s = t) and makes it possible to axiomatize the interplay between the
algebraic and the metric structure. The meaning of s =, ¢ is that the distance between any interpretations
of the terms s and ¢ is bounded above by ¢, i.e., da(s4,t4) < e

1.1 Monads. Given a collection of quantitative equations 7" and an extended metric space (X, dx), it
is possible to construct the free quantitative algebra satisfying T" generated by (X, dx). This construction
gives rise to a monad on the category Met of extended metric spaces and nonexpansive maps. Monads on
Met that can be axiomatized by quantitative equations include the Kantorovich probability distribution
monad [22], the Hausdorff powerset monad [22] and the Kantorovich-Hausdorff convex powerset of proba-
bility distributions monad [28]. These Met monads have applications in semantics and formal verification
for modelling computational effects in programs having quantitative behaviours (such as, e.g., probabilistic
programs). The attractiveness of quantitative algebra in this context is to provide a logical/syntactic way
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to handle such monads, in the same way that ordinary universal algebra and its logical /syntactic apparatus
of equational logic are used to handle (finitary) Set monads (see, e.g., [3, 3.18]).

1.2 Compact Quantitative FEquational Theories. A main obstacle towards the above outlined applica-
tion is that the logical apparatus of quantitative algebra is based on infinitary first order logic. Concretely,
this means that the binary relations appearing in quantitative equations (=, for € > 0) are subject to,
among others, the following axiom:

Vo, y. ( /\ T =, y) =T =Yy where € = inf{e, }nen (Infinitary Axiom)
neN

It states that if the distance between x and y is bounded above by a set {€,}nen of upper bounds, then
necessarily the distance is also bounded by the infimum of all these upper bounds. The presence of this
infinitary axiom means that, in general, proofs are infinitely branching well-founded trees. Hence they are
not finite objects and therefore cannot be represented, manipulated, enumerated and verified by machines.

On the one hand, it can be shown that an infinitary axiom, such as the one above, is necessary in
any sound and complete proof system for quantitative algebra. On the other hand, it has been recently
observed in [24] that, for some well behaved theories called compact quantitative equational theories T, it
holds that a quantitative equation is derivable from 7T in the proof system if and only if it is derivable from T’
without any usage of infinitary axioms. Hence, compact quantitative equational theories are exactly those
amenable to finitary syntactic manipulation and proofs, just as ordinary equational theories of universal
algebra. Perhaps surprisingly, [24] has shown that rather than being an artificial or rare notion, the class
of compact quantitative equational theories includes many interesting examples such as those axiomatizing
the Met monads, mentioned earlier, useful in program semantics and verification.

1.8 Technical Contribution. The definition of compact quantitative equational theory from [24,
Def. 3.1], as briefly outlined above, is purely syntactical: a theory T is compact whenever there are finite
proofs for all derivable quantitative equations. The main achievement of the present work is to give an
equivalent characterisation of compactness using the language of category theory and monads.

Rather than working with the notion of quantitative algebra of [24] or [21], it is technically convenient
to work with an even more general definition inspired from both [10] and [27]. Namely, the base category
Met is replaced and generalised to Modp(B), the category of models of B and their homomorphisms,
where II is a relational signature consisting only of relation symbols and B is a collection of (possibly
infinitary) Horn formulas over II. The special case Met is obtained by taking IT = {=, | ¢ > 0} and by
defining the collection B to include, among others, the infinitary axiom mentioned above (see Example 3.1
and [27, §2.3] for a full list). The algebraic part, on top of the base category, is specified by a signature ¥
consisting only of function symbols (this includes constants, as nullary functions) and a set Q of (possibly
infinitary) Horn formulas over the extended signature IT 4+ ¥ having a special shape and playing the role
of quantitative equations (see Section 3 for details). The category Modys(B + Q), over the extended
signature and theory, plays the role of the category of quantitative algebras. The free algebra construction
then gives rise to the following adjunction F' 4 U and corresponding monad 7'= UF on Mod(B):

Base Category Category of Quantitative Algebras

F
MOdH(B) <T MOdH_;,_g(IBS + Q) .

If we take the theories B and Q and remove from them all occurrences of infinitary Horn formulas, thus
only leaving the finite formulas, we obtain finitary sub-theories By € B and Q;y € Q and the following
adjunction Ff = Uf and monad Tf = UfFf on MOdH+E(Bf) :

Fy

MOdH(Bf> (T MOdH+Z(Bf +Qf) .
f

We denote with G: Modp(B) — Modp(By) and I: Modmys(B + Q) — Modntx(Bs + Q) the obvious
inclusions (every model of B (resp. B 4+ Q) is also a model of B¢ (resp. By + Qy)).
Our main result is Theorem 5.3 in Section 5. It states a correspondence between a purely logical
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property of the theory T and a categorical property of the corresponding monad:
Main Result: The quantitative equational theory given by B and Q is compact (Definition 4.6)
if and only if 7" is a monad restriction  of Ty and the restriction is compatible with I.
This paper is organised as follows. In Section 2 the required notions from category theory, including
monad restrictions, and of Horn logic are given. In Section 3 we define, following [10], the generalised notion
of quantitative algebra outlined above. In Section 4, the definition of compact quantitative equational
theory of [24] is adapted to this more general setting. The definition coincides with that of [24] when the
quantitative algebras of [24] are taken as particular case. In Section 5 we present and give a full and self
contained proof of our main Theorem 5.3. Lastly, we discuss directions for future work in Section 6.

2 Technical Background

Throughout this background section, we assume basic knowledge of category theory and logic.

2.1 Filenberg—Moore category and Canonical Comparison Functor

Given categories C and D and an adjunct pair ' 4 U: C — D with unit n and counit e,
F:C—7D U:D—C n: Ide = UF e: FU = Idp

there is a corresponding monad M = (M,n™, u™) on C, with underling functor M := UF, unit n™ := g
and multiplication p := (Uer) (see, e.g., [20, VIL.1]).

