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Abstract

Robustness analysis plays a central role in the verification and design of computational and hybrid systems, particularly
when system behaviour depends continuously on parameters subject to perturbation. Existing domain-theoretic frameworks
provide a principled foundation for reasoning about such perturbations via monotone maps on lattices of closed sets. However,
these frameworks face significant limitations when the underlying state space is not locally compact, as is the case for the
infinite-dimensional spaces that arise in analysis, machine learning, and control theory (e.g., ℓp and Lp spaces). In these
settings, the lattice of closed subsets fails to be continuous, and classical compactifications either sacrifice precision or lack
computable structure.
We propose Gromov’s horofunction compactification as a new tool for robustness analysis over a class of separable metric
spaces of practical importance, including separable reflexive Banach spaces. Given a metric space S, we show that its horo-
function extension yields a compact metric space together with a Lipschitz embedding, which enables robust approximations
of monotone maps via Scott-continuous maps on the compactified domain. For separable spaces, the horofunction compacti-
fication is metrizable, which provides a path toward effective domain-theoretic constructions.
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1 Introduction

We introduce a framework for robustness analysis over separable metric spaces. A system is said to be
robust with respect to perturbations of a set of parameters if small changes to those parameters do not
lead to significant changes in the behaviour of the system. Robustness analysis is a core topic in system
analysis, including machine learning and cyber-physical systems.

We are particularly interested in spaces that are not locally compact. Examples of such spaces include
sequence spaces ℓp and Lebesgue spaces Lp(Rn), for p ∈ [1,∞), and n ≥ 1. These spaces are fundamental
in functional analysis and related areas such as ordinary and partial differential equations. The key step
in our method is the metric compactification of a given state space via the so-called horofunctions [11].

We work within the topological framework established by Moggi et al. [13]. Assume that S := (S,→)
is a transition system, P (S) denotes the powerset of S, and ρS : P (S) → P (S) is a reachability map that
returns, for any given set A ⊆ S, the set of states reachable from A. Various types of reachability may
be considered, e.g., reachability in finitely many transitions, reachability over the entire operation of the
system, etc. As such, reachability maps are functions that are applied on subsets of the state space rather
than points of the space.
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Reachability maps are monotone, in the sense that A ⊆ B =⇒ ρS(A) ⊆ ρS(B). Since we approximate
subsets with outer approximations, we first consider working with the lattice (P (S),⊇), i.e., with superset
relation as the order of information because smaller sets are more accurate.

Although the lattice (P (S),⊇) is continuous, it is ω-continuous (i.e., has a countable basis) if and
only if S is (at most) countable. We are interested in state spaces such as Banach spaces, which are
uncountable. As such, P (S) is too large. However, in reality, physical measurements have finite precision,
and mathematical models have finite fidelity. In the presence of such imprecisions, it is (in general)
impossible to distinguish a subset A of a metric space from its closure A [14, Section 2]. Hence, we
consider the smaller lattice (C(S),⊇) of closed subsets of the state space.

Moggi et al. introduced the robust topology on the lattice (C(S),⊇) of closed subsets of S [13, Defini-
tion A.1], which captures robustness, in the sense that, a function f : (C(S1)),⊇) → (C(S2),⊇) is robust
with respect to small perturbations of its input if and only if it is continuous with respect to the robust
topologies on (C(S1),⊇) and (C(S2),⊇) [13, Theorem A.2]. In general, on (C(S),⊇), the robust topology is
finer than the Scott topology. When S is a compact metric space, however, the two topologies coincide [13,
Theorem A.4] and (C(S),⊇) is an ω-continuous lattice. This is useful because, over effectively given do-
mains, Scott continuity is a necessary condition for computability [17] and if (C(S),⊇) is ω-continuous,
then one has the basic ingredients for computing robust approximations of monotone maps, e.g., a robust
approximation of the reachability map ρS for a transition system S := (S,→).

If S is not compact, then the robust topology may be strictly finer than the Scott topology [13,
Example A.5]. If, in addition, S is not locally compact, then (C(S),⊇) is not a continuous lattice. In such
cases, one may look for a substitute ω-continuous lattice L := (L,⊑) which is related to (C(S),⊇) via an
adjunction:

C(S) L⊤
ι∗

ι∗
(1)

in the category of complete lattices and monotonic maps. In [8], a construction is proposed which, for

a broad class of metric spaces S, generates a compact Hausdorff space Ŝ for which L = C(Ŝ) is an ω-
continuous lattice.

The construction of [8] provides an explicit description of the compact space Ŝ and a countable basis for

the ω-continuous lattice C(Ŝ). When S is a subset of a Euclidean space, the space Ŝ is a compactification

of S. When S is infinite-dimensional, however, the space Ŝ is not a compactification of S. For instance,
if S is the closed unit ball of ℓp for p ∈ [1,∞], the space Ŝ is the closed unit ball of ℓp with the weak-*
topology [8, Theorem 5.12]. Since the weak-* topology is coarser than the norm topology, this can lead to
a major loss of precision, as detailed in [8, Section 5.2].

1.1 Contributions

In this paper, we present a method that provides a metric compactification Ŝ = (Ŝ, dŜ) for a class of
separable metric spaces S = (S, dS) of practical importance. We use the horofunction compactification

introduced by Gromov [11]. A key feature of this compactification is that the embedding h : S → Ŝ is

Lipschitz continuous (Proposition 4.5). As a result, the right adjoint ι∗ : C(S) → C(Ŝ) from the adjunction
in (1) is a robust map (Theorem 3.9).

