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Abstract

It is a well-known theorem of homotopy type theory, originally due to Voevodsky, that function extensionality holds inside
any univalent universe. We consider a weaker variant of the univalence axiom, asserting that the wild category formed by
the universe is univalent, which we call categorical univalence. We show that categorical univalence does not imply function
extensionality by an analysis of Von Glehn’s polynomial model construction, which produces models of Martin-Lof type
theory that always refute function extensionality. We find in particular that when the base model has a univalent universe,
its polynomial model has a universe that is categorically univalent but lacks function extensionality.
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1 Introduction

In 2010, Voevodsky [47,48] discovered that any universe of intensional Martin-Lof type theory (ITT)
satisfying his univalence axiom also satisfies function extensionality: (dependent) functions between types
in the universe are equal as soon as they are homotopic. This result became a foundational pillar of
Homotopy Type Theory / Univalent Foundations. For constructivists, it was an additional motivation
to justify univalence constructively—noted for example by Bezem, Coquand, and Huber [7]—given the
historical difficulty of integrating function extensionality with constructive type theory.

At the same time, the connection between univalence and function extensionality has always seemed
contingent. It is unclear whether univalence implies extensionality principles for other negative type
formers, such as coinductive [49] or modal [24, Conjecture 11.2.2] types, which suggests functions might
be privileged simply because they appear in the statement of univalence. Furthermore, minor variations
on the univalence axiom are not known to imply function extensionality.

In a post on MathOverflow in 2013 [18], Francois G. Dorais proposed* one such variation. To con-
textualize Dorais’ axiom, let us first review the standard definitions. For functions f,g: [],.4 B(a), we
write f ~ g = [],.4 fa =p() ga for the type of homotopies from f to g. The type A ~ B of (homotopy)

* We thank Lorenzo Perticone for first (inadvertently) calling our attention to this question, and we thank the
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his Agda formalization of the polynomial model, which was of great help to us in understanding the construction.
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equivalences between types A, B is the type of homotopy bi-invertible maps, that is, f: A — B equipped
with s,7: B — A such that fs ~idp and rf ~id4 [36, §9.2]. We assume a fixed universe U.

Definition 1.1 Function extensionality (FE) is the principle that for every family of types a: A - B(a)
and f,g: [[,.4 B(a), the map (f =11, B@) 9) = (f ~ g) is an equivalence. We write FEy for the
relativization of FE to U, i.e., its restriction to the case where A: U and B: A — U.

Definition 1.2 Univalence (UAy) is the principle that the map id-to-eq: (A =y B) — (A ~ B) is an
equivalence for all A, B: U.

Dorais observed essentially that the map id-to-eq: (A =y B) — (A ~ B), which sends the reflexive
path to the identity equivalence, factors up to homotopy through an intermediate type

id-to-ceq y (A = B) _ ceq-to-eq
(A=y B) (A~ B)

- T
id-to-eq

of what we call categorical equivalences: maps f: A — B equipped with s,r: B — A such that fs =p_,p
idp and rf =4_, 4 id 4, i.e., with left and right inverses up to equality rather than homotopy. This suggests
Dorais’ proposed weakening of univalence:

Definition 1.3 Categorical univalence (CUAy) is the principle that id-to-ceq: (A =y B) — (A= B) is an
equivalence for all A, B: U.

The type A= B can be described as the type of isomorphisms from A to B in the wild category of types
in U and functions between them. CUAy, states exactly that U/ is a univalent wild category. In the presence
of function extensionality in U, the map (A= B) — (A ~ B) is an equivalence, and so FE;; + CUA;; implies
UAy; conversely, the fact that UAy;, implies FE;; means that it also implies CUA;;. Dorais asked whether
the converse is true: does CUA;, imply UAy, or equivalently FE;,7

We answer this question in the negative, identifying a model of ITT with a universe that validates
CUAy, but not FEy. Actually, we prove the consistency of —FE;; with a slightly stronger statement:

Definition 1.4 Familial categorical univalence (CUAJ,) is the principle that for all I: U, the wild cate-
gory U'—whose objects are families A: I — U and whose morphisms A — B are families of functions
[L;,.; A(i) = B(i)—is a univalent wild category.

We assume strict n laws for unit and II types, so CUAJ, implies CUA;; by taking I = 1. We show the
independence of CUA}, from FEy using Von Glehn’s polynomial model construction Poly(—) [50,33], a
known source of models of type theory that refute function extensionality. Specifically, we prove:

Theorem 1.5 (4.17) Let C be a model of ITT with extensive finite coproducts of types satisfying the strict
n rule. If CE CUA],, then Poly(C) F CUA,.

Familial categorical univalence arises naturally in the construction: just to show Poly(C) £ CUAy,
we already require C F CUA,. Function extensionality always fails in polynomial models [50, §4.5], so it
remains to provide a suitable input model. Off-the-shelf cubical and simplicial models of homotopy type
theory will do, as Moss and Von Glehn have already observed [33, §6]. We conclude:

Theorem 1.6 (5.6) ITT + CUA}, ¥ FEy.

Part of the appeal of weak foundations is that they allow us to tease apart the components of mathe-
matics. Each type former of Martin-Lof’s type theory has a distinct, well-defined purpose. Univalence fits
in uneasily in this picture. While it has beautiful consequences, it also has many consequences, and—Ilike
impredicativity or the law of the excluded middle—it may be hiding finer structure beneath its surface.

By scratching at that surface, we hope to understand what makes univalence tick. The polynomial
model offers some motivation and a testing ground for weaker forms of the axiom. We are left with more
questions than answers; unlike in the case with FE, where superficial variations on univalence usually turn
out to be equivalent, here we find subtly distinct axioms with no canonical choice among them. Still, we
hope our results can provoke further reflection on the foundations of homotopy type theory.
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1.1  Outline

In Section 2, we recall some basic definitions, then observe that FE;; holds if and only if the canonical
map ceq-to-eq: (A= B) — (A ~ B) is an equivalence for all A, B: U, meaning that univalence quite
literally factors into function extensionality and categorical univalence. In Section 3 we recall Von Glehn’s
polynomial model construction. The main technical contribution is Section 4, where we show that the
polynomial model Poly(C) inherits CUA], from the base model C. In Section 5 we apply this result to
a univalent base model to conclude that ITT + CUA}, ¥ FE;,. We discuss and compare other possible
weakenings of UAy, in Section 6, and finish with a review of related work in Section 7.

2 Decomposing univalence

Our basic theory ITT is Martin-Lof type theory with ¥ types, II types, intensional identity types, binary
coproduct types, empty and unit types, and one universe U closed under all of these type formers.® We
use the term strict equality and symbol = for equality on the judgmental level; we use = for identity types.
We use = for strict isomorphisms: two functions in opposite directions composing strictly to the identity.
Note that A = B is not a type, and e: A = B is merely a shorthand for a meta-level assumption. Besides
strict B rules for all type formers, we include strict n rules for X types, II types, and the unit type.

For basic results, we cite Rijke’s book [36], which does not introduce FE until Chapter 13; we only
use results from earlier chapters. Crucially, we have basic facts about contractible types and that 3 types
respect equivalences in both arguments. Note that the analogous fact does not hold for II types absent FE.
In contrast to Rijke [36], we assume the strict 7 rule for ¥ types, not only for II types. This means, for
example, that the equivalence witnessing the distributivity of I types over X types is a strict isomorphism.

2.1 Univalent wild categories

The universe of ITT has the structure of an (oo, 1)-category, with type of objects Uy := U and type of
morphisms U (A, B) .= (A — B). The first layer of such an (oo, 1)-categorical structure is captured by
the Capriotti and Kraus’ notion of wild category [11, Definition 4.1].

Definition 2.1 A wild category® C is a type Cq and family of types x,y: Co - C1(z,y) equipped with
(i) composites go f: Ci(x, z) for all g: C1(y, 2), f: Ci(z,y),

(ii) identities id,: Cy(z, ) for all z: Cy,

(ili) associators ap g 5: ho(go f) = (hog)o fforall h: Ci(z,w), g: Ci(y, 2), f: Ci(x,y), and

(iv) unitors As:idyo f = fand pg: foid, = f for all f: Cy(z,y).

