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Abstract

Relative entropy is a fundamental class of distances between probability distributions, with widespread applications in proba-
bility theory, statistics, and machine learning. In this work, we study relative entropy from a categorical perspective, viewing
it as a quantitative enrichment of categories of stochastic matrices. We consider two natural monoidal structures on stochastic
matrices, given by the Kronecker product and the direct sum. Our main results are complete axiomatisations of Kullback—
Leibler divergence and, more generally, of Rényi divergences of arbitrary order, for each such structure. Our axiomatic theories
are formulated within the framework of quantitative monoidal algebra, using a graphical language of string diagrams enriched
with quantitative equations.
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1 Introduction

Programming language semantics traditionally investigates when two programs are equivalent with respect
to a given notion of observation, or whether a program satisfies properties such as correctness, termination,
or safety. When programs exhibit random behaviour, however—as in probabilistic programming, statistical
inference, and machine learning—equivalence is often too coarse to be practically informative. Rather than
asking whether two programs produce identical outputs, it is more useful to measure how far apart their
behaviours are. This shift in perspective has led to extensive research on behavioural distances and
program metrics ([8,17,19,20,67]).

A prominent line of work in this direction is the programme of quantitative algebraic theories, initiated
by Mardare et al. ([46]). This framework provides axiomatic presentations of (pseudo)metrics via calculi
whose judgements have the form s =, ¢, expressing that the distance between terms s and ¢ is at most
e € R. Subsequent developments have extended the framework to Markov processes ([2,3]), higher-order
settings ([18]), quantitative logics ([4,5]), string diagrams ([42]), and enriched algebraic theories ([58,59]).

Complete axiomatisations for the Kantorovich metric and total variation distance, introduced in [46],
are chief examples of quantitative algebraic theories. In this paper, we focus on another fundamental class
of distances between probability distributions: relative entropy. In particular, Rényi divergences ([57]),
which include the Kullback-Leibler (KL) divergence ([38]), play a central role across mathematics and
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computer science, with applications in statistical inference and machine learning ([23,29,37]), differential

privacy ([22,49]), information geometry ([50]), and program semantics ([11,61]). Unlike the Kantorovich

metric and total variation distance, however, no complete quantitative algebraic theory has yet been
developed for KL divergence or, more generally, for relative entropies. Our work fills that gap.

Following [42], we formulate our results at the level of symmetric monoidal categories, presenting
our axiomatic calculi in the graphical language of string diagrams within the framework of monoidal
algebra ([55,62]). This choice is motivated mainly by two considerations. First, it allows us to reason
axiomatically about distances between multidimensional systems, such as stochastic matrices, rather than
merely probability distributions. Indeed, stochastic matrices do not form a cartesian category; instead, they
assemble into a symmetric monoidal category FStoch, which supports a rich analysis of Bayesian inference,
causality, and probabilistic graphical models ([33,43,44]). Second, it allows us to build on a substantial
body of work on diagrammatic axiomatisations of probabilistic computation (particularly [24,54], but cf.
also [25,64,66]) and to extend it in a quantitative direction.

We shall study two enrichments of FStoch with KL divergence, distinguished by their monoidal struc-
ture. One uses the Kronecker product of matrices, denoted FStoch®, and the other the direct sum, denoted
FStoch®. Both structures are natural and useful in different contexts. The category FStoch® provides
the standard setting for synthetic probability theory ([25]) and for applications to Bayesian networks
and causal reasoning ([33,43,44]). In contrast, FStoch® is closely related to convex sets and barycentric
algebras, which have been extensively studied since at least the ’50s ([65]), and to the interpretation of
randomness as a monadic effect (see e.g. [15,47,48]). Our main contributions are as follows.

(i) KL divergence. We provide axiomatisations for KL divergence enrichments of BStoch® (the re-
striction of FStoch® to objects of the form 2" for n € N) ! and of FStoch® (Definitions 4.1 and 4.6),
and show their completeness (Theorems 4.5 and 4.9). Concretely, we present quantitative string di-
agrammatic theories whose freely generated enriched SMCs are isomorphic to enriched BStoch® and
FStoch®, respectively. A key ingredient in our axiomatisations is the chain rule, which decomposes
the divergence between joint distributions in terms of the divergences between their conditionals. We
express this decomposition as a quantitative implication: the premises bound the distances between
conditionals, while the conclusion bounds the distance between the corresponding joint distributions.
Two such implications, CHAINg and CHAINg, appear in the axiom systems for BStoch® and FStoch®,
respectively, and play a central role in the completeness proofs (Lemmas 4.3 and 4.8).

(ii) Rényi divergences. With minor adaptations, we show that our method extends to an axiomatisation
of Rényi divergences of arbitrary order a € [0, o0], again for both monoidal structures. KL divergence
arises as the special case a = 1.

(iii) Implicational quantitative diagrammatic reasoning. To state our results, we need to extend the
notion of quantitative monoidal theory introduced in [42] to allow axioms formulated as implications
between quantitative equations. This mirrors the original formulation of quantitative equational
reasoning in a cartesian setting ([46]), but now considered in the monoidal setting. The resulting
framework is of independent interest: implicational axioms arise, for example, in the study of uniform
traces ([13,30]) and balanced Markov categories ([26,39]).

Related work. As noted above, quantitative algebraic theories provide the broader context for our
results. Since (FStoch®)°P is cartesian, our axiomatisation could in principle yield an analogous result
within the original framework of [46], which is based on classical cartesian algebra (we return to this
observation in the conclusions). However, this is not the case for BStoch® (and FStoch®), which therefore
requires the more general setting of monoidal algebra.

Our work builds directly on [42], where FStoch® enriched with total variation distance is axiomatised.
A different diagrammatic axiomatisation of the same enrichment for FStoch® appears in [21], albeit outside
the formal framework of [42]. By introducing implicational axioms for diagrammatic calculi, we reconcile
these approaches and bring [21] within the scope of quantitative monoidal algebra.

KL divergence originates in Shannon’s information theory ([63]) and has been axiomatised multiple
times using functional equations ([31,35,51]). More recently, categorical approaches have led to novel and
simpler characterisations ([6,27,28]). In these works, a category of stochastic processes based on FStoch

1 This restriction is due to the fact that non-enriched BStoch® has been axiomatised, in [54], but no analogous
result holds for the full FStoch®.
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is defined, and it is shown that any functor satisfying a small set of natural postulates must compute KL
divergence. Related ideas also yield a concise non-categorical axiomatisation in [41]. Perrone ([53]) proves
that relative entropy defines an enrichment of FStoch®, without characterising it. Our results provide
precisely such a characterisation. We also mention works on categorical characterisations of (non-relative)
entropy [7,52].

Synopsis. Section 2 recalls necessary background on string diagrams, quantales, enriched categories,
and relative entropy. Section 3 presents our extension of quantitative monoidal theories with implicational
axioms. We define the logical system, describe how it freely generates syntactic categories, and establish
its soundness and completeness with respect to models in enriched monoidal categories. Section 4 develops
the axiomatisations of KL divergence for BStoch® and FStoch®. Section 5 extends these results to the full
family of Rényi divergences. We conclude with a discussion of related and future work.