For the special case of reflexive ℓp spaces (i.e., p ∈ (1,∞)), we present an explicit description of a

countable basis for the ω-continuous lattice (C(Ŝ),⊇) of closed subsets of the horofunction compactification,
which is a key ingredient in developing a computational framework via effectively given domains [17]. We
also investigate loss of precision in our framework via an example of a non-convex closed subset of ℓp.

1.2 Related Work

As mentioned earlier, we work within the framework established by Moggi et al. [13], which is based on
various concepts from topology, domain theory, and category theory. In [13], it was established that, for
any metric space S = (S, d), the robust topology on C(S) includes the Scott topology, and the two coincide
when S is compact. Further work, including some preliminary results involving non-compact spaces, was
presented in [14,15]. A general construction yielding an ω-continuous lattice L as in the adjunction (1)
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was introduced in [8]. The framework was further extended to generalised (quantale-valued) metric spaces
in [2,3]. The framework of [13] was applied in introducing a domain-theoretic framework for robustness
analysis of neural networks in [18].

The idea of using substitute domain-theoretic constructions for dealing with non-locally-compact spaces
has also been applied in solutions of ordinary differential equations via abstract bases in [6]. It was shown
in [7] that the same construction can be obtained via the so-called spectral compactification.

There are well-known methods of compactification in the literature, such as the one-point (Alexandroff)
compactification which is suitable only for locally-compact spaces, and Stone-Čech compactification which
is suitable for Tychonoff (in particular, metric) spaces [16], but its existence requires the axiom of choice,
and as such, it is not suitable for a constructive framework.

The Stone-Čech compactification can be very large and complex, but there are ways of obtaining
smaller and constructive compactifications for separable metric spaces. One such method, which we call
the horofunction compactification, was proposed by Gromov [11]. Our work relies on the results of [12,4].

1.3 Structure of the Paper

The remainder of the paper is organised as follows:

• Section 2 recalls the mathematical background required for our development. We review key notions
from domain theory, including continuous dcpos and Scott topology, and summarise the robust topol-
ogy of Moggi et al. [13], which serves as the conceptual foundation for robustness analysis over metric
spaces. We also recall relevant topological preliminaries, such as compactifications and pointwise
convergence.

• Section 3 develops the adjunction-based framework that underlies our approach. We show how any

compactification Ŝ of a metric space S yields an adjunction between the lattices C(S) and C(Ŝ),
and we analyse the topological behaviour of the induced adjoint maps. A central result of this
section establishes that whenever the embedding ι : S → Ŝ is Lipschitz, one can construct robust
approximations in a systematic way (Corollary 3.10).

• Section 4 introduces Gromov’s horofunction compactification and develops the corresponding horo-

function extension h : S → Sh. We provide a self-contained treatment of the relevant theory and
prove that the resulting compactification is metrizable and admits a 2-Lipschitz embedding. This
establishes the suitability of the horofunction compactification as a robust-preserving construction.

• Section 5 specialises the framework to the case S = ℓp with 1 < p < ∞. We give an explicit

construction of a countable basis for the ω-continuous lattice C(ℓp
h
), which is needed for an effective

domain-theoretic framework [17]. We also show, via Example 5.2, that the horofunction approach
can retain more information than the previously proposed construction of [8].

• Section 6 concludes with a discussion of limitations and future directions, including effective repre-

sentations for C(Sh) and the extension of our techniques to Lp(X) spaces.

2 Mathematical Preliminaries

2.1 Domain Theory

We recall some basic concepts from domain theory [1,10]. Assume that P := (P,⊑) is a partially ordered
set (poset). A subset A ⊆ P is said to be directed if it is non-empty and every finite subset has an upper
bound in A, i.e.:

A ̸= ∅ and ∀x, y ∈ A, ∃z ∈ A : (x ⊑ z) ∧ (y ⊑ z).

We write A ⊆dir P to indicate that A is a directed subset of P .
A directed-complete partially ordered set (dcpo) is a poset P that is closed under joins of directed

subsets. Intuitively, each element of a directed set A ⊆ P provides some partial information about the
join

∨
A. As such, dcpos provide a primitive structure for a computation framework. The full structure

is provided by continuous dcpos, also known as (continuous) domains.
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Assume that D = (D,⊑) is a dcpo. We say that an element x ∈ D is way-below y ∈ D (written x ≪ y)
if ∀A ⊆dir D : (y ⊑

∨
A =⇒ ∃a ∈ A : x ⊑ a). For each x ∈ D, we define ↓↓x := {z ∈ D | z ≪ x}.

The way-below relation is also known as the approximation relation, and in domain-theoretic terms, the
approximants of x are the elements of ↓↓x. A subset B ⊆ D is said to be a basis for D if every element
x ∈ D is the join of its approximants in the set B, i.e., if we let Bx := B ∩ ↓↓x, then for every x ∈ D, the

set Bx is directed and x =
∨
Bx. A dcpo which has a basis is said to be continuous. In this article, by a

domain we mean a continuous dcpo with a bottom element ⊥D.
For any subset A ⊆ P of a poset (P,⊑), we define ↑A := {x ∈ P | ∃a ∈ A : a ⊑ x}. A subset O ⊆ D

of a dcpo is said to be Scott open if:

(i) O is an upper set, i.e., O = ↑O.

(ii) O is inaccessible by directed joins, i.e., ∀A ⊆dir D :
∨
A ∈ O =⇒ A ∩O ̸= ∅.

The collection of such subsets forms a topology on D called the Scott topology. It turns out that the
structure preserving maps on dcpos are exactly those that are continuous with respect to the Scott topology,
i.e., for any dcpos (D1,⊑1) and (D2,⊑2) and any function f : D1 → D2, f is Scott-continuous if and only
if it preserves joins of directed sets [1, Proposition 2.3.4].