If clear from context, we omit the subscripts when referring to the type of objects or family of morphisms.
We write x — y for Cy(z,y) when C is clear, and we sometimes write gf for go f.

Example 2.2 As noted above, the universe U/ has a wild category structure with U (A, B) .= (A — B),
composition and identities given by the usual composition of functions and identity functions, and reflexive
equalities for the associators and unitors. More generally, for every type I there is a wild category Z/l I whose
objects are families A: I — U and whose morphisms are indexed functions, U (A, B) == [[,.; A(i B(i).

These wild categories are really strictly coherent (oo, 1)-categories: the associators and un1tors are
strict equalities and satisfy all higher coherence laws (e.g., the pentagon) up to strict equality. All of the
concrete wild categories we encounter in this article are of this kind.

Importantly, wild-categorical structure suffices to define isomorphism.

Definition 2.3 Given s: x — y and r: y — z in a wild category C, we say that r is a retraction of
s and s is a section of r if rs = id,. For a morphism f, we write Sec(f) and Ret(f) for the types of
sections and retractions of f respectively. We say f is a C-isomorphism if we have an element of the type
is-isoc(f) = Sec(f) x Ret(f) and write x ¢ y for the type of isomorphisms between two objects z,y: C.

5 There is no issue extending our results to multiple universes, but we only need one.
6 Capriotti and Kraus call this a wild precategory.
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Remark 2.4 The isomorphisms in the wild category U are exactly the categorical equivalences introduced
in Section 1. To avoid confusion, we refer to a pair of functions s: A — B and r: B — A between types
such that rs ~ id 4 as a homotopy section and homotopy retraction respectively. The term isomorphism is
sometimes used in the literature to refer to what the HoTT Book [44] calls quasi-inverses, that is, maps
f: A— Band g: B— A with homotopies gf ~ id4 and fg ~ idg. We never use the term in this way.

The following holds by a Yoneda style argument.

Lemma 2.5 For a morphism f: x — y in a wild category C, the following are logically equivalent:
(i) f is an isomorphism,

(i1) f*: C(z,2) — C(y, 2) is an equivalence for all z: C,

(iii) fu: C(z,y) = C(z, ) is an equivalence for all z: C.

Lemma 2.6 Given an isomorphism f: x — y in a wild category, the type Sec(f) is contractible.

Proof. Denote by f~! the retraction of f. By Lemma 2.5 and [36, Exercise 9.1] we have the equivalences

(X gy f9 = 1dy) = O, s Y fg) = flid) ~ (X gysed = f~1). In the last step we use that
composition with a path is an equivalence. The last type is contractible. O

Corollary 2.7 For a morphism f in a wild category, is-iso(f) is a proposition.

Proof. We show that is-iso(f) is contractible, assuming that f is an isomorphism [36, Proposition 12.1.3].
By Lemma 2.6 and its dual, both Sec(f) and Ret(f) are contractible. O

Lemma 2.8 Isomorphisms in a wild category satisfy 2-out-of-3.

Proof. By associativity we have (fg)* ~ f*¢g*. The structure of an equivalence transfers across homo-
topies. Hence, the claim follows from 2-out-of-3 for equivalences [36, Exercise 9.4]. a

For every object z: C in a wild category, the identity id,: £ — x is an isomorphism. By path induction,
we may generalize to a map id-to-iso: z =c y — z =¢c y for z,y: C. We define [11, Definition 4.16]:

Definition 2.9 A wild category C is univalent if id-to-iso: x =¢ y — x =¢ y is an equivalence for z,y: C.

Lemma 2.10 A wild category C is univalent exactly if Zy:(C x =y is contractible for all x.

Proof. By the fundamental theorem of identity types [36, Theorem 11.2.2]. O

Univalence of a universe U (UAy, Definition 1.2) cannot be formulated on the level of an arbitrary wild
category, as it refers to homotopy of functions. As UA; implies FE;;, however, it also implies that U/ is
a univalent wild category. Absent FE;;, the converse may fail: as we will see, U can be a univalent wild
category without id-to-eq being an equivalence. We can consider ordinary univalence as the conjunction
of two equivalences: one between A =y B and A =y B and one between A =, B and A ~ B.

2.2 Categorical equivalences and function extensionality

In comparing A =, B and A ~ B, it is natural to forget about universes entirely. Recall from Section 1
that a function f: A — B between (possibly large) types is a categorical equivalence if it admits a section
and retraction, that is, s,7: B — A with fs =id and rf = id. We write is-ceq(f) for the type of witnesses
that f is a categorical equivalence, and A = B for the type of categorical equivalences from A to B.

In ITT, the only closed categorical equivalences are the strict isomorphisms, such as A x B ~ B x A.
With CUA;, (Definition 1.3), there are more; for example, any e: A = BinU yields (a =4 a’) = (ea =p ed’)
for a,a’: A. The map ceq-to-eq: (A=~ B) — (A ~ B), which converts equalities in function types to
homotopies, becomes an equivalence under FE. In fact, it is an equivalence only if FE holds.

Definition 2.11 Fquivalence improvement (El) is the principle that for all types A, B, the map
ceg-to-eq: (A= B) — (A ~ B) is an equivalence.

We recall a lemma familiar from proofs that UAy, implies FE;; [44, Theorem 4.9.4] [36, Theorem 17.3.2]:
4
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Lemma 2.12 For any family of types a: A & B(a), the type [[,., B(a) is equivalent to the fiber of
Tt (Dogn B(a))A — A4 atidy: A2, where m, is post-composition with the first projection. Equivalently,
the following strictly commutative square is a homotopy pullback:

15 (;;B(a))A
Tk

1 A4,

idg
Proof. We prove that the fiber of 7, at an arbitrary ¢t: A — A is equivalent to [],. , B(ta). Define

s: ([1,.4 B(ta)) — fibgr, (t) r: fibr, (t) = [1,.4 B(ta)
f = (Xa.(ta, fa), refl) (g,refl) » mo0g

where 7 is the second projection from ) ., B(a). We have rs = id and a homotopy sr ~ id by path
induction. O

Theorem 2.13 In ITT, the following are logically equivalent:
(i) El: for all types A, B, ceq-to-eq: (A= B) — (A ~ B) is an equivalence,
(ii) for all types A, B, ceq-to-eq: (A= B) — (A ~ B) admits a homotopy section,
(iii) for all types A, B and every f: A — B, the type is-equiv(f) is a proposition,
for every type A and f: A — A, if f ~ida then f =idy,
for all types A, B and every f: A — B, we have is-equiv(f) — is-ceq(f),
for all types A, B and every f: A — B, we have is-equiv(f) — is-equiv(fy),
Weak FE: for every family of contractible types a: At P(a), the type [[,. 4 P(a) is contractible,

(viil) FE: for every a: A+ B(a) and f,g: [[,. 4 B(a), the map (f = g) = (f ~ g) is an equivalence.

(iv
(v

(vi

— — — ' ~— ~—

(vii

Proof. That (i) = (ii) is immediate. For (ii) = (iii), note that any homotopy section of ceq-to-eq
exhibits is-equiv(f) as a homotopy retract of the proposition is-ceq(f) (cf. Corollary 2.7). For (iii) = (iv),
observe that a homotopy f ~ id4 implies that f is a homotopy inverse of id4. As id4 is also its own
homotopy inverse, (iii) implies that f = id4. That (iv) = (v) is immediate, and (v) = (vi) follows
from Lemma 2.5. The implication (vi) = (vii),which appears in standard proofs of FE;; from UAy, [44,
Theorem 4.9.4] [36, Theorem 17.3.2], follows from Lemma 2.12 and the fact that the fibers of an equivalence
are contractible [36, Theorem 10.4.6]. That (vii)) == (viii) is due to Voevodsky; see for example [44,
Theorem 4.9.5] or [36, Theorem 13.1.2]. That (viii) = (i) is by definition of ceq-to-eq. 0

Theorem 2.13 relativizes to Y. From this we recover that UAy implies FE;; (and thus CUAy).
Corollary 2.14 ITT - UA;, < (CUAy, A FEy).