Different adjunctions may induce the same monad M on C. A canonical choice is given by the Eilenberg—
Moore construction (see, e.g., [20, VI.2]). Given a monad M = (M,n™, ™) on C we denote with EM(M)
the Eilenberg—Moore category of M. The objects of EM(M) are called M-algebras and are pairs (C, a¢)
with C € C and a¢: MC — C in C satistying: acone = ide and aco M () = ac o pue. The morphisms
of EM(M) from (C,ac¢) to (C',acr) are morphisms f: C — C’ in C satisfying f o ac = acr o M(f).
There is a forgetful functor Uy : EM(M) — C defined on objects as Uy (C, a¢) = C and on morphisms
as Un(f) = f. This functor has a left adjoint Fys 4 Ups defined on objects as Fi(C) = (MC, uc) and on
morphisms as Fy/(f) = M(f). The adjunction Fy; 4 Ups induces, as described above, the same monad
M on C we started with.

The following is a key property of the Eilenberg—-Moore construction (see, e.g., [20, VI.3.1]).

Proposition 2.1 (Comparison Functor) Let F -+ U be an adjoint pair with unit n and counit €. Let
M = (M,nM, ™) be the induced monad and EM(M) the associated Eilenberg-Moore category. There is a
functor K: D — EM(M), called the comparison functor, defined as follows:

K(D)=(UD,Uep)  K(f) =U(f)

With the above definitions in place, one easily derives the following proposition (see, e.g. [20, V1.3.1]).

Proposition 2.2 Fiz, as described above, an adjunction F' - U, the associated monad M, the EM(M)
category, the adjunction Fyy 4 Uy and the comparison functor K: D — EM(M). Then it holds that:

FM:KF and U:UMK

This work relies on a strict notion of monadicity, as in, e.g., [20, VL.7].

Definition 2.3 [Strictly Monadic Functor] We say that a functor U: D — C is strictly monadic if U has
a left adjoint F' 4 U and, denoting with M = (M,n™, uM) the induced monad, the comparison functor
K:D — EM(M) is an isomorphism of categories.

The functor Ups: EM(M) — C is, trivially, strictly monadic. For the following fact see, e.g., [8, 3.3.2].

3 A monad restriction is a natural isomorphism v : 7yG — GT subject to compatibility constraints (§2.2).
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Proposition 2.4 Every strictly monadic functor U: D — C reflects isomorphisms, i.e., if U(f) is an
isomorphism in C then f is an isomorphism in D.

2.2 Monad Morphisms and Restrictions

The material presented in this section is folklore. For instance, the notion of monad morphism between
monads on a given category C is developed in [8, §3]. In this work, however, we require monad morphisms
between monads on different categories. This theory is naturally developed at the level of 2-categories
(see, e.g., [30]), but we only need an ordinary 1-categorical treatment.

An embedding of categories is a functor which is full, faithful and injective on objects.

Definition 2.5 [Monad Morphism| Let C and D be categories, (N, n, 4") a monad on C and (M, nM, )
a monad on D. A pair (G,7), with G: C — D a functor and v: MG = GN a natural transformation, is
called a monad morphism (G,~): (C,N) — (D, M) if it satisfies:

(i) (Unit compatibility) vo (nMG) = G(nY), i.e.,
Yo ong = G(nd): GC — G(NC) (for all C € C)
(ii) (Multiplication compatibility) v o (WM G) = (Gu™N) o (YN) o (M7), i.e.,
vo o pdle = G(pd) o yne o (Myc): MMGC — GNC (for all C € C)

The next two propositions link the definition of monad morphism, as above, with the Eilenberg—Moore
construction.

Proposition 2.6 Let (G,v): (C,N) — (D, M) be a monad morphism. Then there is a canonical functor
I'y: EM(N) — EM(M) defined:

* on objects (C,ac: NC — C) as:
I'y(C,ac) = (GC,Gacoyc: MGC — GC)
e on morphisms of N-algebras f: (C,ac) — (C',acr) as:
Dy(f) = G(f): GC - GC'
such that 'y lifts G, i.e., Uy o'y = G o Uy,
C <2 EM(N)
| r,
D M EM(M)

Proposition 2.7 Let I': EM(N) — EM(M) be a functor lifting G: C — D, i.e., such that Upy o T' =
G o Uy. Denote with £c: M(GNC) — GNC' the M -algebra structure of T'(Fn(C)), for C € C:

[(Fn(C)) = (Un(T(FN(C))), &c M -algebra with structure ¢
= (G(UN(FN(O))), &0 lifting: Upy o = Go Uy
= (GN(0), &) definition: N = UnFn

Then there is a canonical natural transformation ' : FyyG = T'Fy defined, for every C € C, by the
equation:

Un () = éc o M(G(nZY)) 0 (MG, ugge) — (GNC, €c).
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Furthermore, the underling natural transformation

P

AU = Un(F): MG = GN

T

gives a canonical monad morphism (G,~"), i.e., 4* satisfies the unit and multiplication compatibility

equations of Definition 2.5.

Proposition 2.8 The two constructions v +— T\, (Proposition 2.6) and T' — ~' (Proposition 2.7) are
inverse to each other, i.e.:

(i) v =+, for every monad morphism (G, ),
(ii) T'=T,r, for every functor I': EM(N) — EM(M) lifting G (i.e., Uy’ = GUxy ).

Remark 2.9 The three propositions above, for the particular case when C = D (i.e., when M and N are
monads on the same category) appear as [8, Theorem 3.6.3]. In fact, the latter further shows that the
one-to-one correspondence 7 <+ I', also preserves composition. We will not need this additional fact.

Consider now a monad morphism (G,~) such that 7 is a natural isomorphism. By applying Proposi-
tion 2.6, we obtain a canonical functor I'y: EM(N) — EM(N) lifting G, and by Proposition 2.7 a canonical
natural transformation 7: FyyM = T',Fy such that, by Proposition 2.8, Ups(7) is 7. It is not obvious,
a priori, that 7 is itself a natural isomorphism. This is because the existence on an inverse of v in D
does not necessarily imply the existence of an inverse of 7 in EM(M). This requires showing that y~!
lives in EM (M) as well, i.e., that it satisfies the constraints of M-algebra morphisms. The following direct
consequence of Proposition 2.4 states that this is always the case.

Proposition 2.10 Let (G,7) be a monad morphism with v a natural isomorphism. Then the canonical
v: FyM = TI'yFy is a natural isomorphism.

Definition 2.11 [Monad Restriction] A restriction of monads is a monad morphism (G,7v): (C,N) —
(D, M) such that G is an embedding of categories and v a natural isomorphism.