2.2 Robustness

We recall the definition of a robust map from [13, Definition 4.1]. Given a metric space (S, d) and a subset
A ⊆ S, let Aδ denote the closure of the open set B(A, δ) := {y ∈ S | ∃x ∈ A : d(x, y) < δ}. For any two
metric spaces S1 and S2, a monotonic map f : (C(S1),⊇) → (C(S2),⊇) is said to be robust at C ∈ C(S1)
if:

∀ϵ > 0,∃δ > 0 : f(Cδ) ⊆ f(C)ϵ (2)

where (C(S),⊇) denotes the lattice of closed subsets of S ordered with superset relation. The map f is
said to be robust if it is robust at every C ∈ C(S1).

Given a metric space S, a subset U ⊆ C(S) is said to be robust open if

∀C ∈ U, ∃δ > 0 : ↑B(C, δ) ⊆ U.

The collection of all such sets forms the so-called robust topology on C(S). This topology indeed captures
robustness in the sense that:

Theorem 2.1 ([13, Theorem A.2]) Given a map f : C(S1) → C(S2), for metric spaces S1 and S2, the
following properties are equivalent:

(i) f is a monotonic and robust map.

(ii) f is continuous with respect to the robust topologies on C(S1) and C(S2).

For any metric space S := (S, d), the Scott topology on C(S) is included in the robust topology [13,
Lemma A.3]. When S is also compact, the Scott and robust topologies on C(S) coincide [13, Theorem A.4].
As a result, when (S1, d1) and (S2, d2) are two compact metric spaces, a map f : C(S1) → C(S2) is
robust if and only if it is Scott-continuous. We also point out that robustness becomes trivial on discrete
spaces, that is, if (S1, d1) is discrete and (S2, d2) is an arbitrary metric space, then every monotonic map
f : C(S1) → C(S2) is robust [14, Proposition 1].

2.3 Topology

By a compactification of a topological space X := (X, τ) we mean a compact space X̂ := (X̂, τ̂) together

with a dense embedding ι : X ↪→ X̂, i.e., ι(X)
X̂
= X̂, in which ι(X)

X̂
denotes the topological closure of

ι(X) in X̂.

Definition 2.2 Let X be a set and Y = (Y, τ) be a topological space. For a point x ∈ X and an open set
U ⊆ Y , let

S(x,U) := {f : X → Y | f(x) ∈ U}.
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The collection of all sets S(x, U) is a subbasis for a topology on YX which is called the topology of pointwise
convergence.

Note that the topology of pointwise convergence coincides with the product topology. We also recall
the definition of equicontinuity from [16, Section 45]. Let X := (X, d) and Y := (Y, d′) be metric spaces,
and let F be a subset of the set C(X;Y) of continuous functions from X to Y. If x0 ∈ X, the set F of
functions is said to be equicontinuous at x0 if, given ε > 0, there exists a neighborhood Uϵ of x0 such that:

∀f ∈ F , ∀x ∈ Uϵ : d′
(
f(x), f(x0)

)
< ε.

If the set F is equicontinuous at x0 for each x0 ∈ X, it is said to be equicontinuous.

3 Adjunctions and a Robust-Scott Correspondence

In this article, Po denotes the category of complete lattices and monotonic maps. An adjunction in Po
is a pair of morphisms f : X → Y and g : Y → X such that f ◦ g ≤ idY and idX ≤ g ◦ f . It is written as
f ⊣ g and the maps f and g are called the left and right adjoints, respectively. For adjunctions in Po, we
have the following characterisation which is also called a Galois connection: f ⊣ g if and only if:

∀x ∈ X, ∀y ∈ Y : x ≤X g(y) ⇐⇒ f(x) ≤Y y.

Let S := (S, d) be a metric space and let Ŝ := (Ŝ, d̂) be a compactification of it with embedding

ι : S → Ŝ. We define an adjunction ι∗ ⊣ ι∗ between the lattices of closed sets C(S) and C(Ŝ). The aim is
to construct the maps ι∗ and ι∗ so that given a map f : C(S) → Σ, with Σ being the two point (Sierpiński)

lattice, and a Scott-continuous approximation f̂ of f ◦ ι∗, the map f̂ ◦ ι∗ will be a robust approximation
of f (Figure 1). Note that Σ is also of the form C(T), in which T := ({∗}, dT) is the compact metric space
of a singleton with the discrete metric dT.

C(S) ⊤ C(Ŝ)

Σ ∼= C({∗})

ι∗

f

ι∗

f̂

Figure 1. A Diagram showing the relationship between the adjunctions ι∗, ι
∗, and the maps f , f̂ .

Remark 3.1 We have considered maps into the Sierpiński space Σ = C({∗}) rather than into a more
general space C(K), for some compact metric space K, partly for simplicity, and partly because the so-
called safety analyses are indeed maps into the Sierpiński space [8, Section 1]. In this respect, we work
within the same setting as [8].

We define the candidate right and left adjoints for the adjunction as follows:

∀A ∈ C(S) : ι∗(A) := ι(A)
Ŝ
,

∀B ∈ C(Ŝ) : ι∗(B) := ι−1(B).

Note that ι∗(B) = {x ∈ S | ι(x) ∈ B} = ι−1(B ∩ ι(S)). It is straightforward to verify that ι∗ and ι∗ are

well-defined monotonic maps between C(S) and C(Ŝ).

Proposition 3.2 The maps ι∗ and ι∗ form an adjunction.