2 Background

2.1 Monoidal Algebra

We assume familiarity with basic category theory and in particular with monoidal categories (see e.g. [45]).
We recall notions in monoidal algebra, the study of algebraic structures borne in monoidal categories. A
detailed account can be found in [55]. In the sequel, SMC is short for symmetric strict monoidal category.

Definition 2.1 A monoidal signature is the data of a set Xy of sorts, a set X1 of generators, and two
maps in,out : 31 — X assigning to each generator f a finite list of sorts for its inputs and for its outputs.
We write f : u — v € X1 to mean that f is a generator with inputs in(f) = u and outputs out(f) = v.
The empty list will be denoted by e. We often write X to refer to the tuple (Xg, X1, in, out).

Given a monoidal signature X, let My, denote the set of all monoidal terms built out of generators in
> with the following rules:

fru—mved a x,y € Xo S T € Yo D
fiu—ve My EN Opy Y = yr € My WAP id; :x — 2z € My ide :e > e e My

UNIT

fiu—ve My g:v%wEMZSEQ fiu—ve My f:u’%v’EMgPAR

fi9:u—we My fof u — v e My

Throughout the paper, we represent monoidal terms with string diagrams: a term f : v — v € My is
drawn as u v, and the rules above are depicted as follows. We often omit input and output labels.

tey =it dime—c o= fig=ee  for-'

We consider string diagrams modulo the smallest congruence (with respect to ; and ®) containing the
equations in Fig. 1. Intuitively, deformations that do not break strings or change the order of inputs and
outputs do not alter the meaning of the picture. String diagrams assemble into an SMC, also denoted by
My Its objects are finite lists of sorts in ¥, morphisms v — v are string diagrams u v, composition
is described by SEQ, and monoidal product is concatenation on objects and PAR on morphisms.

g nl— = —f—9Hul

miis _
== @' g} _ —He B

‘ XX =
4= = 41 = -

Fig. 1. Laws of symmetric monoidal categories. Dotted boxes denote bracketing that is later omitted thanks to the laws.

Definition 2.2 A monoidal theory I comprises a signature 3 and a set E of axioms, which are pairs of
monoidal terms f, g € My, with matching inputs and outputs, denoted f = g to convey their interpreta-
tion. A model of 7 is an SMC C equipped with a symmetric monoidal functor [—] : Mysx — C, such that
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[f] = [g¢] for all f =g € E. Every such model factors uniquely through the syntactic category Sg built
as a quotient of My by the smallest congruence containing the axioms in F.

A recurring goal in monoidal algebra is the axiomatisation of an SMC C with a monoidal theory, that
is, to find 7 = (X, E) and a model My, — C that factors through an isomorphism Sg = C. We say that
T presents C. Our main results are based on existing axiomatisations of SMCs of stochastic matrices.

Example 2.3 The category FStoch has natural numbers as objects, and as morphisms n — m, the m xn
stochastic matrices (matrices with entries in [0, 1] whose columns each sum up to 1). When n = 0, there is
a unique empty stochastic matrix [ : n — m, and there are no morphisms n — 0 when n > 0. Composition
is by matrix multiplication and identity morphisms are matrices with 1 on every entry of the diagonal.

We consider two different monoidal products on stochastic matrices: the Kronecker product, denoted ®,
and the direct sum, denoted @. Both are standard notions in linear algebra and specifically for stochastic
matrices. They are defined below in block matrix form with their units and symmetries.

auB e alnB E11 e Eln
ARB:=| : - =1 o2 =1]: - A®B =
amlB v amnB Eni ... Emn

A0
0B

where Fj;; is the n x m matrix with a single 1 at column 7, row j, and I,, is the identity n x n matrix.
Note that ® acts by multiplication on objects, while @& acts by addition.

These form the SMCs FStoch® and FStoch®. Only the latter has been fully axiomatised with a
monoidal theory, but there is an axiomatisation of a full subcategory of FStoch®: BStoch®, the SMC of
stochastic matrices of dimensions that are powers of 2. Its objects are still natural numbers, BStoch(n, m) =
FStoch(2",2™), and ® is still the Kronecker product, but it acts by addition on objects (since 27" =
2"2™). We briefly recall the monoidal theories T¢c and J¢, that present BStoch® and FStoch® respectively.

The monoidal theory Jcc (standing for causal circuits) has generators —e, —e—, “D- —>- and @ for
each p € [0, 1], and axioms as in Fig. 2 below. We write Scc for its syntactic category.

Fig. 2. Axiomatisation of BStoch® from [54, Fig. 4], where p, q,7, s, t are universally quantified over [0, 1], ¥ :== rp + (1 — r)q,
p="r/r, q:="0=p))1 7 §:=st,and t := 51 — /1 — st. When the denominators are 0, the values of p, ¢, and ¢ are discarded
with diagrammatic reasoning, so we can define them to be anything in [0, 1].

We record below some syntactic sugar used in Fig. 2 and later. We define the or gate, the if gates,
and the convex combination gates for each p € [0,1] (we use thin and thick strings together to explicitly
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distinguish between the type 1 and an arbitrary type n):

o-poe f-2Be f-Zgl B-B

In [54, Theorem 3.13], it is shown that the assignment [—] : My . — BStoch® defined below yields a
model of J¢¢ that factors through an isomorphism Scc = BStoch®.

118 [=1=1%0l (1)

F1-0 Fel=[38]  Ee1-

We note that under this correspondence, the diagram really acts by convex combination. Namely,

if we precompose two diagrams f : m — n and g : m’ — n whose semantics are two stochastic matrices of
dimension 2™ x 2™ and 2" x 2™' respectively, then the resulting diagram’s semantics is the matrix obtained
by convex combining the columns of [[f] with those of [¢], with coefficient p. Explicitly,

[=]=Al-9-1=B = [[H = [A1+pBl Ai+p By -+ A2m+p32m,}7 (2)

where A; denotes the ith column of A and similarly for B, and A; +, B; = pA; + (1 — p)B;.
The monoidal theory Jca (standing for convezr algebras) has generators e—, ~e— and for each
p € [0,1], and axioms as in Fig. 3 below. We write Sca for its syntactic category.

e G s S S o G MG =

ool -0 W - % ws-— e~ e

Fig. 3. Axiomatisation of FStoch® from [24, Definition 3.1], where p = pq and § = b=k (with % =1).

In [24, Theorem 3.14], it is shown that the assignment [—] : Mg, — FStoch® defined below yields a
model of T, that factors through an isomorphism Sca =2 FStoch®.

[ 1=0 [1=01]  [@]=|) (3)

2.2  Quantale-Valued Relations

While our main applications are about axiomatising real-valued distances, our theoretical framework is
presented in more general terms with quantale-valued relations.