Proof. For A, B: U, consider the following homotopy commutative triangle.

id-to-ceq -y (A = B) _ ceg-to-eq
(A =y B) = (A~ B)

id-to-eq

The map ceqg-to-eq is an equivalence for all A, B: U if and only if FE;, holds, by (i) <= (viii) of

Theorem 2.13 in U. Thus, if both CUA;; and FE;; hold, then UA;; holds by 2-out-of-3 for equivalences.
Conversely, if UA;; holds, then id-to-eq has in particular a homotopy section for all A, B: . Post-

composing these homotopy sections with id-to-ceq yields homotopy sections of ceg-to-eq for all A, B: U.

5
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By (ii) = (viii), (i) of Theorem 2.13 relativized to U, this implies that FE;; holds and that ceq-to-eq is
an equivalence for all A, B: U. From the latter, CUA;, follows by 2-out-of-3. a

The usual proof of ITT+UA;, - FE;, thus factors through a universe-independent proof of ITT+El - FE.
We now show that this decomposition of UAy is proper: neither CUA;; nor FE;; alone implies UA;;. That
ITT + FE;y ¥ UA, follows from the standard model of type theory in Set, so it is ITT + CUA;, ¥ UA;, that
we need to establish. Equivalently, we want to show that ITT 4+ CUA;, ¥ FEy.

3 Von Glehn’s polynomial model construction

We use Von Glehn’s polynomial model construction [50,33] to separate UAy from CUA;. This model
construction is related [50, §5.2] [32, §7.1] to Gddel’s Dialectica interpretation [23], versions of which have
been used to interpret various logics; see for example de Paiva’s categorical models of linear logics [17].
For our purposes, the relevant feature of the polynomial models is that they always refute FE.

By a model of type theory, we mean a category with attributes [13], category with families [19], or
natural model [6]: a presheaf of types Tyc: C? — Set and presheaf of terms Tmc: (fc Tyc)°? — Set.
Here we depart from Von Glehn, who works with non-split models (categories with display maps), instead
following Kovacs’ Agda formalization of a version of the construction [30].7 We therefore describe the
model in detail below, referencing Von Glehn’s analogous construction for each component. We leave it
to the reader to translate some verifications to the split case.

We fix a base model C. For o0: A — T, we write the action of o on A € Tyc(T") and a € Tmc(T, A)
as Ao and ao respectively. For a € Tmg (T, A), we write the induced substitution as [a]: ' — T".A. For
I' € C, the category Tyc(I') has objects Tyq(I') and morphisms A — B given by (C/I')(pa,pn), i.e.,
morphisms I''A — I".B over T, i.e, elements of Tm(I".A, Bp). This extends to a functor Tyc: C°? — Cat.
For ease of readability, we sometimes give variable names to context extensions, in which case we write

I'a: A instead of T". A.

Definition 3.1 The category Poly(C) is given by [rec Tyc(I')°P, the Grothendieck construction of the
fiberwise opposite of Tyc. For I' € Poly(C), we set (I's,I'p) := I" and refer to the two components as
shapes and positions respectively. A morphism o: A — T is given by some o05: Ag — I's in C and a
morphism op: I'pos — Ap in Tyc(Ag) [21, (14)]. Composition of 0: © — A and 7: A — I is given by
(coT)s =0s507s and (coT)p =7poopTs, where op7s: OposTs — ApTs.

Remark 3.2 Suppose C is a democratic model of extensional type theory [14, Definition 2.6, so Ty (I")
is naturally equivalent to C/I". Then Poly(C) is the category of (single-variable) polynomials in C, denoted
Polyc(1,1) by Gambino and Kock [21, §2-14]. Poly(C) is called the category of containers in a line of work
starting with Abbott, Altenkirch, and Ghani [2,1]. However, the container model sketched by Altenkirch
and Kaposi [3] is distinct from the polynomial model; it has the same category of contexts but more types.

Definition 3.3 The presheaf of types Typey () Is given by restricting the presheaf > ATy Ty™(4) on C
along the projection Poly(C) — C. This means an element of Typyy(c)(I') is given by some A € Tyc(T's)
and Ap € Tyc(T's.Ag), which we respectively refer to as the shapes and positions of A.

To make Poly(C) into a model, we need C to have finite coproducts of types satisfying the strict 7 rule.
This is used in the substitution calculus (Proposition 3.6). We can break these up into binary (4o + A1)
and nullary (0) coproducts. We write the eliminator for binary coproducts as follows.

Iv: Ag + Al,A(U) F P(’U) for i € {0, 1}: T, a;: AZ,A(lnl(az)) F o, P(lnz(az))
T,v: Ag+ A1, A(v) - elim? (ag.ug, at.ug,v): P(v)

7 Kovécs constructs Poly (i) where U is the model of type theory internal to Agda associated to some universe.
Given a model A of Agda’s type theory, interpreting the formalization in A yields the polynomial model whose
base model is the interpretation of ¢ in A. Kovécs postulates uniqueness of identity proofs and FE, but essentially
only to deal with the mismatch between Agda’s coproducts and the strict coproducts required for Von Glehn’s
construction. Unfortunately, uniqueness of identity proofs is inconsistent with CUA;,, so we cannot build directly on
this formalization.
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The £ rules state that I',a;: A;, A(ini(a;)) F eIimf(ao.UO, ay.ug,ini(a;)) = a;. The n rule states, as shown
below, that we can test strict equality of terms depending on Ag+ A1 by checking equality on constructors.

C,u: Ag + Ap, A t(u), t'(u): P(u)
for i € {0,1}: T,a: A;, A(in;(a)) = t(in;(a)) = t'(in;(a)): P(in;(a))
Tyu: Ag+ A, A Ft(u) =t/ (u): P(u)

The elimination rule and n law for 0 are similar.

[v:0,A(v) F P(v) [v:0,A®) Ft(w),t' (v): P(v)
L,v:0,A) Felimd(v): P(v) [v:0,A(v) Ft(v) =t (v): P(v)

Semantically, the above rules mean that the split fibration Ty has split fibred coproducts [27, Def-
inition 1.8.1]: each Ty (I") has chosen finite coproducts and the substitution functors Ty (I') — Ty (A)
preserve them strictly. For inference rules, see for example Von Glehn [50, §2.3.5] or Angiuli and Gratzer [5,
§2.5.1 and §2.5.3].

Remark 3.4 Strict n laws for coproducts are often omitted from the syntax of type theory due to issues
with strict equality checking. In the simply-typed A-calculus, strict equality checking for coproducts with
the n law is decidable but difficult. Ghani [22] addresses the case of binary coproducts; Scherer [37] handles
the empty type. In ITT, the n law for the empty type makes strict equality undecidable: with this law,
deciding whether a: A & ing(*) = inj(x): 1 4+ 1 requires deciding whether A implies 0. To our knowledge,
it is an open problem whether strict equality is decidable for ITT with binary coproducts and their 7 law;
see, for example, discussion between Shulman, Kovécs, and others on Proof Assistants StackExchange [40].

We further require that our coproducts are extensive. The syntactic counterpart is often called large
elimination. This means that given types I',a;: A;, A(ini(a;)) F Pi(a;) for @ € {0,1}, there is a type
F,u: Ao + Al,A(u) [ [PQ,Pl](’LL) satisfying F,ai: AZ,A(IHZ(CLZ)) F [Po,Pl](an(aZ)) = R(al) USiIlg the
strict n rule, for every family I"Ay + A; F P there is a canonical strict isomorphism P 2 [Ping, Piny].
Furthermore, for all such P there is a strict isomorphism ) . 4, p P(u) = 3. 4 P(ing(a))+> ;. 5 P(in1(b)).
This is used in particular in the construction of dependent product types (Proposition 3.12).

For the rest of this section, we assume C has extensive finite coproducts of types with the strict n rule.

Definition 3.5 The presheaf of terms Tmpoy(c): ([ Typoly(c))® — Set is given by Tmpory(c) (I, 4) =
Zas‘:Tm(FﬁA’, ) Ty(T's)(Apfas],T'r). We refer to the components again as shapes and positions.