Proof Let A ∈ C(S) and B ∈ C(Ŝ). To show that the maps ι∗ and i∗ form an adjunction, we must show
that the following Galois connection is satisfied:

B ≤ ι∗(A) ⇐⇒ ι∗(B) ≤ A,
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where ≤ is the superset relation.

( ⇐= ) By assumption, we have: ι∗(B) ≤ A ⇐⇒ A ⊆ ι−1(B ∩ ι(S)). This means that ι(A) is a subset

of B ∩ ι(S) which implies ι(A) ⊆ B. Since B is closed in Ŝ, it follows that ι(A)
Ŝ ⊆ B and hence

B ≤ ι∗(A).

( =⇒ ) By assumption, ι(A)
Ŝ ⊆ B, so ι(A) ⊆ B. Since A ⊆ S it must also follow that ι(A) ⊆ B ∩ ι(S).

By definition of the preimage this means A ⊆ ι−1(ι(A)) ⊆ ι−1(B ∩ ι(S)) and hence ι∗(B) ≤ A.
2

For any A ∈ C(S), we have A ⊆ ι∗(ι∗(A)). When we obtain equality, i.e., A = ι∗(ι∗(A)), we say
that there is no loss of precision. In cases of inequality, the difference between A and ι∗(ι∗(A)) provides
a measure of loss of precision. A detailed analysis of precision was presented in [8, Section 5] for the
construction introduced in [8]. In Example 5.2, we will show that the horofunction construction can retain
more precision when compared to the construction of [8].

3.1 Metric Compatibility

In favourable cases, the embedding ι : S → Ŝ can be an isometry, e.g., when S := (0, 1) and Ŝ := [0, 1].
In this section, we demonstrate that, for some spaces of interest (e.g., infinite-dimensional Banach spaces)
no embedding associated with the compactification can be an isometry (Corollary 3.6).

Recall that S := (S, d) is said to be bounded if ∃K ∈ R,∀x, y ∈ S : d(x, y) ≤ K. It is said to be totally
bounded if for all ϵ > 0 there exists a finite collection of open balls of radius ϵ whose union contains S.
Every compact metric space is totally bounded.

Proposition 3.3 If S := (S, d) is totally bounded, then it is bounded.

Proof The proof is straightforward, see, e.g.,[16, Example 1, p. 273] 2

Proposition 3.4 Subspaces of totally bounded sets are totally bounded.

Proof Suppose that S is totally bounded with A ⊆ S. Fix ϵ > 0 and let a1, . . . , an be the centers of an ϵ/2
covering of S. Without loss of generality, assume that a1, . . . , ak are the centres of those balls that intersect
A, hence, ∀i ∈ {1, . . . , k} : bϵ/2(ai) ∩ A ̸= ∅. For each i ∈ {1, . . . , k}, choose some point bi ∈ bϵ/2(ai) ∩ A.

We claim that {bϵ(bi)}ki=1 is a covering of A. To show this, observe that:

∀b ∈ A, ∃j ∈ {1, . . . , k} : b ∈ bϵ/2(aj).

By the triangle inequality, we have d(bj , b) ≤ d(bj , aj) + d(aj , b) < ϵ. 2

Proposition 3.5 Let S = (S, dS) be a metric space with compactification Ŝ = (Ŝ, dŜ) and associated

embedding ι : S ↪→ Ŝ. If ι is isometric, then S is totally bounded.

Proof Let ι : S ↪→ Ŝ be an isometric embedding. Since Ŝ is compact (and therefore totally bounded),
from Proposition 3.4, the image of S under ι is also totally bounded. This means

∀ϵ > 0,∃p1, . . . , pn ∈ ι(S) : ι(S) ⊆
n⋃

i=1

bŜϵ (pi).

For each pi, let qi = ι−1(pi) ∈ S. Using the fact that ι is an isometry and taking the inverse of both sides
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we have S ⊆
⋃n

i=1 ι
−1(bŜϵ (pi)). By definition,

ι−1(bŜϵ (pi)) = {x ∈ S | ι(x) ∈ bŜϵ (pi)}
= {x ∈ S | dŜ(ι(x), ι(qi)) < ϵ}

(ι is an isometry) = {x ∈ S | dS(x, qi) < ϵ}
= bSϵ (qi).

It follows that S ⊆
⋃n

i=1 b
S
ϵ (qi). Hence, S is totally bounded. 2

We have shown that for any compactification, if we require the embedding ι : S ↪→ Ŝ to be isometric,
then S must be totally bounded and consequently bounded (Proposition 3.3). Also, by [16, Theorem 45.1]:

S is compact ⇐⇒ S is totally bounded + complete. (3)

Corollary 3.6 If S is a non-compact and complete metric space, then the embedding ι : S ↪→ Ŝ cannot be
an isometry.

Proof By Proposition 3.5, if ι is an isometry, then S must be totally bounded. If, furthermore, S is
complete, then by (3), it must be compact, which is a contradiction. 2

As a consequence, for the following spaces, the embedding ι into the compactification cannot be iso-
metric:

• Metric spaces that are not totally bounded such as the following (when equipped with the usual norm
and metric topology): R, Rn, ℓp spaces, and Lp(X) (1 ≤ p ≤ ∞), for a measurable space (X,Σ, µ).

• Non-compact, complete metric spaces, including closed unit balls of infinite-dimensional Banach
spaces such as ℓp and Lp(X).

Nevertheless, it turns out that, for our purposes, Lipschitz continuity of the embedding ι is sufficient
(Theorem 3.9). This is useful because the embedding associated with our horofunction compactification
is indeed 2-Lipschitz (Proposition 4.5).