Definition 2.4 A quantale V consists of a set V equipped with a partial order = and a binary operation
+:V x V — V satisfying the following properties:
e any subset S C V has a supremum | | S and an infimum [ ]S, so that (V,C) is a complete lattice. In
particular, V has a bottom element L =| |0 =[]V and a top element T = ||V =[]0;
e + is associative, namely, for any z,y,2 € S, z+ (y + 2) = (x + y) + 2; and
* + preserves supremums, namely, for any x € V and S C V, x + | |S = [ |{xr+a|ae S} and
S+z=l{ea+z|ac S}

We say that V is unital if it contains an element k£ € V that is neutral for + (z +k =z = k + x for
all z € V). In this work, we will assume that quantales are unital. The main example we consider is the
extended nonnegative reals, also called Lawvere’s quantale ([40]).

5



SARKIS AND ZANASI

Example 2.5 Nonnegative real numbers with oo form a complete lattice. By defining addition with
infinity as « + oo = oo for all € [0,00], we obtain an associative operation that preserves infimums.
Thus, [0, oo] with the opposite order > and addition forms a quantale with unit 0, denoted [0, 0o}, .

Definition 2.6 A V-relation is a set X equipped with a function d : X x X — V, often denoted as a pair
(X,d). A morphism between V-relations (X,dx) and (Y, dy) is a function f : X — Y satisfying, for all
z,x' € X, dx(z,2") C dy(f(z), f(2')). We denote by VRel the category of V-relations, where identities
and compositions are as for functions.

An isomorphism between V-relations (X, dx) and (Y,dy) is a function f : X — Y that is a bijection
and satisfies, for all z,2" € X, dx(z,2') = dy (f(x), f(2')).

Example 2.7 A [0, 00|, -relation (X, d) is often thought of as a set equipped with a distance. For x,y € X,
d(z,y) is a number that could represent the physical distance, or time, or amount of work, required to
go from = to y. A morphism of [0,00],-relations is called a nonerpansive map because dx(x,z’) >
dy (f(z), f(2')) is interpreted as f mapping elements closer together (not expanding the space). An
isomorphism of [0, oo], -relations is also called an isometry.

The work on quantitative algebraic reasoning initiated in [46] relies on representing distances as families
of binary predicates. More precisely, given € € V, the equality up to € predicate on a V-relation (X, d),
denoted by =, is defined as x =; y < d(z,y) J e. For [0, 0], we read = =. y as saying that the distance
from x to y is less than €. These predicates determine d, which enables reasoning about V-relations in a
logical system using these predicates, after enforcing monotonicity and continuity conditions.

Proposition 2.8 [60, Proposition 2.21] There is a bijective correspondence between V-relations on a set
X and families of relations = C X x X, indexed by € € V, that are monotone (if e J &’ and x = y then
x =z y) and continuous (if x =, y for all i in some index set I, then x =\, Y).

The category VRel has categorical products that lift cartesian products of sets. Given two V-relations
(X,dx) and (Y,dy), the V-relation on X x Y defined by d((x,y), (',y")) = dx(z,2") Mdy(y,y') satisfies
the universal property of the product. This defines a symmetric monoidal structure on VRel, which we
denote by M. Its unit is the reflexive V-relation on a singleton, 1. We may consider categories enriched
in (VRel,X, 1), but in the following section, we will use another monoidal structure.

Given (X,dx) and (Y, dy), there is a V-relation on X x Y defined by d((z,y), (2',y)) = dx(x,2’) +
dy (y,y'). When V is commutative (i.e. a +b = b+ a), this also defines a symmetric monoidal structure
on VRel, which we denote by X . Its unit is also 1. In the sequel, we assume V is commutative.

2.8 Categories Enriched over VRel

Enriched VRel-categories enjoy a straightforward concrete characterisation that will be more convenient
to us than the abstract definition of enrichment in e.g. [36]. Indeed, a (VRel, X, 1)-enriched category C
is simply a category C equipped with a V-relation on each of its homsets where composition is a morphism
of V-relations. Unrolled: for every objects X,Y € C, there is a function d%y C(X,Y)x C(X,)Y) =V,

we often simply write d€ or d, and for every morphisms f, f': X - Y and ¢g,¢' : Y — Z in C,
dSz(f39,.f59) 3dSy(f, ) +d5.4(9,9"). (4)

We can further impose on a VRel-category that it is monoidally enriched, or that it is an enriched
monoidal category, meaning that it has a monoidal structure compatible with the enrichment. Concretely,
if (C,®, 1) is a symmetric monoidal category and C is enriched over VRel, then we say it is monoidally
enriched if ® is a morphism of V-relations, i.e. for all f,f': X —Y and g,¢ : X' =Y’

dg(@X’,Y@Y’(f ®g fogd)3 dg{,Y(fa )+ dg(',y' (9,9). (5)

We will call such a category a VRel-SMC.
We also mention that VRel-enriched functors are functors between the underlying categories that are
locally morphisms of V-relations, that is, F' : C — D is enriched whenever d°(f,g) C d°(F(f),F(g))
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for all morphisms f,g € C(X,Y). Similarly, an enriched isomorphism is an isomorphism between the
underlying categories that is locally an isomorphism of V-relations.

In case V = [0, 00],, we say an enriched functor is locally nonerpansive and an enriched isomorphism
is locally an isometry.
2.4 Relative Entropy

Let DX denote the set of finitely supported distributions over a set X, namely,
DX = {p: X —[0,1] | ¢~ 1(0,1] is finite and >, ¢(z) = 1}.

We write |z) € DX for the Dirac distribution at x € X defined by |z)(2') =0 if  # 2’ and |z)(x) = 1.
Relative entropy, also called Kullback—Leibler (KL) divergence ([38]), is a [0, 00| ,-relation on DX.

Definition 2.9 KL divergence is a map DX x DX — [0, 00], defined by kl(¢,v) == > - x ©(r)log %,

with log £ = 0o and 0 - 0o = 0 as conventions. In particular, kl(p, 1) = oo if and only if there exists some
x € X such that p(z) > 0 =1(x), and kl(p,p) = 0.

Example 2.10 For any natural number n € N, let n := {1,...,n}. We can represent a distribution in
Dn as a vector in [0, 1]" whose entries sum up to 1. Then, the KL divergence between two distributions is

Ki([a1,...,an],[b1,...,bn]) = > i ailog Z—:

The following instance, with n = 2, will appear several times in the rest of the paper.

kI L) =plog§ +(1—p)log 1 —

Note that if ¢ € {0,1} and p # ¢, then KI([,”,],],*,]) = cc. If p =g, then kI(,” |, [, |) = 0.

A renowned property of KL divergence, called the chain rule (|56, Theorem 2.15]), allows to decompose
the computation of the divergence for distributions over products or coproducts of sets. We state two
specific instances of the chain rule that will be key in the axiomatisations of Sections 4.2 and 4.3.