Proposition 3.6 (Poly(C), Typeuy(c): Tmpoly(c)) extends to a category with families by setting

(I''A)s ==Ts.Ag, (IA)p =Tppa, + Ap, (PA)s == PAc, (pa)p ==ing: I'p = T'pp+ Ap,
(4)s = qas, (qa)p =in: Ap = Tprp+ Ap, (0,a)5 = (05,as), (o,a)p = [op,ap].

Proof. Given 0: A — T and a € Tm(A, Ao) we have (o,a)s: Ay — I's.As and (o,a)p: T'pog +
Ap(og,as) — Ap in Ty(A). Clearly, all desired equations hold on shapes since they hold in C. We
have (p(o,a))pr = [op,ap] oingp = op and (q(o,a))p = [op,ap] oinip = ap. This shows p(o,a) = o
and q(o,a) = a. Furthermore, (p,q)r = [pr,qr] = [ing,in1] = id and ((¢,a)7)p = 7p 0 [op,ap]rs =
[7p 0o opTs, TP 0 apts] = (oT, a7>p This shows (p,q) = id and (o, a)T = (0T, ar). O

3.1  Type formers
We give the interpretations in Poly(C) of ¥, identity, II, binary and nullary coproduct, and universe types.
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Proposition 3.7 (cf. [50, §4.2]) Given A € Typgyc)(I'); B € Typory(c)(I'-A4), we have a dependent
sum YaB € Ty(T") given by

FS F (EAB)g = Z Bg(a), Fs, <CL57 b5> (EAB)g F (EAB)p = Ap(CLS) + Bp(ab’, bk,)
a:Ag

Proposition 3.8 (cf. [50, §4.4]) Given A € Typoyc)(I') and u,v € Tm(I', A), we have an identity type
u=4v € Ty(T') given by

Isk (u=av)s:=(us =4, vs), Fog,p:(u=a4v)st(u=4v)p =0,
with, for w € Tm(I', A), the reflexive path refl, € Tm(I',u =4 u) given by
Lg b (refly)s = refl,, : (us =4, us), [s.0F (refl,)p :=elimg: T'p.
Proof. For every u € Tm(I', A), B € Ty(I"Au = q), w € Tm(T, Blu,refl,]), v € Tm(I',A), and
p € Tm(T,u =4 v), the eliminator elimZ*(w,v,p) € Tm(T', B[v, p]) is given by

Iy Felim2(w, v, p) 5 = elimZ5"5 (wg, vs, ps): Bslvs,ps),

FS’? b: BP[USHPS', elimg,“(“% UaP)S] H elimgm(wa va)P = wﬁ’(p*b): FPa

where I's.Bpug, refl, ., ws] Fwp: T'p and ps: Bplvs, ps, eIimE’“(w,v,p)g] — Bplug, refl,., ws] is defined
by path induction on pg. The § rule for elim— follows from the same (8 rule in the base model. O

Remark 3.9 Von Glehn takes (u =4 v)p to be the constant family Ap(us)+ Ap(vs). We follow Kovécs
[30] by instead taking the constant family 0, which simplifies our arguments. Since both definitions satisfy
the rules of the identity type, they are equivalent—though not categorically equivalent. The equivalence
suffices to imply that our main result Theorem 4.17 transfers to Von Glehn’s identity types. This kind of
flexibility is common to type formers without strict 1 laws in the polynomial model.

We treat the construction of II types in more detail. Here, we depend crucially on extensivity of
coproducts. First, we define families over Ay + A; that are inhabited over exactly one of the inclusions.

Definition 3.10 For types Ay, A;, define the families Ay + A; Fisp := [1,0] and Ay + A1 Fis; == [0, 1].
Lemma 3.11 For types Ag, A1, the families Ag + Ay & isg,is1 are strict propositions.

Proof. More generally, if A; - P; are strict propositions for i« € {0,1} then so is [Py, P1]: we have
u: Ag + A1, v0,v1: [Po, P1] F vg = v1 directly from the strict 7 rule since [Py, Pi](in;(u;)) = Pi(u;). O

Proposition 3.12 (cf. [50, §4.3]) Given A € Typoryc)(I'), B € Typoiy(c)(I.A), we have a dependent
product I14B € Ty (") given by

s - (T4B)s = > II Brla fs(a)) = 1+ Ap(a),
fs:Tl,. A‘\,B‘g(a) a:Ag
Lo, (fss, fsr): (TaB)s = (IaB)p = Z iso(fsr(a,b)).

a:Ag
b:Bp(a,fss(a))

For f € Tm(I', 114 B) we write fss and fsp for the first and second component of fs respectively.

Proof. It suffices to define a natural isomorphism A\: Tm(I".A, B) = Tm(I',I14B) :app. By Definition 3.5,
an element of Tm(T'. A, B) corresponds to a pair

Tstbs: [ Bs(a), Tskbpe: [ Brla,bs(a)) — Tp + Ap(a).
(LZAS (Z:AD'

8
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By Definition 3.5 and the curry-uncurry isomorphism, an element of Tm(I',II4 B) corresponds to a triple

Tst fss: [ Bsla), Lot fop: [ Brla fos(a)) — 1+ Ap(a),
a:Ag a:As

Tok fr: H ( > iso(fgp(a,b))> — Tp.

b:Bp(a,fss(a))

Now, note that we have for all types X,Y, Z that

Z H iso(fz) & H Z Ziso(u) & H <Z Ziso(ino (%)) + Zzlso m1(y))> IS (Z + Y)X
r: X

[ X—=14Y z: X z: X u:l4+Y y:Y

Applying this strict isomorphism to the above yields the desired bijection. O
Proposition 3.13 (cf. [50, §4.2]) We have a nullary coproduct 0 € Typoly(c)y and binary coproduct
A+ B e Ty(l') for A, B € Typoyc)(I') given by

FS + (A + B)S = AH + BS7 F,S’ - 05 = 0’
F,S’.(A,S’ + BS) l_ (A + B)P = [A})a B})]’ FS.O l_ OP = e|im0.
These satisfy the strict n rule and are extensive.

Proposition 3.14 (cf. [32, Proposition 7.1.6]) We have a universe U € Typoyc)(1) with decoding
function EL € Typgyyc)(L.U) (which we usually leave implicit) given by

1 FUs =Y Ut 1,(Ag, Ap): Us - Els = Ag,

1, <A5‘, AP>Z u_g F Z/[p = 0, 1, <A5’, Ap): Z/l‘s’, as: Ee}g<Ag, Ap> F Eep = Ap(a}g).

3.2 A dependent right adjoint

The category C is a reflective subcategory of Poly(C): the functor —5: Poly(C) — C has a fully faithful
right adjoint (Ogs: C — Poly(C) given on objects by OsI' := (I',0). Von Glehn [50] uses this adjunction
to define the model that we defined manually above, transferring it from C. Both functors extend to
pseudomorphisms of models in the sense of Kaposi, Huber, and Sattler [28, §4].

Lemma 3.15 The adjunction Og: C = Poly(C) : —g lifts to an adjunction of pseudomorphisms of mod-
els, with left adjoint projecting to shapes of types and terms, and the right adjoint given on types and terms

by O% = (A,0) and Oga = (a,elimg).

Proof. Immediate from the definition of context extension and that 04 0 2 0. a
The right adjoint morphism induces a dependent right adjoint (cf. [25, §7]).

Corollary 3.16 The operation Ty(I's) — Ty(I'), A — (OsA)nr defines a dependent right adjoint.

Proof. Tm(T, (OsA)nr) = (Poly(C)/OsT) (T, OsTs. Os A) 2 (C/Ts)(Ts,I's.A) 2 Tm(T'g, A). O

Henceforth, we denote by ()g the dependent right adjoint, not the morphism. The composite mapping
A — (Os(As) defines a pointed endofunctor on Typgy,(c)(I') (and a lex operation in the sense of [16,

Remark 5]). If clear from context, we write just (O)gA for this composite.