3.2 Adjoint Maps and Their Topological Properties

The left adjoint ι∗ : C(Ŝ) → C(S) is known to be Scott-continuous [1, Proposition 3.1.14]. The right adjoint

ι∗ : C(S) → C(Ŝ), on the other hand, is Scott-continuous if and only if C(S) is a continuous lattice [1,
Theorem 3.1.4.], which is, in turn, equivalent to S being locally compact [10, Theorem 5.2.9]. 3 We are
interested in non-locally-compact spaces such as infinite-dimensional Banach spaces.

Although the left adjoint ι∗ : C(Ŝ) → C(S) is Scott-continuous, it may not be continuous with respect
to the robust topology on C(S).

Example 3.7 Assume that S = R and Ŝ = [−1, 1] with the embedding ι = tanh and the left adjoint
ι∗ : C([−1, 1]) → C(R). Then, the set {∅} ⊆ C(R) is a robust open subset of C(R), but

(ι∗)−1({∅}) = {∅, {−1}, {1}, {−1, 1}},

is not a Scott open subset of C([−1, 1]). For instance, for each n ∈ N, define An := [1−2−n, 1] ∈ C([−1, 1]).
Then,

∨
n∈NAn = {1} ∈ (ι∗)−1({∅}) but ∀n ∈ N : An ̸⊆ (ι∗)−1({∅}). Therefore, ι∗ : C([−1, 1]) → C(R) is

not continuous with respect to the robust topology on C(R) and the Scott topology on C([−1, 1]).

In Theorem 3.9, we will show that, if Ŝ is a metric space and ι : S → Ŝ is Lipschitz, then the right adjoint
is robust. Note that the left adjoint still may not be robust. For instance, in Example 3.7, the embedding
(tanh) is 1-Lipschitz but the left adjoint is not continuous with respect to the robust topology on C([−1, 1])

3 To be precise, requiring C(S) to be a continuous lattice is equivalent to S being core-compact. But since S is
assumed to be metrizable (hence, sober), it is equivalent to requiring local compactness.
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either because [−1, 1] is a compact metric space and as a result, the robust and Scott topologies coincide
on C([−1, 1]) [13, Theorem A.4].

Nevertheless, robust continuity of the right adjoint ι∗ is sufficient for us to prove that the map f̂ ◦ ι∗
is a robust approximation of f : C(S) → Σ (Corollary 3.10). In Proposition 4.5, we will prove that the
embedding associated with our horofuction compactification is 2-Lipschitz.

Lemma 3.8 If the embedding ι : S ↪→ Ŝ is Lipschitz continuous, then the induced right adjoint

ι∗ : C(S) → C(Ŝ), ι∗(A) = ι(A)
Ŝ
,

is robust.

Proof We use the ϵ-δ formulation of (2), that is, we prove that, for any given A ∈ C(S):

∀ϵ > 0, ∃δ > 0 : ι∗(Aδ) ⊆ (ι∗(A))ϵ.

Let k be the Lipschitz constant corresponding to the embedding ι and define K := max{k, 1}. Let dS and

dŜ be the metrics on S and Ŝ, respectively, then:

∀x, y ∈ S : dŜ(ι(x), ι(y)) ≤ K · dS(x, y). (4)

We now state two facts which we will use later on: ∀A ∈ C(S), ∀δ > 0:

• (F.1) B(A, δ) = B(Ā, δ). [13, Remark 4.2]

• (F.2) B(A, δ) ⊆ Aδ := B(A, δ) ⊆ B(A, δ′), ∀δ′ > δ. [8, Proposition 2.6]

Additionally, we will introduce the following notation: for A ∈ C(S) and B ∈ C(Ŝ), write

BS(A, δ) := {x ∈ S | ∃a ∈ A, dS(x, a) < δ},
BŜ(B, ϵ) := {y ∈ Ŝ | ∃b ∈ B, dŜ(y, b) < ϵ}.

Let A ∈ C(S) and ϵ > 0 be given. Choose δ0 < ϵ/K and let y ∈ ι(BS(A, δ0)). Then y = ι(x) for some
x ∈ BS(A, δ0). By definition of BS(A, δ0), there exists an a ∈ A such that dS(x, a) < δ0. From (4), we
obtain:

dŜ(y, ι(a)) = dŜ(ι(x), ι(a)) ≤ K · dS(x, a) < Kδ0 < ϵ.

Therefore, ι(a) witnesses the fact that y ∈ BŜ(ι(A), ϵ). Hence, we obtain:

ι(BS(A, δ0)) ⊆ BŜ(ι(A),Kδ0) ⊆ BŜ(ι(A), ϵ).

If we apply (F.2) in the space Ŝ we get

∀γ > 0 : ι(BS(A, δ0)
Ŝ ⊆ BŜ(ι(A),Kδ0)

Ŝ ⊆ BŜ(ι(A),Kδ0 + γ).

Since Kδ0 < ϵ, for any γ < ϵ−Kδ0, we have:

BŜ(ι(A),Kδ0 + γ) ⊆ BŜ(ι(A), ϵ).

From (F.1), we know that BŜ(ι(A), ϵ) = BŜ(ι(A)
Ŝ
, ϵ), so if we put everything together, we get:

ι(BS(A, δ0))
Ŝ ⊆ BŜ(ι(A)

Ŝ
, ϵ). (5)
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Now, choose any δ < δ0, e.g., δ = δ0/2. We have:

(By F.2) Aδ ⊆ BS(A, δ0)

(ι is monotonic) =⇒ ι(Aδ) ⊆ ι(BS(A, δ0))

(closure is monotonic) =⇒ ι(Aδ)
Ŝ ⊆ ι(BS(A, δ0))

Ŝ
. (6)

Finally, we obtain:

ι∗(Aδ)

(By definition) = ι(Aδ)
Ŝ

(By (6)) ⊆ ι(BS(A, δ0))
Ŝ

(By (5)) ⊆ BŜ(ι(A)
Ŝ
, ϵ)

(By F.2) ⊆ (ι∗(A))ϵ.