The next fact states that a restriction (G, ), if it exists, is unique up to isomorphism. Hence, when a
restriction exists, we can talk about the restriction of NV along the embedding G. And we will say that M
is a monad restriction of N along G if the restriction (G, ) exists.

Proposition 2.12 Let G: C — D be an embedding of categories. Any two restrictions (G,v) and (G, 0),
are equal up to isomorphism, i.e., there is a natural isomorphism v: GN = GN such that roy = §, defined

as tc = d¢ 0751.

We will use this corollary of the preceding propositions.
Corollary 2.13 Let G: C — D be a an embedding of categories, N a monad on C and M a monad on D.
The following are equivalent:

(i) N is a restriction of M along G, i.e., there is a monad restriction (G,7) (see Definition 2.11),

(i) there is a functor I': EM(N) — EM (M) that lifts G and such that the associated canonical natural
transformation 3* : Fy;G = T'Fy (as in Proposition 2.7) is a natural isomorphism.

2.8 Categories of Models of Horn Theories

In the previous subsections we have considered monads on abstract categories. We now specialise the
discussion to categories of models of Horn theories. We refer to [15] and [3] as standard references.

A signature S is a possibly infinite collection of relation symbols R € S and function symbols o € S.
Throughout this work we assume that all symbols R, o € S have finite arity. We reserve the letters II and
¥ for signatures consisting uniquely of relation symbols and function symbols, respectively.

An S-structure is a pair:

A= (JA|, 7 where T4 = {R4} pes U {0% }ves
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i.e., a carrier set |A| together with interpretations R C |A|" ) and ¢4: |A4|*(7) — |A| of all relations
and function symbols in S. Given S-structures A and B, an S-homomorphism is a map h: |A| — |B]|
preserving all symbols in S, ie., (a1,...,an) € R* = (h(a1),...,h(an)) € RP and h(o%(ay,...,a,)) =
oB(h(a1),...,h(an)). We denote with Str(S) the category of S-structures and their homomorphisms.

We are interested in full subcategories of Str(S) defined by infinitary Horn sentences in the signature S.
Such Horn sentences are of the form

V. (/\al(m)) = d(x)

el

allowing for infinitely many variables and formulas in the antecedent of the implication, and where the
formulas a;(x), o' (x) are atomic formulas in the signature S with variables from « (an atomic formula in
S is either a relation R(t1,...,tq(g)) With R € S or an equality t; = 2, where the t;’s are terms in S).
If a Horn sentence H involves only finitely many variables and finitely many formulas in the antecedent,
i.e., if it belongs to ordinary first order logic, then we refer to it as finitary.

Satisfiability between S-structures A and Horn sentences H is defined as usual and denoted with
A= H. If H is a set of Horn sentences, we denote with Mods(#) the full subcategory of Str(S) whose
objects satisfy all formulas in H. Note that Str(S) = Mods(0).

Theorem 2.14 Let S, S’ be signatures with S’ O S, i.e., S’ is an extension of S. Let H be a set of Horn
sentences in S and H' be a set of Horn sentences in S’ with H' O H, i.e., H' is an extension of H. Then:

(i) There is a forgetful functor U: Modgs/(H') — Mods(H) that forgets the additional symbols in S’ and
the additional Horn sentences in H'. Furthermore, if S = &' then the functor U is an embedding of
Mods/ (H') as a full subcategory of Mods(H).

(ii) U has a left adjoint F' 4 U, so there is a monad on Mods(H) induced by the adjunction F 4 U.

Rather than providing a concrete definition of the left adjoint F', we will work with its abstract prop-
erties described in the next Subsection 2.3.1.

Remark 2.15 The forgetful functor U of Theorem 2.14 is, in general, not strictly monadic (Definition 2.3).
For example, taking S = H = (), the category Mods(H) is the category Set. And by taking &' = {<}
and H' to be the Horn implications defining partial orders, the category Modg/(H') is the category Pos
of partial orders and monotone maps. In this case U is not strictly monadic.

2.8.1 Presentations of Structures

We now review well-known material on presentations of structures by generators and relations. A standard
reference is [15, §9.2]. The following notions are from [15, 1.2.2, 1.4.1 and §9.2] (see also [3, §3.10]).

Definition 2.16 An injective S-homomorphism h: A — B is an embedding if it reflects all relation
symbols R € S, ie., (h(a1),...,h(an)) € RP = (a1,...,a,) € RA. We say that A is a substructure of B
if |A| C |B|, and if moreover the inclusion function |A| < |B] is an embedding A — B.

Definition 2.17 Given a tuple of elements a from a S-structure A, we say that a generates A if the
smallest substructure of A that contains a is A itself.

Definition 2.18 [Presentations| An S—presentation is a pair (x, o) where & = (z) jes is a possibly infinite
sequence of variables, and where e = («;);¢cs is a possibly infinite sequence of atomic formulas in S with
variables from x.

Definition 2.19 Let I C Str(S) be a class of S-structures. Fix a presentation ((z;);c, (®)ier) and a
structure A € K. Let a = (a;);jes be a sequence of elements in A, one for each x;, referred to as parameters.
We say that (x, @) presents the expanded structure (A, a) in K when the following conditions hold:

(i) The S-structure A is generated by a.

(ii) (A,a) |= a; for each i € I, where this notation means that each variable z; in «; is interpreted by
the parameter a;.
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(iii) For all B € K and elements b = (b;j);cs of B, if (B,b) [= o holds for all i € I, then there is a
homomorphism of expanded S-structures h: (4,a) — (B,b), that is, an S-homomorphism h: A — B
such that h(a;) = b; for all j € J.

Remark 2.20 In item (iii) of Definition 2.19, since A is generated by a, the homomorphism of expanded
structures h is unique whenever it exists. As a consequence, if (A4,a) and (B,b) are both presented by
(z,a) in K, then the unique h: (4,a) — (B,b) is an isomorphism of expanded structures.

For a proof of the following useful fact see [15, Lemma 9.2.1].
Lemma 2.21 Let K be a class of S-structures and consider a presentation ((x;);ecs, (i)icr). The follow-
ing are equivalent for each expanded structure (A, a) with A € K:
(i) (@, ) presents (A, a) in K.
(ii) a generates the S-structure A and for every atomic formula o/ (x) in S, we have:
(Aya) E o = KEvVe. (N o) = .