Lemma 2.11 LetY # 0 be a set, B:={0,1}, p,9p € D(BXY ), p:=>_ oy p(1,y), and q =3 - ¥(1,y).
Writing (1, —) = y + ¢(L.¥)/p and B(0,—) = y > ¢©.v) /1 —p for the conditional distributions on Y ,?
and similarly for 1), we have

kl((p, w) = kl({lﬁpL {lqu +pk|(¢(17 _)7@(17 _)) + (1 - p)k|(¢(07 _)7$(07 _)) (6)
Lemma 2.12 Let X,Y # () be sets, 0,90 € DX +Y), p =3 xo(x) and q == .y ¥(x). Writing

ox =z — p(x)/p for the conditional distribution on X, and similarly for ¢y, ¥x, and ¢y, we have

Ki(o, 1) = KI([i 2], [ 2) + pKl(ox, ¥x) + (1= p)ki(py, py). (7)

We remark that, in both cases, kl(¢, ) is a monotone function of the divergences between the condi-

tional distributions. More precisely, looking at (6), if you bound kl(®(x, —), ¥ (x, —)) from above, then you
get an upper bound for kl(y, ), and similarly for (7):

KI(@(1,—),(1,-)) < e and kI(B(0, —), (0, —)) <& = kl(p, %) <KI([",].[\".)) +pe+ 1 —p)d (8
Kl(px,¥x) < e and Kl(py, ¥y) <6 = Kl(p, ) < KI([,?,],[%))) +pe+ (1 =p)s. (9)

This is particularly relevant for us because our logical framework does not reason about exact distance.
We use the predicates =. which are interpreted as upper bounds on the distance by ¢ € [0, 0], .

2 Ifp=0 (resp. p=1) B(1, —) (resp. $(0,—)) is assumed to be an arbitrary distribution on Y.
7
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3 VRel-Enriched Monoidal Theories

The framework of quantitative monoidal algebra, as developed in [42], only allows for inference rules
describing the quantitative behaviour of sequential composition and parallel composition of string diagrams
(on top of the usual pseudometric axioms like triangle inequality). In order to axiomatise relative entropy
in Sections 4 and 5 below, we need a more general setting, allowing to model the chain rule as an inference
rule of our diagrammatic theory. For this purpose, we now develop an extension of quantitative monoidal
algebra, which allows the formation of inference rules not necessarily restricted to sequential and parallel
composition of string diagrams. Besides contributing to our later results, this study is of interest for other
works on quantitative algebra, as discussed in Section 6.

3.1  Quantitative Implications
Let 3 be a monoidal signature and My, be its set of terms. We define quantitative implications.

Definition 3.1 A V-equation between terms is a pair of terms (s,t) in My along with an element ¢ € V,
which we shall write s = t. A V-implication consists of a set I of (V-)equations called the premises along
with a (V-)equation ¢ called the conclusion, which we will write as I' = ¢.

Given a VRel-SMC C and a symmetric monoidal functor [—] : My — C, we define satisfaction. An
equation f = g is satisfied when [f] = [¢]. A V-equation f =. g is satisfied when d°([f],[g]) 2 . A
V-implication I' = ¢ is satisfied when either ¢ is satisfied or at least one (V)-equation in I" is not satisfied.

Oftentimes, we write an expression that is interpreted as a family of V-implications. For instance, we
can write the following V-implications that are always satisfied in VRel-SMCs by Proposition 2.8.

= 9 = o 9 Ve, e’ € V such that e J &' (10)
(vi Aff-=e—9}-) = Af=ued- Viehe <V (D)

There is an explicit quantification over elements in V, but there is another implicit quantification of f
and ¢g: f and g are metavariables, and we interpret these expressions as families of V-implications where
f and g are replaced by every possible terms that typecheck (e.g. f and g must have the same inputs and
outputs to be comparable in (10) and (11)).

In the sequel, we will denote metavariables with symbols that are not defined in the scope to implicitly
imply that they are universally quantified. We often write f, g, h, etc. for generic terms, and ¢, 4, etc. for
generic elements of V.

Example 3.2 Let us continue the list of V-implications that are wvalid, i.e. satisfied by any functor to a
VRel-SMC. Recall that (10) and (11) are satisfied by virtue of every hom-set of a VRel-SMC being a
V-relation (along with Proposition 2.8).

e The following implication is valid because sequential composition is a V-relation morphism (4).

A=A A= e = A= R (12)

* The following implication is valid because parallel composition is a V-relation morphism (5).

= ) e =5 / ::6@
E@H (13)

e The following implications are valid because equality is an equivalence relation congruent with respect
to both compositions and to the V-relations on homsets.

V=f=f f=9=>9=f [f=g9=h=f=h
f=fg9=9=Ff9=f39d f=fyg=9d=>feg=faf (14)
f=ff=9=f =9 9=9¢.f=9=>f=4.
8



SARKIS AND ZANASI

e The equations in Fig. 1, seen as implications with no premises, are all valid because VRel-SMCs
satisfy the laws of SMCs.

We often omit writing ) when a V-implication has no premise.

Remark 3.3 We consider SMCs whose homsets are mere V-relations and not metrics, so the list of valid
implications does not include = f =¢ f, f =09 = f =g, nor f =. 9,9 =s h = f =.15 g. Each or
all of these can be asserted in a case by case basis (e.g. = f =¢ f is an axiom of the theories defined in
Definitions 4.1, 4.6, 5.4, and 5.6).

Definition 3.4 A V-theory I consists of a monoidal signature 3 and a set of V-implications over 3
called azioms. A model of T is a VRel-SMC equipped with a symmetric monoidal functor My — C that
satisfies all the implications in 7.

A theory can be closed under standard implicational reasoning to contain all additional implications
that are satisfied by all its models. For example, for any (V-)equation ¢, all models trivially satisfy ¢ = ¢,
so that implication should be in the closure of 9. More generally, the closure is a consequence relation.

Definition 3.5 Let |- denote a set of V-implications and write I' = ¢ € I infix as I' - ¢. We say that
is a consequence relation if the following holds.
(i) ¢ € I' implies I' - ¢.
(ii) T'F ¢ and T C I implies TV I ¢.
(i) T F ¢ forall o € A and AUA’F 9, then TUA' F ).

Moreover, as we said in Example 3.2, (10)—(14) and Fig. 1 are always satisfied, so they must also be
put in the closure of I . Perhaps unsurprisingly, the laws of consequence relations, (10)—(14), and Fig. 1
are necessary and sufficient to construct the set of all V-implications satisfied by all models of T .

Definition 3.6 Given a theory 7, let 7 denote the smallest consequence relation containing I~ and all
the V-implications in (10)—(14) and Fig. 1. We call it the closure of 7.

Remark 3.7 It can be more convenient to write a V-implication as an inference rule:

Plooespn =@ P

12
Then, one can show that I' -7 ¢ if and only if there is a proof tree with conclusion ¢ and inference rules
corresponding to implications in J, (10)—(14), or Fig. 1 such that all leaves are in " or empty. The laws
of consequence relations are reflected in how proof trees are constructed.