2

Theorem 3.9 If the embedding ι : S ↪→ Ŝ is Lipschitz continuous, then the right adjoint ι∗ is continuous
with respect to the robust topologies on C(S) and C(Ŝ).

Proof By Theorem 2.1, the claim follows from Lemma 3.8 and the fact that the right adjoint is mono-
tonic. 2

Corollary 3.10 If the embedding ι : S ↪→ Ŝ is Lipschitz continuous, then given a map f : C(S) → Σ

and a Scott-continuous approximation f̂ : C(Ŝ) → Σ of f ◦ ι∗, the map f̂ ◦ ι∗ : C(S) → Σ is a robust
approximation of f .

Proof The metric spaces Ŝ and (the singleton metric space) {∗} are both compact. Hence, the Scott and

robust topologies coincide on C(Ŝ) and Σ = C({∗}), and as a result, f̂ : C(Ŝ) → Σ is robust continuous. By

Theorem 3.9, the right adjoint ι∗ is also robust continuous. Therefore, the composition f̂ ◦ ι∗ : C(S) → Σ
is robust continuous.

Also, by assumption, f̂ is an approximation of f ◦ ι∗. Hence:

f̂ ⊑ f ◦ ι∗

(By monotonicity of function composition) =⇒ f̂ ◦ ι∗ ⊑ f ◦ ι∗ ◦ ι∗
(ι∗ ◦ ι∗ ⊑ idC(S)) =⇒ f̂ ◦ ι∗ ⊑ f.

As a result, f̂ ◦ ι∗ is indeed an approximation of f . 2

4 Horofunction Compactification

In this section, we present a compactification for metric spaces called the horofunction compactification,

which was introduced by Gromov [11]. We let Sh denote the horofunction compactification of a given
metric space S.

For any metric space S, the space Sh is compact. In general, however, Sh is not a compactification of

S since the associated horofunction extension h : S → Sh is not always a topological embedding (see [9,4]

for further details). When Sh is a compactification of S, we say that S is Gromov-compactifiable, examples
of which include reflexive Banach spaces [4, Corollary 3.8]. See [4] for more examples.
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4.1 The Horofunction Extension

As described in [4, Section 1.2], for a metric space S := (S, d) and a fixed basepoint x0 ∈ S, we assign a
map hx0,z to each z ∈ S by:

hx0,z(·) := d(·, z)− d(x0, z).

Note that hx0 : S → C(S;R), in which C(S;R) denotes the space of continuous real-valued functions on S.
Since the basepoint is fixed, for our purposes we remove x0 from the subscript and simply write h and hz
instead of hx0 and hx0,z.

Given the above mapping, Sh can be specified in different (but equivalent) ways [4], e.g.:

(i) as the closure of h(S) in C(S;R) with respect to the compact-open topology on C(S;R),
(ii) as the pointwise closure of h(S) in the closed subspace Lip1x0

(S) of the product topology on RS, in

which Lip1x0
(S) is the space of all 1-Lipschitz real-valued functions on S vanishing at x0:

Lip1x0
(S) := {f : S → R | f(x0) = 0,∀x, y ∈ S : |f(x)− f(y)| ≤ d(x, y)}.

We focus on the second construction (see [4, Section 2.1] for a full overview). Hence, Sh = {hz | z ∈ S},
where the closure is taken with respect to the topology of pointwise convergence. 4

Lemma 4.1 For each basepoint x0 ∈ S and fixed y ∈ S, we have hy ∈ Lip1x0
(S).

Proof First, note that hy(x0) = d(x0, y) − d(y, x0) = 0. To show that hy is 1-Lipschitz, assume that
x, z ∈ S. We have:

|hy(x)− hy(z)| = |d(x, y)− d(y, x0)− d(z, y) + d(y, x0)| = |d(x, y)− d(z, y)|.

By the triangle inequality, we obtain |d(x, y)− d(z, y)| ≤ d(x, z). Hence |hy(x)− hy(z)| ≤ d(x, z). 2

Lemma 4.2 The map h : S → Lip1x0
(S) is injective and continuous.

Proof To prove injectivity, let y, y′ ∈ S and suppose that hy = hy′ . Then: ∀z ∈ S : d(z, y) − d(x0, y) =
d(z, y′)− d(x0, y

′). If we let z = y, then

d(y, y)− d(x0, y) = d(y, y′)− d(x0, y
′) =⇒ d(y, y′) = d(x0, y

′)− d(x0, y).

Now if we instead let z = y′, we get

d(y′, y)− d(x0, y) = d(y′, y′)− d(x0, y
′) =⇒ d(y, y′) = d(x0, y)− d(x0, y

′).

Adding the two equations gives us d(y, y′) = 0, which implies y = y′. Therefore, the map h(y) = hy is
injective.

To prove continuity, note that the space Lip1x0
(S) carries the subspace topology on RS equipped with

the topology of pointwise convergence (equivalently, the product topology). Therefore, the map h : S →
Lip1x0

(S) is continuous if and only if each coordinate map is continuous [16, Theorem 19.6]. For a fixed

x ∈ S, take the coordinate projection πx : RS → R defined by:

∀f ∈ RS : πx(f) = f(x).