We apply this machinery to the setting of Theorem 2.14, where we have signatures S’ O S, Horn
theories H' O H and the adjunction F 4 U: Mods(H) — Modg/ (H').

Definition 2.22 Given any A € Mods(H) we define the presentation Pres(A) = (x, ®4), where:

* & = (xq)qcA, i-€., there is one variable z, for each a € A,

e &4 is the set of all atomic S-formulas () such that A, a = a(x), i.e., that are satisfied in A when
interpreting x, by a.

In model theory, the set of formulas ®4 of Pres(A) is often referred to as the positive diagram of A
(see, e.g., [3, Remark 5.33] and [15]). Note that Pres(A) is a presentation in the signature S (because
all formulas in ® 4 are atomic S-formulas) and therefore, a fortiori, also a presentation in the extended
signature S’. In the following result, which provides a logical characterisation of free objects, we use
Pres(A) as a presentation in the extended signature &'

Proposition 2.23 Let H and H' be Horn theories in signatures S and S', respectively, with S C S’ and
HCH. Let FHU: Mods(H) — Mods: (H') be the corresponding adjoint pair, as in Theorem 2.1/, with
unit n. Fiz any A € Mods(H) and corresponding presentation Pres(A) = (x,®4). Then it holds that:

(i) The expanded structure (FA,(na(a) | a € A)) is presented by (z,®4) in Mods (H').

(i1) For each atomic formula o (x) in the extended signature S,
(FA, (na(a) | a € A)) E d(x) =  HEVz.(\oi) =0

Proof. The universal property of F(A), as a free object, is used to establish the first point. The second
point is a direct consequence of Lemma 2.21. O

Remark 2.24 In Proposition 2.23, na(a) is viewed as an element of the structure F'(A). Note that,
formally, na: A — UFA, and therefore n4(a), is an element of UF(A). However, by definition of the
forgetful functor U, the two structures F(A) € Modg/(H') and UF(A) € Mods(#H) have the same carrier,
ie., |[F(A)| = |UF(A)|. Hence na(a) is an element of F'(A).

Lemma 2.25 Let H and H' be Horn theories in signatures S and S', respectively, with S C S’ and
HCH. Let FHU: Mods(H) — Modgs/(H') be the corresponding adjoint pair, as in Theorem 2.14, with
unit n. Fiz A € Mods(H) and let € = (x4 | a € A) be a collection of variables, one for each a € A. Let
furthermore B € Mods/(H') with parameters (b, | a € A), such that:

(i) B is generated by the parameters (b, | a € A), and
(i) for every atomic formula o/ (x) in the signature S,

(FA, (na(a) [a€ A) Ed(®) <= (B, (ba|acA)kd=)
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Then there exists a unique homomorphism of expanded structures h: (FA, (na(a) | a € A)) — (B,b), and
h is an isomorphism.

3 Quantitative Algebras

Quantitative algebra, as originally introduced in [21], studies algebraic theories over the category of met-
ric spaces and nonexpansive maps. The apparatus allows to explore the interactions between the metric
structure and the algebraic structure. In a similar, but more general way, some works [27,24] have con-
sidered algebraic theories over the category of fuzzy relations. In this paper, inspired by both [10] and
[27], we adopt an even more general definition. The base category, such as metric or fuzzy relation spaces,
is assumed to be Modp(B), the models of a Horn theory B over a purely relational (i.e., not having any
constant or functions symbols) signature II. The signature II can be infinite but all relations R € II must
have finite arity.

Example 3.1 The category FRel of fuzzy relations and nonexpansive maps is (isomorphic to) Modp(B),
where II := {=c}.c[p,1) is an infinite set of binary relations indexed by real numbers 0 < e < 1, and B is
the Horn theory consisting of the following sentences:

* (Monotonicity) Vz,y.(x =c y) = (z =5 y), for each €,§ € [0,1] with € < J,

* (Order Completeness) Vz, y( /\ T = y) = x =5 y, for each § € [0, 1].
€€[0,1]NQ,e>4d

Note that each instance of the order completeness implication has countably many premises. It can be
shown that the category FRel requires infinitary formulas to be axiomatised. This follows, for example,
from the fact that FRel is locally presentable but not locally finitely presentable. The category Met; of
1-bounded metric spaces and nonexpansive maps is obtained by adding to B additional Horn implications
expressing the axioms of metric spaces, such as the triangle inequality (see, e.g. [27, §2.3]).

The algebraic part of the theory, on top of the base category, is formalised by considering a signature
Y, consisting only of function symbols (i.e., no relations) of finite arity (constants are functions of arity
0) and a Horn theory Q over the extended signature (X + II) consisting of basic quantitative equations,
defined as follows.

Definition 3.2 Let (II, B) be a base theory. Let X consist only of constants and function symbols of finite
arity. A basic quantitative equation (BQE) is a Horn implication of the form:

Va:(/\ ai(m)) = o/ (x)

iel
such that the function symbols in 3 never appear in the antecedent. Equivalently:

* the formulas «;(x) are atomic II-formulas using variables from x. So «; is either of the form x; = 9
or R(z1,...,xy,), with R € II,

e the formula o/(x) is an atomic (IT + X)-formula using variables from x. So o/(x) is of the form
R(s1(x),...,sn(x)), where R is either a relation symbol R € II or the equality symbol (=), and
$1,...,8, are Y—terms with variables from x.

As usual, if the conjunction in the antecedent is empty, we just write Va.o/ ().

Remark 3.3 The use of the adjective “basic” in Definition 3.1 follows the terminology adopted in the first
paper on quantitative algebra [21], where arbitrary Horn implications over the signature II 4 3 are called
quantitative inferences, the subclass having no function symbols in the antecedent, as in Definition 3.2, are
called basic quantitative inferences, and the further subclass of the form V.o/(x) are called quantitative
equations. In later works the theory has developed with a focus on basic quantitative inferences (see
e.g., [22,10,27]), rather than quantitative inferences. Accordingly, in this work we only work with basic
quantitative equations in the sense of Definition 3.2. Somewhat confusingly,? in [24] the term quantitative

1 See also Remark 2.12 in [24].
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equation refers to a special class of basic quantitative equations (as in Definition 3.2), which we will refer
to as antecedent complete BQE (Definition 4.1 of Section 4).