9
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4 Familial categorical univalence in the polynomial model

Fix an input model C as in Section 3. To study CUA}, in Poly(C), we analyze the wild category U and
its isomorphisms. To simplify calculations, we redefine here U’ (A, B) == [[,,. 5,48 (mow). This is strictly

isomorphic to the type [[,.; A(i) — B(i) in Definition 1.4, so the two versions of A=%,r B are related by an
equivalence preserving the identity isomorphism up to path. Hence, CUA}, is invariant under this change.

We start by unfolding the type U (A, B) and composition in 24!. A key observation is that the shape
part of f € Tm(I', A — B) consists of a function between shapes and a partial function between positions.

Lemma 4.1 ForT € Poly(C), I € Ty(T'), and A, B € Ty(I'.I), the type U (A, B) € Ty(T') is given by

PS I—U1<A,B)S£ Z H Bp fs Z a))—>1+(IP( )+AP(Z a))
fs:U's(As,Bs) s
a:Ag(i)
Lo (fs. fr): U(AB)s FUNAB), = Y iso(fr(i,a,b))
i:Ig,a:As ()

b:Bp(i,a,fs(a))

Proof. Direct unfolding using Propositions 3.7 and 3.12. a

Lemma 4.2 If f ¢ Tm(I,U!(B,C)), g € Tm(I',U’ (A, B)), then the composite fg € Tm(I',U'(A,C)) is
given by

Ts b (fg)ss = fss0gss: U (Ag,Cs),

Ts b (fg)sr = Xi.Xa.fing,ing, gsr(i,a)] o fsr(gss(i,a)): [[Crli, (fg)ss(a)) = 1+ (Ip(i) + Ap(i, a)).

i:lg
(ZZAD‘(?;)

Proof. We have that Tm(I",U!(A, B)) = Tm(I'.I.A, Bp). Let u € Tm(I'.I.B,Cp) and v € Tm(I'.I.A, Bp)
given by ug € Tm(rg.f‘g.Bs,Csp), vy € Tm(rg.f‘g.Ay,ng), up: Cr><p,u,g'> — (Pr) + Ir»)p + Bp in
Ty(I's.Is.Bs), and vp: Bp(p,vs) = (C'p+Ip)p+ Ap in Ty(I's.15.As). The composite of u and v is by
definition u(p,v) € Tm(I'.I.A, Cp). Direct calculation using Definition 3.5 and Proposition 3.6 shows that
(u{p,v))s = us(p,vs) and (u(p,v))p = [ing,vp] oup(p,vs): Crus(p,vs) = (I'r +Ip)p+ Ap. Composing
with the A-app bijection from Proposition 3.12 yields the desired description. O

4.1 Categories of partial functions

We now introduce an auxiliary wild category in C. It can be viewed as the Kleisli category of the monad on
U’ given by coproduct with a fixed family J: I — U, though we will not explicitly develop this viewpoint.
To see that this even is a wild category in our setting, we rely on the strict properties of coproducts.

Proposition 4.3 (In C) For every family J: I — U, the following defines a wild category Z/{j:
U)o =U",  UNI(A,B) = [TAG) = J@) + B(0), (ida)i=in, (fog)i=[ino, fil o gi,

with unitors and associators given by reflexivity.
Proof. Direct calculation using the 7 rules for IT and +. a

Morphisms in Z/{f can be thought of as families of partial functions, with J as a type of “errors”. We
introduce a notion of total morphism in I/ § By 7 for coproducts, total morphisms coincide with morphisms
in U’ up to equivalence. Crucially, all isomorphisms in LI} will be total.

Definition 4.4 (In C) A morphism f: UL(A, B) is total if is-tot(f) = [[,. La:AG) 151(fia) is inhabited.
We define Z/litot(A, B) = Zf:u}(A,B) is-tot(f).

10
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Lemma 4.5 (In C) For all f: L[j(A, B), the type is-tot(f) is a homotopy proposition.

Proof. II¢P is a strict proposition if P is: for p,q: IIcP we have p = Ax.p(x) = A\y.q(y) = q. Hence, it
follows from Lemma 3.11 that is-tot(f) is even a strict proposition. O
Lemma 4.6 (In C) For all types I and I = J, B, the map ([I;.; B(9)) = ;.1 2ou.00)+B) is1(w) given
by f— Xi.(iny(fiu),*) is an equivalence.

Proof. II type formation sends families of strict isomorphisms to strict isomorphisms. For i: I we have

B(i) & (Z 0) + < > 1) = (Z isl(ino(j))> + ( > isl(inl(b))> = ) isi(u).

j:J (%) b:B(z) j:J (%) b:B(1) u:J(2)+B(7)

In each step we use that to check the commutation out of a coproduct, it suffices to check after precomposing
with both inclusions. a

Corollary 4.7 (In C) For all types I and J,A,B: I — U, the map U (A, B) — L[itot(A, B) given by
f = (ing o f, Mi.\a.x) is an equivalence.

Proof. Instantiate Lemma 4.6 with index type ) ..; A and the families (i,a): > ;A F J(i),B(i). The
result follows by composing with the strict curry-uncurry isomorphism. a

Lemma 4.8 (In C) Given a pair of morphisms f: UL(B,C), g: UL(A, B), if f o g is total then so is g.

Proof. A morphism h: U](A, B) is total if and only if ITi:1.0:40) is0(hia) — 0. For i: I, a: A(i) we have
iso(gia) — isp((f o g)i(a)) by the definition of o, and so if f o g is total we get isp(g;a) — 0. O

Corollary 4.9 (In C) All isomorphism in UL are total.

Proof. By induction, totality transfers along paths. Hence, the claim follows since id is total. a

Proposition 4.10 (In C) For all types I: U and families J, A, B: U' we have (A= B) ~ (A =ul B).

Proof. We have a chain of maps u: U!(A, B) — L{itot(A, B) — UL(A, B). The map u strictly preserves
identities and composition and therefore lifts to subtypes of isomorphisms (recall that being an isomorphism
is a proposition by Corollary 2.7) via v: (A=, B) — (A guf, B), (f,s,S,r, R) — (uf,us,ap,S,ur,ap,R).
Our goal is to show that this restriction is an equivalence. The fibers of u (and thus also v) are propositions,
since the first component of u is an equivalence by Corollary 4.7 and the second component is an embedding
by Lemma 4.5. Hence, ap,: (f =yr(a,p) 9) = (uf =Ul(A,B) ug) is an equivalence for all f,g: U!(A, B).
The fibers of u are inhabited over isomorphisms and their sections and retractions by Corollary 4.9 and the
fact that sections and retractions of isomorphisms are isomorphisms. Thus, the fibers of v are inhabited.O

4.2 Familial categorical univalence

To verify that Poly(C) inherits CUA},, we analyze the wild category U! in this model. In Poly(C), we
have for I: U the type U! of I-indexed families. Over A, B: U', we have the type A%, B of isomorphisms
between them. We analyze the shapes of these types (i.e. the image under —g) in the base model C. For
clarity, we use different notation: define I: U  Fam(I) := U and I: U, A, B: Fam(I) F Iso(I, A, B) =
(A=r B). Now Us is a closed type of C, Famg is a family of types over it, Isos is a family over U5 and
two copies of Famg, and Isop is a family over Isog.

Remark 4.11 Note that the following data is more ordered than it might seem at first. (1) is exactly the
data of an isomorphism in the wild category U’s. (2) is the data of an isomorphism in the wild category
Z/II‘? for some J, K, modulo the first equivalence. Viewing the morphisms in this wild category again as
partial functions, the data given by (3) are exactly the inputs on which the functions are not defined.