In order to prove our claim that 7 contains all implications satisfied by all models, we construct the
initial model as follows.

Definition 3.8 Given a monoidal signature 3, a V-theory 7, and its closure 7, let the syntactic VRel-
SMC, denoted Sg be defined by

e Its objects are lists of sorts in .

e Its morphisms are terms in My, quotiented by the relation = defined by f =g <+’ f =g.

e The V-relation d” on homsets is defined by d” (f,g) = | |{e |F7 f = g}

We prove that this is a valid definition of a VRel-SMC and that it is the initial model of  at once.

Lemma 3.9 The canonical quotient map My — Sg is a model of T, and any model Msx. — C of T
uniquely factorises through an enriched symmetric monoidal functor S — C.

Proof. The terms f and ¢ are equated in Sg- whenever there is a proof of f = g using the inference rules
in 7 and (10)-(14) whose leaves are empty. It follows from (14) and the axioms of consequence relations
that (i) = is an equivalence relation congruent with respect to the structure of an SMC. Moreover, one
can show by structural induction on proofs of 7 f = g that (ii) for any model [-] : My — C of 7, and
any terms f,g:u — v, f = g implies that [f] = [g].

9
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Next, d7 (f,g) is the largest e for which there is a proof of f =, g using the inference rules in I and
(10)—(14) whose leaves are empty. It follows from (14) that (a) d” is congruent with = and from (12)
and (13) that (b) both compositions are nonexpansive with respect to d”. Moreover, one can show by
structural induction on proofs of F7 f =_ g that (c) for any model [~] : My — C of 7, and any terms
fogu— v, d7(f,9) Ed°([f], lg])-

By items (i), (a), and (b), and the axioms in Fig. 1, the quotient of My, by = equipped with the
V-relations d” is a well-defined VRel-SMC, and that the quotient map My, — Sy is a model of 7. By
items (ii) and (c), any model [—] : My — C can be uniquely factored through a VRel-enriched symmetric
monoidal functor S — C. O

We can now show 7 satisfies the desired property of a closure.
Theorem 3.10 For any V-implication T = ¢, T' =7 ¢ if and only if all models of T satisfy T' = ¢.

Proof. The forward implication is shown by structural induction on the proof of T' 7 . It resembles
the steps in the proof of Lemma 3.9 showing that models factorise through Sg, but with a non-empty
context.

For the converse direction, assume the V-implication I' = ¢ is satisfied by all models of 7. We wish
to show I' -7 . Let I be the theory consisting of the signature ¥ and the axioms of 7 along with the
set of implications {() = ¢ | ¢ € T'}. By definition, I is a theory whose models are exactly the models of
J that also satisfy every (V)-equation in T'.

By Lemma 3.9, the syntactic category Sg is a model of I/, and it is in particular a model of 7. As
I' = ¢ is satisfied by all models of 5 by hypothesis, it is satisfied by Sg». Furthermore, by the construction
of 7', every (V)-equation in I is satisfied in Sg+. Hence, the conclusion ¢ must also be satisfied in Sg,
which means there is a derivation of 7' . This is a proof tree using the axioms of  or I', which we can
see as a derivation (in the original theory) of I' -7 ¢ as desired. O

4 Axiomatisation of KL Divergence for Stochastic Matrices

The two monoidal theories we recalled in Fig. 2 and 3 allow us to reason about stochastic matrices using
string diagrams. The goal of this section is to extend this reasoning with quantitative implications in order
to reason diagrammatically about the KL divergence between stochastic matrices.

In Section 4.1, we show that KL divergence is compatible with the categorical structures of stochastic
matrices, yielding two [0, 00],-SMCs: BStoch? and FStoch®’. In Section 4.2, we extend the theory J¢c
with [0, 0o ,-implications to obtain an axiomatisation of BStoch$. In Section 4.3, we similarly extend J¢a
to obtain an axiomatisation of FStoch®.

4.1 ]0,00],-SMCs of Stochastic Matrices

KL divergence (Definition 2.9) was defined on probability distributions, but we can extend it to stochastic
matrices via a column-wise maximum. Indeed, seeing each column of an m x n stochastic matrix as a
distribution in Dm sending j to the value of the jth entry of that column, we define kl on FStoch(n, m) by

kl(A, B) := maxkl(A;, B;), (15)
€N
where A; (resp. B;) is the ith column of A (resp. B), and kl(4;, B;) is the KL divergence between the
corresponding distributions in Pm. When m or n are zero, we set ki([],[]) := 0. Perrone showed in [53,
Proposition 2.10] that this definition satisfies both requirements ((4) and (5)) to obtain a [0, co],-SMC
FStoch?, which is FStoch® equipped with kl on each of its homsets.
It readily follows that equipping BStoch with kl on its homsets yields another [0, 00],-SMC that we

write BStoch®. By viewing 2™ x 2" stochastic matrices as functions taking bit strings in B” and returning
distributions in D(B™), we can rewrite (15) as

kl(A, B) = max kl(A(u), B(u)). (16)

10
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Furthermore, we can state the chain rule in Lemma 2.11 when Y = B" with string diagrams since distri-
butions in D(B") correspond, via the isomorphism [—] defined in (1), to morphisms in Scc(0,n). For any
morphisms fi, fo, 91, go € Scc(0,n), and any p,q € [0, 1], we have (omitting applications of [—])

) =K 2) [ ) + PRI— =) + (1 = PRI (f—, [—) (17

1
This is exactly (6) after noting that when fy corresponds to @(x, —), corresponds to . Indeed,
with the first step being an instance of (2) (with only one column), we have

|l £ N = pl@—® A+ (1-p) [@ @ fo] = p(11) @ B(1, ) + (1~ )(|0) © (0, ~)) = ¢

We have a similar decomposition for g and .
We record for later another property of BStoch$: for any morphisms fi, g1 : 7 — m and fo, g0 : 7/ — m

in BStoch?, we have
i'_ i'_ = max {KI({7-, @), KTk h) } - (18)
Proof of (18). Let A be the matrix corresponding to and B correspond to . Any bit
fo 190]

string in B!t can be written as xujuo with x € B, uy € B™, and uo € B" so that A(xugug) = [fx] (ux)
and B(xuiug) = [gx] (ux). Thus,

kl(A,B) = Jnax kl(A(xuquo), B(xuiug)) by (16)
= max{maxkl([f1] (u1), [91] (u1)), maxKI([fo] (uo), [g0] (u0))}
= max{kI(-{f]-, {}-), KI(-{&}- fz])}- by (16) 0