The composite πx ◦ h : S → R is given by,

(πx ◦ h)(z) = hz(x) = d(x, z)− d(x0, z).

4 The set h(S) = {hz | z ∈ S} is commonly referred to as the collection of internal metric functionals.
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This is clearly continuous in z. Therefore, for each fixed x ∈ S, the map πx ◦ h is continuous. Since
each coordinate projection is continuous, the map h is continuous as a map into RS and, hence also into
Lip1x0

(S). 2

The following variant of Ascoli’s Theorem is useful in demonstrating the equivalence of the two ways
of obtaining the compactification:

Theorem 4.3 (Ascoli’s Theorem [16, Theorem 47.1]) Let X be a topological space and let Y :=
(Y, d) be a metric space. Equip C(X;Y) with the topology of compact convergence 5 and let F be a subset
of C(X;Y).

• If F is equicontinuous and for all a ∈ X the set Fa := {f(a) | f ∈ F} has compact closure, then F is
contained in a compact subspace of C(X;Y).

• The converse holds if X is locally compact and Hausdorff.

For a given metric space S := (S, d), we endow C(S;R) with the compact-open topology. For a fixed
basepoint x0 ∈ S, we consider F = Lip1x0

(S). For any f ∈ Lip1x0
(S) and x ∈ S, we have |f(x)| ≤ d(x, x0)

and hence f(x) ∈ [−d(x, x0), d(x, x0)]. For each x ∈ S, define Cx := [−d(x, x0), d(x, x0)] and Fx = {f(x) |
f ∈ Lip1x0

(S)}. As such, ∀x ∈ S : Fx ⊆ Cx. Since Cx is compact, Fx has compact closure for each x ∈ S.

It is also straightforward to show that Lip1x0
(S) is equicontinuous. Furthermore:

Lip1x0
(S) ⊂

∏
x∈S

Cx.

Given an equicontinuous family F , if G is defined to be the closure of F in the product topology on
YX , then the product topology on YX and the compact convergence topology on C(X;Y) coincide on the
subset G [16, Proof of Theorem 47.1]. It is known that Lip1x0

(S) is indeed closed in the product topology.

Hence, the product topology and the compact convergence topology coincide on Lip1x0
(S). Furthermore,

when Y is a metric space, the compact open topology on C(X;Y) coincides with the topology of compact
convergence and hence also the product topology [16, Theorem 46.8]. From Lemmas 4.1 and 4.2, we know

that h is a continuous injection into Lip1x0
(S). If S is Gromov-compactifiable, its compactification Sh is

then obtained as the pointwise closure of h(S) taken in Lip1x0
(S).

As shown in [4, Section 2.1], Sh is independent of the choice of the basepoint x0 ∈ S and furthermore:

Proposition 4.4 ([4, Proposition 1.2]) Let S := (S, d) be a metric space:

(i) If Z is a dense subset of S, then Z
h
= Sh.

(ii) If S is separable, Sh is metrizable.

4.2 Applying the Horofunction Extension.

The product space RS is only metrizable if the indexing set S is countable. Non-trivial Banach spaces
are uncountable. So, we require separability to ensure that the compactification is metrizable. Given a
separable metric space S with a countable dense subset Z, by Proposition 4.4, one can restrict the domain
of the embedding to Z to obtain the map h|Z : S → RZ . Taking the closure of the image h|Z(S) in the
pointwise topology on RZ yields a space that is both metrizable and homeomorphic to the full horofunction

compactification Sh. A metric which induces the product topology on RZ is given by:

∀x,y ∈ RZ : d∗(x,y) =
∞∑
n=1

2−nmin(1, |xn − yn|). (7)

5 Equivalently, this is the compact-open topology since Y is a metric space.
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Proposition 4.5 Assume that (S, d) is a separable metric space and Z ⊆ S is a countable dense subset.
Equip RZ with the metric d∗ from (7). The horofunction extension h : (S, d) ↪→ (RZ , d∗) is Lipschitz
continuous with Lipschitz constant 2.

Proof Assume that Z = {zn}n∈N ⊆ S and let x, y ∈ S. Define x := (xn)n∈N and y := (yn)n∈N in RZ by:

∀n ∈ N : xn := hx(zn), yn := hy(zn).

For any n ∈ N, we have:

|xn − yn| = |hx(zn)− hy(zn)|
= |[d(zn, x)− d(x0, x)]− [d(zn, y)− d(x0, y)]| ,
= |[d(zn, x)− d(zn, y)]− [d(x0, x)− d(x0, y)]|,
≤ |d(zn, x)− d(zn, y)|+ |d(x0, x)− d(x0, y)|

(By the triangle inquality) ≤ d(x, y) + d(x, y)

= 2 · d(x, y).

By the fact that
∑∞

n=1 2
−n = 1, we obtain d∗(x,y) ≤ 2 · d(x, y). 2

Corollary 4.6 The induced map h∗ : C(S) → C(Sh) given by h∗(A) = h(A)
Sh

is robust.

Proof The proof follows from Proposition 4.5 and Theorem 3.9. 2

5 The Case of S = ℓp

In this section, we focus on the case of S = ℓp with p ∈ (1,∞) and present an explicit description of a

countable (domain-theoretic) basis for the ω-continuous lattice C(ℓp
h
).