Definition 3.4 A quantitative equational theory T is given by a base theory (I, B) and an algebraic theory
(32, Q), with the signature ¥ consisting only of constants and function symbols and Q consisting of basic
quantitative equations, as defined above. So we can write 7' = ((II, B), (X, Q)). The category of models of
the theory T, called quantitative algebras (of the theory T'), is Modp45(B + Q).

Remark 3.5 Note that there is nothing necessarily “quantitative” in this definition. We adopt this
adjective merely to adhere with previous literature on this line of research, starting with [21], where the
focus was on variants of the base theory of Example 3.1.

Example 3.6 Consider the base theory (II,B) of fuzzy relations, from Example 3.1. Let X = {+)},¢(0,1)
consist of a (uncountable) collection of binary function symbols indexed by reals 0 < p < 1. Consider the
set Q of basic quantitative equations given by:

e Axioms of convex algebras:

Vi, y(z+pr=12) Vey(etpy=y+ip2) Vo224 (Yt 2) = (2 +pg y) +op 2)

1—pq

e Interpolative barycentric axiom, for all €,§ € [0,1] and 0 < p < 1:
YV, y, w, z.(:c =w N Y=s z) =T +pY =eprs(1—p) W tp 2.

The models of T = ((II, B), (X,Q)), i.e., the objects in Mods+(B + Q), are the quantitative convex
algebras of [24], or equivalently structures (A4,d: A?> — [0,1], {+§‘}p€(071)) that are both fuzzy relations
(A, d) and convex algebras (A, {—l—;‘}pe(m)), with the two being compatible in the sense of the interpolative
barycentric axiom, by interpreting a =, a’ as d(a, a’) < e. Quantitative convex algebras over metric spaces

where earlier introduced in [21], and can be analogously formalised by taking B to be the basic theory
axiomatizing 1-bounded metric spaces (see Example 3.1).

The following is a key result regarding quantitative equational theories.

Theorem 3.7 Let T = ((I,B), (X,Q)) be a quantitative equational theory. There is a forgetful functor
U: Modyx(B + Q) — Modp(B), from the category of models of T to the base category, that forgets the
additional function symbols in X and the Horn implications in Q. Furthermore:

(i) U has a left adjoint F - U, which constructs free quantitative algebras generated by objects in the
base category.

(i1) U is strictly monadic (see Definition 2.3), i.e., by denoting with T the monad induced by F 4 U, the
comparison functor K: Modmyx(B + Q) — EM(T) is an isomorphism of categories.

(iii) U reflects isomorphisms, that is, if U(f) is an isomorphism then f is an isomorphism.

Proof. Item (i) is an instance of Theorem 2.14. Item (ii), with differences depending on the exact
mathematical setting, has appeared in several works on quantitative algebra ([10, Thm 4.13], [1, Thm 2.17],
[27, Thm 6.3]). Item (iii) follows from (ii) using Proposition 2.4. O

Remark 3.8 The restrictions imposed on ¥ (purely functional signature) and Q (consisting of basic quan-
titative equations, as opposed to arbitrary Horn implications in the signature IT + X) are used for proving
item (ii) of Theorem 3.7. Without appropriate conditions, item (ii) is generally false (cf. Remark 2.15).

As a direct consequence of Theorem 3.7 we have the following.

Corollary 3.9 To every quantitative equational theory T = ((II,B), (3,Q)), corresponds a monad on
Modr(B), also denoted by T', induced by the adjoint pair F 4 U, such that Mod+x(B 4+ Q) = EM(T).

Example 3.10 Consider the quantitative theory T' = ((II,B), (X, Q)) of Example 3.6 defining quantitative
convez algebras. Recall that, in this example, the base category Mod(B) is (isomorphic to) FRel. The

9
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corresponding monad 7': FRel — FRel is the Kantorovich Distribution monad, which takes a fuzzy
relation (X, d) and maps it to the fuzzy relation (D¢(X), K(d)) of finite distributions on X equipped with
the Kantorovich lifting of the fuzzy relation d (see [24]). If the base theory (II,B) is taken to be that of
1-bounded metric spaces (see Example 3.1), the resulting monad is the Kantorovich Distribution monad
T: Met1 — Met; studied in the first article on quantitative algebras [21].

Remark 3.11 As already mentioned, the definitions presented in this section are inspired by both [10]
and [27]. As in [10], the base category Modp(B) is always symmetric monoidal closed and therefore it
can be enriched over itself. But as in [27], the resulting monad 7T is in general not enriched over the
base category. The latter property holds if Q contains basic quantitative equations enforcing that every
operations o € X satisfies the conditions for being a homomorphism in the base category. See [27] for a
detailed discussion.

4 Compact Theories of Quantitative Algebras

The notion of compact theory of quantitative algebras has been introduced in [24]. The mathematical
setting of [24] is a special case of that considered in this paper (in Section 3), where:

(i) The base theory (II,B) is fixed to be that of fuzzy relations, as described in Example 3.1.

(ii) The basic quantitative equations in Q are required to be antecedent complete (see Definition 4.1
below). As we will discuss in Remark 4.2, this is not truly a restriction, but the notion of antecedent
complete basic quantitative equation is key for the definition of compactness.

In what follows, we extend the definition of compact theories from [24] to the more general setting of
Section 3. The definition coincides with that of [24] when the two restrictions above are adopted.

Recall from Definition 2.22 that, for every A € Modp(B), we have a presentation Pres(A) = (x,®4),
where & = (z4), consists of one variable z, for each a € A, and ®4 is the set of all atomic II-formulas
that hold in A.

Definition 4.1 [Antecedent Complete Basic Quantititive Equations| A basic quantitative equation

Va:.(/\ ai(m)) = o(z)

i€l
is called antecedent complete (or just “AC”) if (x,{a;(x)}icr) = Pres(A), for some A € Mod(B).

In other words, in AC basic quantitative equations, the variables are in one-to-one correspondance with
the elements of a model A € Mody(B) in the base category, and the the formulas in the antecedent are a
complete description of the relations which hold in A. Note that both « and {a;(x)};c; can be infinite.