We can also consider the direct sum instead of the Kronecker product, and ki still satisfies (5):
ki(A® A", B® B') = maxkl(A® A');, (B® B),)
= mlax{mzax kl(A;, B;), max kI(A}, BY)}
= max{kl(A, B),kI(A", B')}
<kI(A, B) + kI(4', B),

where the second step holds because KL divergence is not affected by elements that are not in the support
of the distributions involved. We obtain a [0, co],-SMC FStochS?, which is FStoch® equipped with kl on its
homsets. We record for later the stronger intermediate step in the derivation above: for any morphisms
f,g:n—mand f',¢ :n — m’ in FStoch, we have

Mg 80 < max {K(Hz ), M7 470} (19)

Analogously to (17), we can state the chain rule of Lemma 2.12 with string diagrams, except now
distributions in Dm correspond to terms in FStoch®(1,m). For any morphisms f,g € FStoch(1,m),
f’, g € FStoch(1,m’), and any p, ¢ € [0, 1], we have

KI( ; )= K7 )+ oK {7, fak) + (1= p)KI(-FR, -[7h). (20)

11
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4.2 Aziomatisation of BStoch%

In this section, we provide a quantitative monoidal axiomatisation of BStoch®?. We rely on the axiomati-
sation of BStoch in [54] with the monoidal theory I recalled in Fig. 2.

Definition 4.1 Let 3 be the signature of . The theory k. is defined with the same signature > and
the following [0, o], -implications as axioms.

e For any axiom f = g in J¢¢c, Jkg contains = f =g.

e For any f:n — m € My, J contains = f =g f.

e For any f1,91:0—=m, fo,90:0— m, and p, q € [0, 1], Fx s contains CHAINg.

e For any f1,g91 : m — m and fo, go : 0’ — m, Jx 5 contains [Fy,y.

(i =c [+ I—=5I- dhk = HofF R =

1 [”1 q)+P5+1 p)s ﬂ max{s(ﬂ‘?_

We write Sy for the syntactic [0, 0o],-SMC generated by s (see Definition 3.8).

CHAINg,

Our axiomatisation result amounts to showing that the functor [—] defined in (1) yields an isomorphism
of enriched categories between S, and BStoch®. First, we show [—] satisfies the axioms in .

Lemma 4.2 The [0, o], -implications in Jx . are satisfied by [—] : My, — BStochf.

Proof. As the underlying SMC of BStoch? is BStoch®, the functor [—] still factors through an isomor-
phism Scc = BStoch® by [54, Theorem 3.13]. It follows that [f] = [g] whenever f = g is in J, hence
the implications in the first item of Definition 4.1 are satisfied. The KL divergence satisfies kl(¢, ) = 0
for any distribution ¢, hence = f =¢ f is satisfied for any term f. The implications represented by the
inference rules CHAINg, and IFp,y are satisfied by (17) and (18) respectively. Indeed, while (17) and (18)
are strict equalities, the inference rules with equalities up to € are still valid because the distances in the
conclusions are monotone functions of the distances in the premises (recall (8)). O

By Lemma 3.9, we obtain an enriched symmetric monoidal functor [—] : Sqs — BStochy. Note that
this is simply the isomorphism in the axiomatisation result of [54], but we confirmed it is enriched. In
particular, the underlying SMCs of Sy, and BStoch® are Scc and BStoch® respectively. For the latter, it
is by definition, and for the former, it suffices to note that the only axioms that derive equations between
terms in i 5 come from Jc.

It remains to show that [—] is locally an isometry. We first tackle the case of terms 0 — m.

Lemma 4.3 For any f,g:0 — m € S, if € = KI([f],[g]), then = f = g is in the closure of Fxis-

Proof. We proceed by induction on m. For m = 0, the result is handled by the axiom f =y f because
there is a single morphism in Sy (0,0) whose interpretation is the empty matrix [].
Let f,g: 0 — m + 1 be two morphisms in S¢c. By reasoning solely within J¢., we can decompose f

and g as follows
—eig et

where p is the total weight that [f] assigns to all bit strings starting with 1, ¢ is that for [¢], and fx and
gx correspond to the distributions conditioned on the first bit being x (c.f. % and v in Lemma 2.11). We
rely here on the completeness of J¢c with respect to the semantics in BStoch® [54, Theorem 3.13]. Both
equations are true in the semantics, so there must be a syntactic proof using the equations in I cc

Our induction hypothesis says that there is a derivation, for each x € B, of fx =, g, where ex =
KI([f<], [9x])- By applying the CHAINg rule, we derive f =, g with ¢ = kl([ﬂp], [ﬂqb +pe1 + (1 —p)eo

By (6), we find e = ki(p, ) where ¢ = p-[1) @ [f1] + (1 = p) - [0) @ [fo] = [f], and similarly ¢ = [g].
Thus, we have derived f =K(LaD 9 2 desired. O

12
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Remark 4.4 The proof above implicitly relies on a normal form for diagrams 0 — m. If we apply the same
decomposition above to and [fo—, and continue iterating, we end up writing f as a balanced binary
tree of convex combinations (recall (2)) of the generators @— . This tree always has the same branching
structure for a fixed m, only the coefficients change for different diagrams. For example, diagrams 0 — 2
rewrite to the normal form on the left and diagrams 0 — 3 rewrite to the normal form on the right (all
the ps vary in [0, 1]):

D1
0
Do

This is different from the normal form for diagrams 0 — m in [21, Proof of Theorem 23] as their sorted
weighted trees are not balanced. We note that our normal form is not unique because some convex
combinations might have a coefficient 0 (resp. 1), making the diagram on their top (resp. bottom) branch
irrelevant, i.e. changing the coeflicients on that branch does not affect the semantics of the whole diagram.

The rest of the proof follows the axiomatisation of total variation distance in [21].
Theorem 4.5 The function f + [f] is a bijective isometry S (n, m) — BStoch® (n,m).

Proof. We already know it is a nonexpansive function because [—] is an enriched functor. It is a bijection
because [—] is an isomorphism of the underlying SMCs, Scc and BStoch®. Thus, we only need to show

that kI([f], [g]) > d"*¢(f, g) for any two morphisms f,g: n — m.
We proceed by induction on n. The base case n = 0 is handled by Lemma 4.3. Given, f,g:n+1 — m,
we have the following equations by reasoning in I (see e.g. [12, Equation 17]).

T T

Let fy = and gy = &9} for x € B. Our induction hypothesis says that fx =L o) 9= is derivable
for each x, then the IFyax rule derives f =. g, where e = max {kI([f1] , [91]), kI([fo] , [90]) }, and finally,

K] ToD) ‘= Dnax KI([f] (w), lg] (w)) = max maxki([f] (xv), [g] (xv)) = maxK([f], [9x]) = ¢

x€EB veB”

We conclude that kI([f],[g]) > d“*®(f, g), hence that [—] is locally an isometry on all of Sk.s. O

4.8 Agziomatisation of FStoch®

In this section, we provide a quantitative monoidal axiomatisation of FStoch®. We closely follow the
structure of Section 4.2, relying now on the monoidal presentation of FStoch® in [24].