Assume that Z ⊆ ℓp is a countable dense subset of ℓp. We know that ℓp
h
is a compact metric space that

embeds into the product space RZ with the product topology. Following Definition 2.2, the collection of
all sets of the form S(x,U) = {f ∈ Lip1x0

(ℓp) | f(x) ∈ U} is a subbasis for the (relative) product topology

on Lip1x0
(ℓp), in which x ranges over elements of Z, and U ranges over open subsets of R. Since R is

second-countable, we consider the collection:{
S := {U(d, q, ϵ) | d ∈ Z, q ∈ Q, ϵ ∈ Q+},
U(d, q, ϵ) := {h ∈ ℓp

h | |h(d)− q| < ϵ}.

We enumerate the countable set S as S = {Ui | i ∈ N}. The set of all finite intersections of elements of S
forms the countable basis

B =

{
n⋂

i=1

Ui | Ui ∈ S, n ∈ N

}
for ℓp

h
, which we enumerate as B = {Vi | i ∈ N}. Hence, we obtain the following theorem:

Theorem 5.1 The lattice C(ℓp
h
), ordered by reverse inclusion, is an ω-continuous lattice with a countable

basis

K :=

{
n⋃

i=1

V i | Vi ∈ B, n ∈ N

}
.

Proof Note that ℓp
h
is a second-countable compact Hausdorff space. As a result, a subset of ℓp

h
is closed

if and only if it is compact, which entails that C(ℓp
h
) is the so-called upper space of ℓp

h
. Therefore, by [5,

12



Bennett and Farjudian

Proposition 3.4(i)], C(ℓp
h
) is an ω-continuous lattice with a basis consisiting of finite unions of closures of

relatively compact open subsets of ℓp
h
. 2

The horofunction compactification of a given S can be significantly larger than S. For example, if we
take Sℓ2 = {x ∈ ℓ2 | ∥x∥2 = 1} to be the unit sphere of the (infinite-dimensional) Hilbert space ℓ2, then

its horofunction compactification Sℓ2
h
is homeomorphic to the closed unit ball Bℓ2 = {x ∈ ℓ2 | ∥x∥2 ≤ 1}

in the weak topology [4, Example 1.7].
Nonetheless, we present an example showing that the horofunction construction can retain a higher

degree of precision than the construction of [8]. We focus on the case of ℓp spaces. For a detailed account
of the metric compactification of ℓp spaces, see [12].

Example 5.2 Assume that p ∈ (1,∞) and let E := {en ∈ ℓp | n ∈ N}, in which:

∀m,n ∈ N : en(m) =

{
0 n ̸= m,

1 n = m.

The set E is a non-convex closed subset of ℓp. For the basepoint x0 = 0, we have

∀x ∈ ℓp : hen(x) = ||x− en|| − ∥en∥ =

|xn − 1|p +
∑
k ̸=n

|xk|p
1/p

− 1.

Since x ∈ ℓp, we have limn→∞ xn = 0 and limn→∞
∑

k ̸=n |xk|p = ∥x∥p. Hence:

lim
n→∞

hen(x) = (1 + ∥x∥p)1/p − 1.

Let us define φ(x) := (1 + ∥x∥p)1/p − 1. We know that φ ∈ h(E) ∈ C(ℓp
h
). We now show that

∀z ∈ ℓp : φ ̸= hz. To obtain a contradiction, assume that φ = hz, for some z ∈ ℓp:

Case 1, z ̸= 0: Since x0 = 0, we have

∀x ∈ ℓp : (1 + ∥x∥p)1/p − 1 = ∥x− z∥ − ∥z∥. (8)

If we let x = z, then we must have:

(1 + ∥z∥p)1/p − 1 = −∥z∥ =⇒ 1− ∥z∥ = (1 + ∥z∥p)1/p. (9)

But, when z ̸= 0, we have 1− ∥z∥ < 1 < (1 + ∥z∥p)1/p, which contradicts (9).

Case 2, z = 0: By inserting z = 0 into equation (8), we obtain ∀x ∈ ℓp : (1 + ∥x∥p)1/p = 1 + ∥x∥, which
contradicts the fact that:

∀x ∈ ℓp \ {0} : (1 + ∥x∥p)1/p < 1 + ∥x∥,

In particular, φ ̸= hen , for any n ∈ N, and we have gained a new point. Hence, E ∪ {φ} ⊆ E
h
, and

in fact, it is straightforward to show that E ∪ {φ} = E
h
. Therefore, we have ι∗(E) = E ∪ {φ}. Since

∀z ∈ ℓp : φ ̸= z, we have ι∗ ◦ ι∗(E) = E, which shows that, over E, there is no loss of precision. This is in
contrast with the framework of [8], which leads to loss of precision over E [8, Example 5.20].

6 Concluding Remarks

We have proposed Gromov’s horofunction compactification as a viable construction for robustness analysis
over non-locally-compact metric spaces. These spaces include all infinite-dimensional Banach spaces (e.g.,
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ℓp and Lp(X) spaces). Since the embedding associated with horofunction compactification can be Lipschitz
(Proposition 4.5), we have the foundation for computable robust approximations (Corollary 3.10). We
presented some further analysis for the case of S = ℓp spaces (Section 5) and provided an explicit description

of a countable basis for the lattice C(ℓp
h
). Finally, via Example 5.2, we demonstrated that the horofunction

approach retains more precision compared to the construction of [8].
As such, our results demonstrate that the horofunction compactification offers a principled, computable,

and precision-preserving foundation for robustness analysis over non-locally-compact metric spaces, includ-
ing infinite-dimensional Banach spaces.

Although we have presented an explicit countable basis for C(ℓp
h
), we have not investigated when, in

general, the lattice C(Sh) can be given an effective structure [17]. Furthermore, we have not studied the
case of Lp(X) spaces, which are ubiquitous in functional analysis and partial differential equations.
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