Remark 4.2 Alternatively, a basic quantitative equation is AC precisely when

(i) for every IT-atomic formula o/(x), if ¢/(x) is a logical consequence of the assumptions {o;(x)}icr
under the base theory B, then it must be already contained in the assumptions, i.e.:

B+ {oi(x)}ier = o/(x)  implies  of(x) € {oi(T) }ier

(i) and in {a;(x)}ier, there is no formula = 2’ with z, 2’ distinct variables.

Consequently, for each T'= ((II,B), (3, Q)), one can always find a Q’, consisting only of AC basic quanti-
tative equations, such that 7" = ((IL, B), (X, Q’)) is equivalent to T, in the sense that Modpx»(B + Q) =
Modyyx (B + Q). Such Q' is obtained by “completing” (i.e., adding all deducible atomic formulas to) the
antecedents of all basic quantitative equations in Q under the theory B, and identifying variables z = '
in the quantifications, if z = 2’ is deducible.

Remark 4.3 In [24] and [27], since the base theory is fixed to be that of fuzzy relations (i.e., Modp(B) =
FRel), AC basic quantitative equations are written as “V(X,dx).c/(x)”, to explicitly indicate that the
atomic formulas of the antecedent are exactly those holding true in the fuzzy relation (X, dx) € FRel.

10
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In order to introduce the notion of compact quantitative equational theory, from [24], we need the
following technical definition.

Definition 4.4 [Finitary Restriction of a Theory] Given a quantitative theory T = ((II, B), (X,Q)), we
define its finitary restriction to be:

where By C B and Qy C Q are the subsets of formulas, in B and Q respectively, that are expressed in
ordinary first order logic, i.e., that involve only a finite number of variables and formulas in the antecedent.

Example 4.5 Consider the theory T' = ((II, B), (X,Q)) of quantitative convex algebras over fuzzy rela-
tions, from Example 3.6. In this case B is a proper subset of B, obtained by removing all instances of the
order completeness axioms (see Example 3.1) which are infinitary. By contrast, Q; = Q, because all basic
quantitative equations in QQ are finitary.

We are now ready to formally define compact quantitative theories.

Definition 4.6 [Compact Quantitative Theories|] A theory T = ((II, B), (X,Q)) is compact if, for all AC
basic quantitative equations H of the form V. ( Nier ai(m)> = o/(x), the following holds:

B+QFH = Bf-l-Qf):H

i.e., if H is a logical consequence of the theory B + Q then it must also be a consequence of the weaker
theory By + Qf € B + Q (note that the other direction (<=) is always trivially true).

Remark 4.7 Note that, in the definition of compact theory, the conservativity requirement is only relative
to AC basic quantitative equations H. It may therefore be possible, for a theory T', to be compact and
that the implication B+ Q = H # By + Q¢ |= H fails for some non-AC basic quantitative equation H.

Remark 4.8 By ordinary logical reasoning, the following holds:

B+ Qs bve (@) =@ = B+ Q+{a@hier o' (@)

el

with @ fresh in By and Q, and where free variables in sequents are interpreted as being universally
quantified, as customary. Note that while & and the index set I can be infinite, the right-hand side
expresses logical entailment between ordinary first order logic formulas, because all function and relation
symbols IT and ¥ have finite arity. Therefore, by the compactness theorem of first order logic, the right-
hand side holds if and only if there exists a finite proof of the sequent By + Qs + {a;(x)}ier F o/ (),
necessarily using only a finite subset of the formulas on the left-hand side of the sequent. In [24], this “finite
proof” formulation for the compactness of a theory is adopted, whence the name due to the involvement
of the compactness theorem of first order logic. It is equivalent to the formulation in Definition 4.6.

Example 4.9 The main result of [24] is that the quantitative equational theory of convex algebras (in
Example 3.6) is compact.

5 Main Result

Recall from Definition 4.4 that, for any quantitative theory 7' = ((II, B), (X, Q)) we have a corresponding
subtheory, its finitary restriction Tt = ((II,B¢), (3,Qy)). Since By C B and By +Q; C B+ Q, the category
Modp(B) is a full subcategory of Modp(Bs) and Modp(B + Q) is a full subcategory of Modp(Bs + Q)
(see Theorem 2.14(i)). Denote with G and I the inclusion functors

G': Modn(B) < Modp(By) and I: Modr4x(B + Q) — Modmy= (B + Qy).

Let (T := UrFr: Modn(B) — Modp(B),n”, u7) be the monad arising from the adjunction of Theo-
rem 3.7 and also, as any monad, from the Eilenberg—Moore adjunction (see Proposition 2.1). The two are

11
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connected by the comparison functor K7 (see Section 2.1) which, by Theorem 3.7, is an isomorphism of
categories. Similarly for the monad 7. We thus have the following functors involved:

I
Fr Fry
MOdH+E(B + Q) TT> MOdH(B) ‘#) MOdH(Bf) T MOdH+Z(Bf + Qf)
f
Kr ) Fitf KTf
Ur
U*
EM(T) s EM(TY)

with the following commutations: KrFr = FF, K, Fr, = thf, UrKr = Ur, U}fKTf = Ury, by Proposi-
tion 2.2, and Ur,I = GUr (i.e., I lifts G) because all four functors are defined as forgetful functors. The
last observation has the following consequence.

Proposition 5.1 There exists a unique natural 0: Fr,G — IFr such that Ur, (é) onliG = G(n").

Proof. The natural transformation G(n”) has type G — G(UrFr) but, since I lifts G, its type is equiv-
alently G — Ur,IFr. Therefore, by the universal property of the adjunction Fr, - Ur,, there exists a

unique 6: Fr,G — IFr satistying UTf(é) onlrG = G(n"). O
The following is our main result.

Definition 5.2 We say that a monad morphism (G, v: TG = GT) (see Definition 2.5) is compatible with
the inclusion functor I if the corresponding canonical functor Iy : EM(T') — EM(T}) (see Proposition 2.6)

coincides with I under the comparison functors, i.e., I = KfflvaT.

Theorem 5.3 For every quantitative theory T = ((II,B), (X,Q)), the following are equivalent:
(i) The theory T is compact (see Definition 4.6).
(ii) The natural transformation 0: Fr,G — IFr in Proposition 5.1 is a natural isomorphism.