Definition 4.6 Let ¥ be the signature of 5. The theory i g is defined with the same signature ¥ and
the following [0, oo, -implications as axioms.

e For any axiom f = g in Jca, Jk e contains = f =g.

e For any f:n — m € My, I contains = f =q f.

e Forany f,g:1—mn, f',¢': 1 — m, and p,q € [0, 1], ke contains CHAINg,.

e Forany f,g:n—m and f',¢ : n' — m/, Jxs contains PARyax.

A= = . UE=eA8 =i
52
— T &
kl({lEp]v{lgq])"rpe""(l_p)é maxas,

We write Sy for the syntactic [0, oo],-SMC generated by i (see Definition 3.8).
13

PARmax



SARKIS AND ZANASI

Our axiomatisation result amounts to showing that the functor [—] defined in (3) yields an isomorphism
of enriched categories between Sy o and FStoch{. First, we show [—] satisfies the axioms in Ji .

Lemma 4.7 The [0, 00|, -implications in Jx e are satisfied by [—] : My, — FStoch.

Proof. As in the proof of Lemma 4.2, [—] factors through an isomorphism Scx = FStoch® by [24, Theo-
rem 3.14], and it follows that [f] = [¢g] whenever f = g is in Fca. The implications = f =¢ f are satisfied
because kl(p, p) = 0 for any ¢. The implications CHAINg and PARp,.x are satisfied by (20) and by (19)
respectively (we also use (9)). O

By Lemma 3.9, we obtain an enriched symmetric monoidal functor [—] : Sxe — FStoch®. Again,
this is simply the isomorphism in the axiomatisation result of [24], which is enriched. In particular, the
underlying SMCs of Sy, and FStoch? are Sca and FStoch® respectively.

It remains to show that [—] is locally an isometry. We first tackle the case of terms 1 — m.

Lemma 4.8 For any f,g:1—=m € Sxe, = [ =w(y],[q]) 9 '8 derivable in Jyiq .

Proof. We proceed by induction on m. For m = 0 or m = 1, the result is trivial because there is no
morphism in Sy (1,0) and a single one in Sk (1,1).

Let f,g: 1 — m be two morphisms in S . By reasoning solely within Jc,, we can decompose f and g
as follows, where p is first entry of [f], ¢ is that for [¢], and f’ and ¢’ correspond the columns consisting
of the remaining entries after normalisation. (This is essentially [24, Lemma 3.2] written recursively.)

. . m—1 n m—1

Our induction hypothesis says that there is a proof of f' =,/ ¢’ where &' = kI([f'] ,[¢']). By applying the
CHAINg rule (and id; = idy), we get f = g withe = kI([;*,],[?,))+ (1 —p)e’. By (7), we find & = kI(¢,7))
where o = p|1) + (1 —p) [f'] = [f] and ¥ = q|1) + (1 — q) [¢'] = [g]- We thus derived f =y s,[e]) 9- C

The rest of the proof follows the axiomatisation of total variation distance in [42].
Theorem 4.9 The function f +— [f] is a bijective isometry Sy .o (n, m) — FStoch® (n,m).

Proof. We already know it is a nonexpansive function because [—] is an enriched functor. It is a bijection
because [—] is an isomorphism of the underlying SMCs, Sca and FStoch®. Thus, we only need to show that
KI([f],Ig]) = d**2(f, g) for any f,g : n — m. By [24, Propositions 3.12 and 3.13], we have a decomposition
f=0f i - @f);phand g = (g1 @ - Qgn);pr, where f; : 1 — m and [f;] is the ith column of
[f], similarly for g, and pj, : nm — m. By Lemma 4.8, f; = s.],[:]) 9i is derivable in Ji 4 for each i,
and pl', =¢ p, is derived by the second axiom in Definition 4.6. Then, we can apply (12) and PARyax, to

derive f = g with € = max;e, kI([fi] , [gi]) + 0 2 KI([f], [g]). We conclude that the distance between
[f] and [g] in Sk.e is below kI([f], [g]) as desired. O

5 Axiomatisation of Rényi Divergences

KL divergence is an instance of a family of generalised relative entropies called Rényi divergences [57],
which are also [0, co], -relations on DX . These satisfy chain rules similar to Lemmas 2.11 and 2.12, which
means that our axiomatisations in Section 4 can be generalised as well. In fact, the proofs barely change.

In Section 5.1, we recall the definition of Rényi divergences between distributions, and their extensions
to stochastic matrices yielding two [0, 00],-SMCs BStoch?, and FStoch? . In Section 5.2, we explain what
changes to Section 4 lead to axiomatisations of these [0, co],-SMCs.

3 Since KL divergence is an instance of the Rényi divergences, Section 5 could have been written as a strict gener-
alisation of Section 4, but it would require more burdensome case analysis.
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5.1 Rényi Divergences

Definition 5.1 Given a parameter 0 < o < oo with a # 1, the Rényi divergence of order o is a map

DX x DX — [0,00], defined by rén(p, ) = 27 log(} .« %), where § is 0 when x = 0 and oo

otherwise, log(co) = oo, and 0° = 0. For a = 0,1,00, the Rényi divergence is defined as a limit, or
equivalently with the following formulas.

ol ) = —loa( S 0(@)  réilp) =K(p8)  rsel, ) = suplog 2

z€X,0(x)>0 zeX @Z)(x)

The Rényi divergences also satisfy a chain rule (see e.g. [56, Section 7.12]). We state the specific variants
that we will need (¢f. Lemmas 2.11 and 2.12), omitting the case a = 1 which is the KL divergence.

Lemma 5.2 Given 0 < a < 0o with a # 1 and v, € D(B xY) with p == ¢(1,Y) and q == (1,Y),

e 1 O[ozfréffif 1_Oéozfréffif
ré (0, 15) = a_llog(qg_le< 1 (B(1,) B(L) 4 (1(_(11;2_14 DEGOTOD). (21)

For a = 0o, we have

1 _z + réoo(a(oa _)7$(O, _)>} (22)

réOO((pa 77/}) = max { logg + réoo(@(:h _)7a(17 _>)7 IOg

Lemma 5.3 Given 0 < a < oo with a # 1, o, € DX +Y), p = cxpx) and q ==Y x¥(z),
writing px for the conditional distribution on X, and similarly for oy, ¥x, and iy, we have,

} 1 P (a-1)ré (L—=P)" (a-1)rs
. — 1 (a=Dréa(px¥x) 4 = P)  (a=Dréa(py dy)) 92
réa (o, 1) 1 og(qaile + (1_q)a716 ) (23)
For a = oo, we have
. . 1- .
rése(ipy1) = max {log |+ rése(ipx, ) og 1+ rée(ipv, ¥v) ). (24)

In order to avoid writing the long formulas in (21)—(24) many times, we will use the following shorthand
function C,, : [0,1]% x [0, 00]? — [0, 00].