11
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Lemma 4.12 Let I € Tmpgyc)(I',U) and A, B € Tmpeyc)(I',Fam(l)). The shapes of the type
Iso(I, A, B) € Typoly(c) (T') are equivalent to the iterated ¥ type in context I's given by the following:

s: [[ Bs(i) — As(i),  f: [ As(i) — Bs(i),  r: [] Bs(d) — As(d),
i:ls i:ls i:ls (1)
S:fos=id in U (Bs,Bs), R:rof=id in U (As, As),

as well as the following functions and paths over this equivalence

o I Br(#£G.b) — (L +1p(i) + Ap(i,a),

i:lg
CLZAS(’L')
5: [[Ar(s(i,0) — (1+10() + Be(i,b), 7 [[Ar(r(i,b) — (1+10(0) + Bo(i,b),  (2)
i:lg i:1g
b:Bgs (i) a:Bs(1)
. B Y As

S.(30(fs)) =id in U} (Br,Bpr), R (fo(Ff) =id in UT “(Ap, Ap),

where (fs)(i,b,u) = ]7(1, s(i,b),u) and (¥f)(i,a,u) = 7(i, f(i,a),u). The family of positions of A=y B
s equivalent to the following family over the above characterization of the type of shapes

oo iso(fliyaw)  + > iso(36bu)  + Y iso(F(i,b,w)). (3)
i:Ig,a:As (i) i:15,b:Bs (1) i:15,b:Bs(1)
u:Bp(a,f(i,a)) u:Ap(b,s(i,b)) u:Ap(b,r(i,b))

Proof. The typeI' = A=;r B is the ¥ type given by I' - f: [[,.; A(4) = B(i), ' F s,r: [[,.; B(i) = A(9),
and I' - fs =id, I' F rf = id. By Proposition 3.7, the shape component of a 3 type is the X type of the
shapes, and the position component of a X type is given by the coproduct of the positions. For the families
of functions, these are characterized by Lemma 4.1. By associativity of ¥ types, and the curry-uncurry
isomorphism these correspond to the six families of functions in (1) and (2).

By Proposition 3.8, the shape of an identity type is the identity type of the shapes. As identity types
of ¥ types, these are equivalent to ¥ types of identity types between the first and second component [36,
Theorem 9.3.4]. Since identity types respect the strict isomorphism used above up to equivalence, we see
that the shape components of the two identity types are equivalent to the four identity types in (1) and (2).

The composition corresponds to composition in the claimed category by Lemma 4.2. By Proposition 3.8,
identity types have empty positions yielding together with Lemma 4.1 the above description given in (3).0

Remark 4.13 We sketch the unfolding of (A ~ B) € Typgyc)(I'). The data given by the functions
f,s,ris the same as in Lemma 4.12. The homotopies contribute 7550 fg5 ~ids. and fsgosss ~idg. to
the shape part. Unlike in Lemma 4.12, however, the homotopies do not encode any relationship between
fsp, ssp, and rgp; a homotopy in Poly(C) unfolds only to a homotopy between shape components in C.
As such, the homotopies in (A ~ B)s witness an equivalence only between the shape components of A
and B. The family of positions of A ~ B agrees with that of A= B in Lemma 4.12.

Lemma 4.14 (In C) IfCFE CUA},, thenlsos(I, A, B) ~ (3> .. 4.~ . B Ap=, ;Bpe) where I= > As.
STyts TR S

Proof. Let I = (Is,Ip): Us, A = (As,Ap),B = (Bg,Bp): Famg(I). Set J(i) = 1+ Ip(i) and I =
> i.1. As(i). Note that the components of Isos(I, A, B) given in Lemma 4.12 (1) are equivalent to As=,r.
Bg. Denote the remaining components given in Lemma 4.12 (2) by E(I, A, B). It suffices to give for each
e: As =1 Bs an equivalence E(I, A, B,e) ~ (Ap =, 7 Bpe). By the fundamental theorem of identity
types [36, Theorem 11.2.2] and CUA},, it suffices to consider the case where As = Bg and e = id. But in
this case E(I, A, B,id) reduces to Ap %w; Bp which is equivalent to Ap =, 7 Bp by Proposition 4.10. O

Lemma 4.15 (In C) If CE CUAy, then 3 p.pam (1) 1505(1, A, B) is contractible for I': Us, A: Famg(I).
12



CavaLLo, HOFER

Proof. By Lemma 4.14 and CUA};, with Lemma 2.10. a
Lemma 4.16 A type of Poly(C) is a proposition exactly if its image under —s is: mnaturally in
' € Poly(C), given A € Typoy)(I') there is a logical equivalence Tmc(I's,is-prop(As)) +—
TmPoly((C) (Fa is—prop(A)).

Proof. By Proposition 3.8, we have that identity types are in the image of ()¢ and preserved by —g.
Thus, Tm(I"A.A,qp =4 q) = Tm(I's.As.As,(qp =4 q)s) = Tm(['s.As.As,qp =4, q). ]
Theorem 4.17 If C = CUA},, then Poly(C) E CUA;,.

Proof. By Lemma 2.10, it suffices to show I': U, A: Fam(I) & }_ g gym(p Iso(1, A, B) is contractible. It is

inhabited by the identity, so it is enough to show it is a proposition. By Lemma 4.16, it suffices to show
I:Ug,A: Fam(I)s + ZB:FamS(I) Isos(I, A, B) is a proposition in C, and this is Lemma 4.15. O

Remark 4.18 Von Glehn [50, §5.1] observes that the outputs of Poly(—) are also suitable inputs to
Poly(—), meaning the construction can be iterated. Theorem 4.17 implies that iterated polynomial models
also inherit CUAJ, from the base model, though we do not know if there is any use for these models.

5 Familial categorical univalence without function extensionality

Using the results from Section 4 together with Von Glehn’s counterexample to function extensionality in
Poly(C), which we recall in Section 5.1, we can derive the independence of FE;; from ITT 4+ CCUA,.

5.1 Fuailure of function extensionality in the polynomial model
Von Glehn’s proof that FE fails in Poly(C) [50, Proposition 4.11] uses the following types:

Definition 5.1 Given I' € Poly(C) and A € Ty¢(I's), define T(A) € Typoyyc)(I') by I's = T(4)s =1
and F3T<A>5 F T<A>[) = A.

Proposition 5.2 There exist fo, fi € Tm(1, T(1 + 1) — T(1)) with (fo = f1) — 0.

Proof. For each k € {0,1}, we define by € Tm(1.T(1+ 1), T(1)) by setting 1.1 F (by)s = *: 1 and
1.11F (bg)p = ing(*): 1 + 1. Take f := A(bg). Unfolding the construction of A in Proposition 3.12, we
have (fx)s = ((bk)s, (bk) ), so (fo = f1)s implies (bo) » = (b1)p and is thus empty. O

Proposition 5.3 ([50, Proposition 4.11]) Poly(C) F —FE;,.

Proof. The functions from Proposition 5.2 are homotopic since the codomain is a proposition by
Lemma 4.16. Note that T(A) belongs to the universe of Poly(C) for A: U. 0

5.2 Independence of function extensionality from familial categorical univalence

Proposition 5.4 There is a model C of ITT with extensive finite coproducts satisfying the strict n rule
such that C E FE and C E UA,.

Proof. Take the model of ITT 4+ FE 4+ UA;; constructed by Cohen, Coquand, Huber, and Moértberg [15],
whose category of contexts is the category of presheaves on the De Morgan cube category and whose types
are dependent cubical sets equipped with a uniform Kan filling operation. Orton and Pitts [34, Theorem
5.14] show that binary coproducts of types can be modeled by coproducts of dependent cubical sets, and
it is easy to check the same for nullary coproducts. Thus these coproducts satisfy the strict n law and,
since every topos is an extensive category [12, Remark 4.10], are also extensive. O

Remark 5.5 The particular choice of cubical model is not important in the proof above; any model in the
style of Orton and Pitts [34] or Angiuli et al. [4] will do, as will Voevodsky’s (non-constructive) simplicial
model [29]. There are, however, models of ITT + UAy that do not support extensive finite coproducts of
types; see for example the need for a factorization in Shulman [39, Proposition 6.2].

13
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Theorem 5.6 ITT + CUA}, ¥ FEy.

Proof. Take C to be a model of ITT + FE 4+ UA;; with extensive finite coproducts of types, as provided by
Proposition 5.4. The combination FE 4+ UA;; implies CUA,, as FE tells us that (A =7y B) ~ (A ~ B).
Thus Poly(C) E ITT + CUA;, by Theorem 4.17, while Poly(C) ¥ FEy by Proposition 5.3. O

6 Variations

Once UAy, was proposed by Voevodsky, it was quickly taken up as the canonical axiom for its intended
purpose. Inequivalent variations on UA;; usually turn out to be significantly weaker, as in case of the “iso-
morphism reflection” that holds in Bauer and Winterhalter’s cardinal model [51, §8.3], or else inconsistent,
as in the case of “ginv-univalence” [44, Exercise 4.6].