(iii) There is a natural isomorphism ~ yielding a monad restriction (G,v: TyG = GT') such that vy (which
is essentially unique by Proposition 2.12) is compatible with the inclusion functor I.

In particular, from (i) = (iii) in Theorem 5.3 we obtain the following corollary.
Corollary 5.4 If the theory T is compact then the monad T' is a restriction of Ty along G.

Remark 5.5 Implication (iii) = (i) in Theorem 5.3 does not seem to readily imply the converse of the
implication in Corollary 5.4. It is indeed a priori conceivable that monad restrictions (G,v: TyG = GT)
may exist and yet none of them are compatible with I (Proposition 2.12 states that they are all equal up
to isomorphism). We do not know if the converse of the implication in Corollary 5.4 holds.

The rest of this Section is devoted to the proof of Theorem 5.3. We prove direction (i) = (ii) in
Subsection 5.1, direction (ii) = (i) in Subsection 5.2, direction (iii) = (ii) in Subsection 5.3 and direction
(ii) = (iii) in Subsection 5.4. Before doing so, we state as propositions the following instances, to the
present situation and notation, of previously established facts.

Proposition 5.6 (from Corollary 2.13) T is a monad restriction of Ty along G if, and only if, there
exists a functor I': EM(T) — EM(Ty) lifting G (i.e., UZ*}- o' = GoU} ) and such that the canonical natural

transformation A : F}f oG = T'o F} (as specified in Proposition 2.7) is a natural isomorphism.

Proposition 5.7 (from Proposition 2.23(i)) For all A € Modp(B), let Pres(A) = (x,P4). Then:
12
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(i) (Fr(A),(nh(a) | a € A)) is presented by Pres(A) in Modr+=(B + Q), and
(ii) (FTf (GA), (772{4(“) | a € A)) is presented by Pres(A) in Modyx(Bs + Qf).

Proof. The first item is a direct instantiation of the first item in Proposition 2.23 by taking Mods(H) =
Modp(B) and Modg/ (') = Modyx(B + Q). For the second item, a similar instantiation formally gives:

“(Pr,(GA), (7724(@/) | @’ € GA)) is presented by Pres(GA) in Modyx(By + Qy)”

but since the inclusion G is a forgetful functor (i.e., A and GA are the same Il-structure), the notation
a’ € GA and a € A, and similarly Pres(A) and Pres(GA), coincide. Hence the statement (ii). O

Proposition 5.8 (from Proposition 2.23(ii)) For every AC quantitative equation (see Definition 4.1)
Vm.(/\iel ai(az)) = o'(x), where (x,{a;(x)}icr) = Pres(A) for some A € Mody(B), it holds that:

(i) (FT(A)7 (ni(a))aeA) E o (x) — B+QE V:c.(/\iel 0@(:2)) = o (x), and
() (Fr,(CA). Fa(@oca) F 0'@) > Br+Qs F Vo Agrasl@) = o'(@),

Proof. On top of the same argument used in the proof of Proposition 5.7, it is sufficient to observe that
quantifying over all A € Mody(B) and atomic formulas o/(x), as in the statement of Proposition 2.23(ii),
is equivalent to quantifying over all AC basic quantitative equations (see Definition 4.1). a

5.1 Proof of Direction (i) = (ii) in Theorem 5.3

We need to prove that, for each A € Modp(B), the component ) 4 of the natural transformation 0 of
Proposition 5.1 is an isomorphism. Denote with 6 = UTf(g) the underlying morphism which satisfies
040 nng = G(n}). We are going to prove that 4 is an isomorphism using Lemma 2.25. This, in turn,
will imply that 64 is an isomorphism, because Ur, reflects isomorphisms (Theorem 3.7(iii)).

To invoke Lemma 2.25, we need the following four observations. The assumption that the theory T is
compact is used in Observation 4.

Observation 1. As noted in Proposition 5.1, the natural transformation G (7]2;) has, equivalently, type
GA — Ur,(IFp(A)). This means that G(n’)(a) is a point of the model IFr(A) € Modyx(Bs + Qy), for

each a € GA. Or, equivalently, for each a € A, because G is a forgetful functor (i.e., A and GA are the
same structures). Therefore we have the following expanded (II 4 X)-structure:

(IFr(A), (G(nh)(a) | a € A))

Observation 2. The property 040 nng =G (ng) means exactly that 64 is a homomorphism of expanded
structures, i.e., it preserves all the parameters:

041 (Ur, Pry(GA), (ngly(a) | a € A)) — (Ur,IFr(A), (G(n})(a) | a € 4))

€ A) generates [Fp(A). This is because, by Proposi-

Observation 3. The parameters (G(n%)(a) | a
) | a € A)) is presented by Pres(A) in Modix(B + Q)

|
tion 5.7(i), the (Il 4+ ¥)-structure (Fr(A), (n%(a
and, by Definition 2.19, this implies that (n}(a) | @ € A) generate Fr(A). But since I and G are defined
as forgetful functors (i.e., IFr(A) and Fr(A) are the same structures and 7% (a) and G(n%)(a) are the
same parameters) we deduce that (G(n})(a) | a € A) generate IFp(A).

Observation 4. By Definition 4.6, the assumption that 7T is compact means that for all AC basic
quantitative equations H of the form Vw.(/\iel ai(w)> = o/(x), where (x,{a;(x)}icr) = Pres(B) for
some B € Modp(B), it holds that By + Qf = H = B+ Q = H. In fact, since the reverse implication

13
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trivially holds (because By + Q¢ C B 4 Q), we have:
By +Qs = H — B+QEFH.

In particular, by fixing B to be A, and using Proposition 5.8, the assumption implies that

(Fr, (GA), (nd4(a))aca) |= o () = (Fr(A), (n(a))aca) = o' (z)

holds for all atomic o'(x) in the signature IT + X. Again noting that G and I are forgetful functors, we
can rewrite the left-hand side and obtain, for all atomic o/(z) in the signature II + X:

(IPr(A), (Gh)(@)aca) E /(@) = (Fr,(GA), (n4(a))aca) F o (@),

We can now conclude that 64 is an isomorphism by instantiating the statement of Lemma 2.25 as
follows: S =11, ' =TI+ X, H = By, H' = By + Qy, F = Fr,, U = Ur,, B = IFr(A) and the list of
parameters (b, | a € A) as (G(n%)(a) | a € A). The required assumptions of Lemma 2.25 are satisfied by
Observations 1,3 and 4. Therefore 84 which, by Observation 2, is a homomorphism of expanded structures,
is the only such one and is an isomorphism.