Culpog.e.) = | FT 0BT + RS 0<a< ool (25)
LT max{log%—l—s,log%—i—é} a =00

This function describes how the divergence between two joint distributions depends on the divergences
between their conditionals. Note that for any «, Cj is monotone in the third and fourth arguments.
Namely, we have analogues to (8) and (9), which means we can transform the chain rules of Lemmas 5.2
and 5.3 into sound [0, co], -implications in the next section.

5.2  Axziomatisations

For the rest of this section, we fix the parameter o € [0,00] with o # 1. We extend the definition of
Rényi divergence of order « to stochastic matrices following (15): given two m x m stochastic matrices,

let ré, (A, B) = max;cy, réo(A;, B;). Perrone showed in [53, Proposition 2.18] that this definition satisfies

(4) and (5), making FStoch® equipped with ré, on its homsets into a [0, 0o],-SMC. This in turn yields a
[0, 0] .-SMC BStoch?._, that is axiomatised by the following [0, o], -theory.
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Definition 5.4 Let X be the signature of Jec. The theory Fie is defined with the same signature ¥ and
the following [0, oo],-implications as axioms.

¢ For any axiom f =g in Jec, Fo contains = f =g.

e Forany f:n—m € Msx, Fe ‘contains = f=o0/f.

e For any f1,91: 0 = m, fo,90: 0 — m, and p,q € [0, 1], Tre contains CHAINg.

e For any f1,g1 : n — m and fo, g0 : 0/ — m, */Rg? contains IFax.

._—a._ [fol = [0 ik = A bk =5 A0k o

—C (b4:29) :ﬁ.: i'- “max{e.5) i'—

We write Sge for the syntactic [0, 00],-SMC generated by Fie (see Definition 3.8).

CHAINg

Theorem 5.5 The functor [—] defined in (1) is an enriched isomorphism of SMCs Spe = BStoch? .

réo*

Proof. The proof follows that of Section 4.2. In particular,
e soundness of the new CHAINg rule is justified by (21) (or (22) when o = 00) and monotonicity of Cy,

e soundness of IFy, .y is justified by the same proof as for kl, and
* the use of (6) in Lemma 4.3 is replaced by (21) (or (22) when o = 00). 0

We can argue as for FStoch® that FStoch® equipped with ré, on its homset is a [0, co],-SMC. We
denote it by FStoch? and show it is axiomatised by the following [0, o], -theory.

Definition 5.6 Let X be the signature of Jea. The theory e is defined with the same signature X and
the following [0, oo],-implications as axioms.

* For any axiom f = g in Jea, Fo contains = f =g.

e Forany f:n—>m¢€ Mz, Tre contains = f=o0/f.

e Forany f,g:1—mn, f',¢': 1 —= m, and p,q € [0,1], Tre contains CHAINg.

 For any f,g:n— mand f',¢":n' = m/, Fe contains PARmax.

= = 9 :6 = 9 :6

CHAIN PAr
=Ca(p,a,,9) : { =max{e,0} l o
alP,q,E, 5

We write Sge for the syntactic [0, oo] -SMC generated by Fre (see Definition 3.8).

Theorem 5.7 The functor [—] defined in (3) is an enriched isomorphism of SMCs Spe = FStoch® .

réa*

Proof. The proof follows that of Section 4.3. In particular,
* soundness of the new CHAINg rule is justified by (23) (or (24) when o = 00) and monotonicity of C,,
e soundness of PARay is justified by the same proof as for kI,
 and the use of (7) in Lemma 4.8 is replaced by (23) (or (24) when o = 00). O

6 Conclusions

In this paper, we have provided axiomatisations of relative entropy as an enrichment of FStoch, leveraging
string diagrammatic reasoning and quantitative equations. This represents a new application of quantita-
tive equational reasoning ([46]) to distances between probabilistic processes, addressing a notable gap in
the literature where relative entropy had not previously been treated within this framework.

While our development takes place at the level of monoidal categories, the theories i o and Te are
based on cocartesian theories ([14]). Consequently, by considering them as presentations of the opposite
(cartesian) category, they can be translated into quantitative algebraic theories following the correspon-
dence described in [42, Section 6]. The resulting presentation is a theory of convex algebras equipped with
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two additional quantitative inferences, expressed in the style of [46] (without the metric axioms):
Fe=px and z=2\y=5yFx+py=cprpges ¥ +¢¥"

where C is the function C, defined in (25) or C1(p, ¢,€,0) = kl([lf,,], [ﬂJ)—i—pE—i—(l—p)é. This may serve as
a quantitative algebraic axiomatisation of relative entropy between probability distributions, rather than
generic stochastic matrices as considered in the present paper. The monads induced by these theories
map a discrete space on a set X to DX equipped with the corresponding relative entropy. Extending this
description to non-discrete spaces remains a direction for future work.

By contrast, the theories Jxi o and T are neither cartesian nor cocartesian, and therefore require the
abstraction of the monoidal setting. Their axiomatisations contribute to recent developments in categorical
probability, where quantitative reasoning via enrichment is emerging, e.g. in [53]. In that work, divergence
is treated abstractly and instantiated to specific relative entropies, yielding only a general formulation of
the chain rule. Our rules CHAINg and CHAINg, in contrast, are sufficiently precise to characterise the
corresponding relative entropies uniquely. This opens the possibility of synthetic proofs for results that
depend on the specific properties of KL or Rényi divergences.

Another promising direction concerns the string diagrammatic study of Bayesian reasoning ([32-34,44]).
KL divergence plays a central role in evaluating probabilistic learning models ([23,37]); our framework
suggests the possibility of proving mathematical properties of model performances using quantitative
diagrammatic reasoning.

The generalisation from quantitative equations to quantitative implications was essential to accommo-
date the enrichments introduced in Sections 4 and 5 using the chain rules. Nevertheless, the theoretical
foundations of V-theories merit further clarification. While models may be regarded as functors out of the
syntactic category (Lemma 3.9), the converse does not generally hold, resulting in an incomplete functorial
semantics. Adapting the functorial semantics of implicational theories ([1,10]) to the setting of monoidal
algebra remains a question to be explored in future work. We also conjecture that the comparison es-
tablished in [42, Section 6] extends to V-theories: cartesian V-theories (equipped with natural copy and
discard structure) should correspond to quantitative algebraic theories as developed in [46].

Our treatment of implicational axioms also allows to accommodate the different choices of inference
rules in [42] more directly. Namely, the choice can be baked in the theory (as axioms) instead of in
the generation of the free model as was the case in [42]. This is strictly more general than [42], and
it encompasses the example in [21], which provides an axiomatisation of the total variation distance on
BStoch® that does not fit within the framework of quantitative monoidal algebra developed in [42].

Finally, relative entropies have quantum counterparts that are relevant in quantum information and
computing ([68]). Given the widespread adoption of diagrammatic reasoning in quantum settings ([16]),
extending our results to diagrammatic theories of quantum processes is a natural and promising direction.
Notably, quantum relative entropy has already been studied categorically, using string diagrams, in the
context of quantum natural language processing ([9]).
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