Unfortunately, we do not see evidence for a canonical form of “FE-free univalence”. In this section, we
show that a few possible candidates are inequivalent; none stands out as the most natural. In Section 6.1,
we show that CUAy, does not imply CUAJ,. In Section 6.2, we identify an axiom CCUA;, that also satisfies
ITT 4+ CCUAy ¥ FEy and ITT + CCUAy, + FEy - UAy but is not equivalent to CUA;; or CUAJ,.

In Section 6.3, we recall a variant of univalence used by Van den Berg [46, Definition 2.13] which we
call approximate univalence or UAy,. It is an open question whether UA;; implies FE;; we do not resolve
the question, but we pose a related question that avoids mention of a universe.

6.1 Non-familial categorical univalence

Our Theorem 5.6 is a priori more than an answer to Dorais’ question of whether ITT + CUA;; proves FE;:
we prove not only that ITT + CUAy ¥ FE; but that ITT 4+ CUA7, ¥ FE;. One may then wonder if CUAJ,
is strictly stronger than CUAy,. This is indeed the case.

Theorem 6.1 ITT + CUA;, ¥ CUA},.

Proof. Take C to be a model of ITT + FE 4+ UA;; with extensive finite coproducts of types, as provided
by Proposition 5.4. Then Poly(C) F CUA}, by Theorem 4.17, and in particular Poly(C) F CUA;,. We
now consider the slice model Poly(C)/T(1) for T(—) from Definition 5.1. That is, we work in the context
t: T(1). However, we modify the interpretation of the universe U.

Define (U',El') by U’ = U x T(1) € Typory(c)(1) with E€'(A,t) == A € Typey(c)(U’). In the slice
model, T(1) is contractible by Lemma 4.16, so this universe is closed under the same type formers as ¢/ and
the projection 7m: U' — U is an equivalence. For A, B: U’ in the slice model, the interpretation of id-to-ceq
for U’ is homotopic (by path induction) to the composite of ap,: (A = B) — (mA =y ©B) followed by
id-to-ceq: (mA =y 7B) — (A= 7B). Since ap,. is an equivalence, CUA; holds in the slice model.

To see that CUA?, fails in the slice model, take I := T(1 + 1) and recall from Proposition 5.2 that there
exist distinct fo # f1: I — T(1). For k € {0,1}, set Ay, = (Xi.(1, f(4))) € (U')!. Then Ag =yt A is by
definition 1 =,y 1 and thus inhabited, while Ay =@y A1 would imply fo = f1 and is thus empty. a

6.2 Categorical categorical univalence
In our formulation of CUAy, we could have required that id-to-ceq be a categorical equivalence.

Definition 6.2 Categorical categorical univalence (CCUAy) is the principle that the canonical map
id-to-ceq: (A =y B) — (A= B) is a categorical equivalence for all A, B: Y.

A point in favor of CCUAy, is that it is a proposition (cf. Corollary 2.7); the structure of “being an
equivalence” need not be a proposition without FE (cf. implication (iii) == (viii) of Theorem 2.13).
However, it is unusually strong relative to other identity type characterizations. For example, the equiv-
alence ({(a,b) =axp (a/,V)) ~ (a =4 d') x (b =p V) characterizing identities in ¥ types cannot be
shown to be a categorical equivalence in ITT. CCUA; also seems brittle. Note that the “canonical”
map id-to-ceq: A =y B — A = B is only canonically defined up to homotopy by the requirement
id-to-ceq(refl4) = id! It is not clear to us that different formulations of CCUA;; using homotopic defi-
nitions of id-to-ceq are interderivable.
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In any case, using Poly(—), we will show that CCUA, is strictly stronger than CUA;, and moreover
not implied by CUA},, yet still does not imply FE;;. We strengthen Theorem 4.17 to CCUA;; by exploiting
properties of types in the essential image of ()g. By general properties of reflective subcategories, these are
exactly those with strictly invertible unit. In fact, they are also exactly those with categorically invertible
unit, but we will not need this.

Proposition 6.3 Naturally in I', for A € Typeyc)(L), the following are equivalent:

(i) na: A — QOsA is a strict isomorphism,

(i) there is a map Ap — 0 in Tyc(I's.Asg),
(iii) Ap is strictly isomorphic to 0 in Tyc(I's.Ag).
Proof. Consider the morphism 74: I'"A — I'. Qg A in Poly(C) over I'. The shape component is given by
idga: I's.As — I's.Ag. The positions component is given by [ing,!4,.]: I's.As.Tpp+0 —=Tp.As.Tpp+Ap.
Since the shape component is an isomorphism, 74 is an isomorphism exactly if the position component is.

We work in the internal language of C. The direction (iii) = (i) is clear. The equivalence (ii) <=

(iii) follows from the strict 7 rule for 0. It is left to show (i) == (ii). Suppose we are given a family of
strict inverses Aa.[ino,ia]: [[,.4. 'r + Ap(a) = T'p + 0 to Aa.fing,elimo]: [[,. 4. T'r +0 = T'p + Ap(a).

Then A\a.ig: Ha:A,\; Ap(a) - T'p + 0 and Aa.elimg: Ha:Ay 0— T'p+ Ap(a) form an equivalence in L{fA,‘f.
Hence, the family of maps i is total by Corollary 4.9. a

Definition 6.4 A type A € Typoy(c)(I') is Os-modal if the conditions from Proposition 6.3 hold.
Let A,B € Tyc(T'), f € Tme(I', A — B), and F': C — D a pseudomorphism. We write
F:Tm(l, A — B) — Tm(FTI,FA — FB),  f+— AF(app(}))).
The image of f under F: C — D is Ff € Tm(FT,F(A — B)). There is always a comparison map
AMF(app(qa-p))): F(BA) — (FB)F4 [28, §4], and the image of F'f under this map coincides with Ff.

Lemma 6.5 The pseudomorphism ()g: C — Poly(C) preserves paths between functions: naturally in T,
given A,B € Ty(T") and f,g € Tm(I', A — B), there is a map

Tm(T, f =4 9) — Tm(OsF,AOJsf =0sA—=0OsB 659)'

Proof. Let H € Tm(T', f = g). We have OsH € Tm(QOsI, Os(f =a—p g)). By the definition of the
identity types in Poly(C) (Proposition 3.8), they are preserved by the pseudomorphism ()g. In particular,

we have Tm(QsI', Os(f =455 9) = Tm(OsT, Osf =0a=p)y Osg)- By lifting the comparison map
Os(B) = (OsB)(©O54) to identity types, we obtain the desired element. O

Corollary 6.6 The pseudomorphism (Og: C — Poly(C) preserves categorical equivalences: naturally in
I, given A,B € Ty(I'), f € Tm(I', A — B) we have a map

Tm(T, is-ceq(f)) — Tm(QsT, is-ceq(Os f)).

Proof. The action on functions GH preserves composition and identities. a

The (Os-modal types in Poly(C) behave like types of the base model. In particular, when the base
model enjoys function extensionality, homotopy equivalences between ()g-modal types can be improved
to categorical equivalences.

Lemma 6.7 If CE FE, then equivalences coincide with categorical equivalences between ()g-modal types.

Proof. Let A, B € Typey () (T') and f: A — B an equivalence. Since —g preserves identity types, the
map fs: As — Bg is an equivalence, and by FE also a categorical equivalence. The pseudomorphism (g
preserves categorical equivalences by Corollary 6.6. Hence, so does the dependent right adjoint ()g since
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it is defined by substituting the image of the pseudomorphism along the unit. Since Ogfonas =ngo f
the claim follows by Proposition 6.3 and 2-out-of-3 for categorical equivalences (Lemma 2.8). a

We show that the type family I: U, A, B: Fam(I) - Iso(I, A, B) = (A =yr B) from Section 4.2 is (O g-
modal, which we can use to improve the equivalence in the definition of CUA, to a categorical equivalence
over well-behaved base models.