5.2 Proof of Direction (ii) = (i) in Theorem 5.3

To prove that the theory T is compact (see Definition 4.6) we need to show that for every AC basic
quantitative equation H of the form V. ( Nicr ai(w)> = o/(x), it holds that

B, +Q=H — B+QkH. (1)

From Definition 4.1 of AC basic quantitative equations, the variables @ and formulas «;(x) come from the
presentation of some A € Mod(B), i.e., Pres(A) = (z,®4), and P4 = {a;(x) }ier-
Hence, using Proposition 5.8, we can rewrite (1) as:

(Fr(A), (mh(a))aca) E o () = (Fr,(GA), (154(a))aca) [ o ().

Recall that I and G are defined as forgetful functors, so that IFp(A) and Fr(A) are the same (II 4+ X)—
structure and G(n})(a) and 7’ (a) the same parameters. Hence we can rewrite the above as:

(IPr(A), (Gh)(@)aca) E (@) = (Pr,(GA), (n/4(@))aca) | o/ ().

By assumption (i), we have a natural isomorphism 6 Fr,G = IPr satisfying Ur, 0) on™rG = G(n").

This property means, equivalently, that the component 04 : Fr,(GA) — IFPr(A) preserves the parameters
and therefore it is an isomorphism of expanded structures:

041 (Fr,(GA), (ngﬁl(a))aeA) =5 (TFr(A), (G5 (a))aca)

Hence () holds. O

5.3 Proof of Direction (iii) = (ii) in Theorem 5.3
We first establish the following lemma, also used in the proof of direction (ii) = (iii) in Subsection 5.4.

Lemma 5.9 Lety: TyG = GT be a monad morphism (not necessarily an isomorphism) compatible with I.
Let 6: Fr,G — IFr be the (uniquely determined) natural transformation from Proposition 5.1 satisfying
Ur, (0) on™ G = G(nT). Then it holds that: Uz, () = 7.

14
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Proof. The unit compatibility property of the monad morphism ~ (see Definition 2.5) states that:
vyo (nTrG) =Gn") (Unit compatibility of )

From v, by application of Proposition 2.6 we obtain a canonical functor I'y: EM(T) — EM(T}) lifting G
(i.e., GUL = U}flﬁ,). And in turn, combining Proposition 2.7 and Proposition 2.8, from I', we obtain a

canonical natural transformation 7: F%fG = I'y F} such that U}f (7) = 1.
The assumption that « is compatible with I is, by Definition 5.2, that KfflI‘vKT =1

Let 7 = K}flﬁz Fr,G = IFr be the natural transformation corresponding to ~ via the comparison
functor. Note that, by definition of K7, on morphisms (see Section 2.1) we have that Ur, (7) = Uz, ) =1
This implies that the equation Ur,(7) o n'rG = G(n") holds. By Proposition 5.1, there exists only one
such natural transformation. Hence 7 = 6. And therefore v = Ur,(T) = Ur, (0). O

We now return to the proof of Direction (iii) = (ii) in Theorem 5.3. From the assumption, we have
a monad morphism ~: TyG = GT which is a natural isomorphism and such that v is compatible with I.
By Lemma 5.9, «v is the underlying morphism of . Reasoning similarly as in the beginning of §5.1, we get
that # is a natural isomorphism.

5.4 Proof of Direction (ii) = (iii) in Theorem 5.3

We need to show that there is a monad restriction (G,7), i.e. a monad morphism that is a natural
isomorphism, such that v is compatible with I.

First, observe that it suffices to show that a monad morphism = (not necessarily an isomorphism)
such that ~ is compatible with I exists. Indeed, if such ~ exists, by Lemma 5.9 it is the underlying
morphism of 9. Assumption (ii) is that 0 is a natural isomorphism and this implies that ~ is also a natural
isomorphism and therefore v is a monad restriction.

To construct the monad morphism v compatible with I we proceed as follows. Define the functor
I': EM(T) — EM(Ty) as the functor I' = K, o I o (Kr)™', corresponding to I via the comparison
functors. Since I is a lifting of G (i.e., GUr = Ur,I), using Proposition 2.2 we derive that also I is a
lifting of G (i.e., GU} = U;ff). Therefore from I', using Proposition 2.7 we obtain a canonical monad

morphism . Define v to be 4. Proposition 2.8 says that the canonical functor (from Proposition 2.6)
I’y induced by < is exactly the functor I' we started with. Therefore « is compatible with I, because
szI‘:KTfoIo(KT)*l. ]

6 Conclusions and Future Work

In this work, we have taken the purely logical definition of compact quantitative equational theory of [24],
extended to the more general setting of quantitative algebra described in Section 3, and provided a cate-
gorical characterisation formulated as Theorem 5.3.

As mentioned in Remark 5.5, we do not know if the reverse of the implication in Corollary 5.4 holds.
We leave this as a technical open question for future investigation.

Another interesting direction of future work is towards generalisations. Our notion of compactness
(Definition 4.6), expressed as the logical implication (B+Q = H = By +Qy = H), is based on comparing
the theory of B + Q to its finitary restriction By + Q. A more general approach can, potentially, be
based on the notion of interpretation of a theory in another theory (cf e.g. [18]). If the quantitative
equational theory T' = ((II,B), (3,Q)) can be interpreted in a finitary (i.e., only having finite formulas)
T = (II',B), (¥,Q")), then we might define B+ Q to be compact via the interpretation if (B+Q E H =
B’ + Q' |= «(H)) where «(H) is the interpretation of the basic quantitative equation H. This formulation
adds more flexibility, still retaining the key fact that validity of judgements B’ + Q' = «(H) is witnessed
by finite proofs due to the compactness theorem of first order logic (see Remark 4.8). This generalisation
might be developed in the context of Morita equivalence (in the sense of [16, D1.4]).
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In another orthogonal direction, one focusing on the general connection between logic and monad
restrictions rather than on finite proofs, one could relax the requirement and instead compare B + Q to
its k-ary restriction B, + Qy, defined as expected for any regular cardinal k.
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