Lemma 6.8 If CE CUA],, then Iso in Poly(C) is Os-modal.

Proof. By Proposition 6.3, it suffices to show that the positions of Iso € Ty (1.U4.Fam x Fam, Iso) are empty.
We work internally to C. We show for all I: Us, A = (As,Ap),B = (Bg,Bp): Famg(I), e: Isog(I, A, B)
that Isop(I, A, B,e) — 0, which suffices by strict initiality of 0. By Lemma 4.15, we can assume A = B
and e = id. In this case, the functions on positions are given by in; and therefore the type (3) is empty.O

Proposition 6.9 If C is a model of ITT 4+ FE 4+ UAy with extensive finite coproducts of types, then
Poly(C) F CCUA,.

Proof. By Theorem 4.17, we have Poly(C) E CUAy,. Since the types declared equivalent in the statement
of CUAy are (Os-modal, by Lemma 6.8 and the definition of identity types (Proposition 3.8), the claim
follows from Lemma 6.7. O

Corollary 6.10 ITT + CCUA, ¥ FEy.

Proof. Proposition 5.4 provides a model C of of ITT + FE+ UA;; with extensive finite coproducts of types.
We have Poly(C) F CCUA;; by Proposition 6.9 and Poly(C) F —FE;; by Proposition 5.3. a

Finally, we show that while CCUA, is still strictly weaker than UAy, it is strictly stronger than CUA,.
Proposition 6.11 ITT + CUA}, ¥ CCUA,.

Proof. Take C to be a model of ITT + FE 4+ UA;; with extensive finite coproducts of types, as provided
by Proposition 5.4. Then Poly(C) = CUA}, by Theorem 4.17. As in the proof of Theorem 6.1, we now
consider the slice model Poly(C)/T(1) for T(—) from Definition 5.1. This time, however, we modify the
interpretation of the identity type.

We define our new identity types by (u =y v) == (u =4 v) x T(1), where u =4 v is the identity type
in Poly(C). Since T(1) is a proposition by Lemma 4.16, it is contractible in the slice, so the projection
(u =y v) = (u =4 v) is an equivalence and in particular v =/; v is an identity type. If we write &/
for wild-categorical isomorphisms defined with =, it follows also that (a =p b) ~ (a = b) for any wild
category . Thus CUA;,, which holds in Poly(C) by Theorem 4.17, transfers to the slice model with the
new identity type.

However, CCUA;; cannot hold (in or out of the slice) when formulated with =" and 2. For A, B: U,
the family of positions for (A =], B) is the constant family 1. The family of positions for A =, B, which is
categorically equivalent to (A =%, B) x T(1) x T(1), is the constant family 1+ 1 (using Lemma 6.8). Thus,
by Lemma 4.14, the equivalence (A =}, B) ~ (A=’ B) is only categorical when both sides are empty. O

6.3 Approximate univalence

Van den Berg [46, Definition 2.13] defines another weak form of UAy, in the language of path categories,
which can be rendered in type theory as follows.

Definition 6.12 Approzimate univalence (UA7;) is the principle that for all A, B: U/ and e: A ~ B, we
have some p: A =y B such that id-to-eq(p) ~ e.

Notably, UA7; can be expressed as an inference rule without II types. In the presence of II types,
Swan [43, Remark 4.6] comments that it is an open question whether UA; implies FE;. An immediate
but subtle consequence of UA7; is that there is a composite map (A ~ B) — (A =y B) — (A = B) that
improves any homotopy equivalence to a homotopic categorical equivalence. In light of the decomposition
of UAy in Section 2.2, it is natural to consider an analogue of Definition 2.11:
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Definition 6.13 Approzimate equivalence improvement (EI™) is the principle that for all types A, B and
e: A ~ B, we have some ¢ : A~ B such that ceq-to-eq(e’) ~ e.

One FE-like corollary of EI™ is that if P is a contractible type, then A — P is also contractible for every
type A: by Lemma 2.5, we have (A — P) ~ (A — 1) = 1. This is not provable in ITT, as Lemma 4.16
and Proposition 5.2 show. However, the exact relationship between EI™ and FE is a mystery to us:

Question 6.14 Does ITT +EI™F FE?

An answer to Question 6.14 might not tell us whether ITT+UA; = FEy, but it may be a more tractable
question. The polynomial models refute EI™: T(1) and T(1 + 1) are equivalent (Remark 4.13) but not
categorically equivalent (Lemma 4.14). Boulier, Pédrot, and Tabareau’s intensional function translation
[10, §3] sends a theory with FE to a syntactic model with EI™ A =FE, but its function types do not satisfy
any 7 rule, so this does not answer the question for ITT as we define it. Shulman [38] has a recipe for
expressing universal properties without FE that suggests stronger forms of EI™; for example, one can also
ask that homotopic categorical equivalences are equal. It is not clear to us how these strengthenings relate
to EI™ or to FE.

Remark 6.15 Naturally, we can also consider approximate categorical univalence CUAy;: the principle
that for all A, B: U and e: A= B, we have some p: A = B such that id-to-ceq(p) ~ e. This is the weakest
of all the univalence principles we have considered, but we do not know if it is strictly weaker than CUA,.

7 Related work

To conclude, we comment on the status of weak forms of univalence in other known models of type theory
without function extensionality.

7.1  Realizability models

Realizability is a standard source of models of ITT that refute extensionality principles, including FE; see
Streicher [42, Theorem 2.9, §3.7]. However, most work combining features of realizability and homotopical
semantics, such as that of Frumin and Van den Berg [20] and Uemura [45], constructs models that do
satisfy FE. An exception is Speight’s groupoidal realizability [41]; his function types have neither FE nor
the n rule. Speight constructs an impredicative universe of modest fibrations, but we do not know if this
or any other universe in the model satisfies some kind of univalence.

7.2 Pédrot and Tabareau’s parametric exceptional translation

The parametric exceptional translation [35] is another source of models of type theory without FE. Pre-
sented as a syntactic translation, it induces a construction ParEx(—) on models. Unlike Poly(—), however,
ParEx(—) does not preserve any form of univalence that we know of. We sketch here a reason for the
simplest form of the translation (E =1 and €2;(x) = 1). Kovécs [31] has formalized this case in Agda.
Given a model C, the category of contexts in ParEx(C) is [..c Ty(I'): objects are pairs I' = (I's, T'p)
as in Poly(C), but a morphism o: A - T'isapairof 05: Ag > TsinCand op: Ap — T'pog in Ty (Ag).
We think of T'p as selecting “valid” elements of I's. Types A € Ty(I') have components As € Ty(T's),
Ap € Ty(l's.I'p.Ag), and Ap € Tm(I', As). Again we think of Ap as selecting valid elements of Ag, while
Ay is a distinguished “error” element. While intuitively Az should not be valid, this is not enforced.
The mismatch between A= B and A = B is that for the former, categorical equivalences of the —g
and —p components suffice, while the latter requires also that Az corresponds to Br. For example, define
X% Xt e Ty(1) by XF:=1+1, Xk(b) := 1, and X% = ing(%). The identity equivalence on 1+ 1 defines
a strict isomorphism X° 2 X! that cannot induce a path X% =;; X! because it does not send X ? to X ,1

7.8 Bordg’s projective model

Bordg [8,9] describes a model of type theory with ¥ types, II types, identity types, and a universe U in
the category [BCq, Gpd] of groupoid-valued presheaves on the two-element group. This model is based
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on the projective Quillen model structure: types are morphisms of [BCy, Gpd] whose underlying Gpd-
morphisms are isofibrations. Bordg observes that the model refutes FE [9, Proposition 6.3] and that the
natural choice of universe is not univalent [9, Proposition 6.1], despite the fact that a stronger condition
on types corresponding to the injective model structure yields a model of FE and UAy, [8, §5.4].
Considering our weaker forms of UA; in this model is fruitless: although FE fails, FE;; holds (cf. [9,
Remark 6.4]). This is because the groupoids classified by U are strict sets, as in Hofmann and Streicher’s
groupoid model [26]. Thus, CUAy, for example cannot hold, for if it did then UA;; would follow.
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