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Abstract

In a recent work of Matteo Mio on compact quantitative equational theories (here compact means that all its consequences
are derivable by means of finite proofs) convex algebras on the carrier set [0, 1] whose operations are monotone and satisfy
certain semicontinuity properties occurred. We fully classify those algebraic structures by giving an explicit construction of
all possible convex operations on [0, 1] possessing the mentioned properties. Our result thus describes exactly the range of
theories to which Mio’s theorem applies.
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1 Introduction

Convex algebras, also called barycentric algebras, convex spaces or convex sets, are the algebras for prob-
abilistic choice. They have several different presentations, the most common one being a carrier set
together with infinitely many [0,1]-indexed binary operations ⊕p, which represent binary convex combina-
tions. They have been studied for decades in convex geometry, universal algebra, even economy, and lately
extensively in different aspects of semantics for probabilistic systems and programs, c.f. [4,5,8,22,12,1,2,3]
to name a few, including our work describing congruences of convex algebras [23] or termination [24].

A particularly interesting line of work has been developed in the last decade starting from the seminal
paper on quantitative equational theories [12] by Mardare, Panangaden, and Plotkin, followed by the work
on monads (for probability and nondeterminism) on metric spaces [17,14,15,16] and their quantitative
algebraic theories. One somewhat troublesome aspect of quantitative equational theories is an infinitary
axiom, which is (in some form) necessary for the soundness and completeness of quantitative equational
theories, yet problematic as it leads to countably branching proofs.

Recently, Mio introduced compact quantitative equational theories [13] that enable proofs without the
infinitary axiom. Notably, he proves that the quantitative theory of interpolative convex algebras (ICA) is
compact. This theory is given by the axioms for convex algebras and an additional (quantitative) axiom
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known to axiomatize the Kantorovich lifting of a distance on a set X to distributions on X. In his work,
Mio generalizes ICA and the notion of Kantorovich distance to arbitrary convex algebras on [0, 1] and
shows that for certain convex algebras on [0, 1] — these are convex algebras with monotone and (in a
certain sense) semicontinuous operations — the generalized ICA theory is compact. Intrigued by Mio’s
wish to understand such algebras, their properties, and their shape, we started this work.

In this paper, we give an explicit construction that describes the class of all convex algebras on [0, 1]
with monotone and (in our sense) semicontinuous operations. We point out that Mio had already identified
crucial examples of such algebras which provide the building blocks for any other algebra in this class.

The convex algebras with monotone and semicontinuous operations have an interesting structure: they
are fully determined by a closed subset E of [0, 1] which we informally call ”eaters”, as well as an ”endpoint”
attached to each connected component of (i.e., maximal open interval in) the complement [0, 1] \E which
is either 1 or ∞. An element y eats an element x if y ⊕p x = y for one (and hence every) p ∈ (0, 1).
The eaters are the elements y that eat the zero, and as a consequence of the operation properties also
eat anything in [0, y). The convex combinations of elements in a connected component (a, b) of [0, 1] \ E
behave like linear combinations: If the attached endpoint is 1, isomorphic to the standard +p on (0, 1); if
it is ∞, isomorphic to the standard +p on (0,∞). Note that (0, 1) and (0,∞) with the standard operations
are not isomorphic.

The first main result is Theorem 4.1 where we show how to construct a convex algebra on [0, 1] with
monotone and semicontinuous operations from given data which specifies the eaters and endpoints to be.
Here, the crucial tool is the Plonka sum, going back to [18], which is a general method from universal
algebra. Our second main result, is Theorem 4.7 where we show that every convex algebra with monotone
and semicontinuous operations is of this form. This theorem is based on a detailed study of the structure of
such algebras. Our third main result is Theorem 4.8. It characterises whether two algebras are isomorphic
in terms of their respective sets of eaters and endpoints. Together, these three theorems yield a full
classification. Finally, in Proposition 5.2, we make the connection to Mio’s conditions showing that we
consider indeed the same class of algebras.

The structure of the paper is as follows. Section 2 is of preliminary nature: there we introduce and
discuss monotonicity and semicontinuity properties in convex algebras on [0, 1] (with the standard ordering
and topology). In Section 3 we present the important examples which provide the building blocks of our
general construction. Section 4 is dedicated to our main results: Theorems 4.1, 4.7, 4.8. The proofs of
Theorem 4.1 and Theorem 4.8 are technically involved and lengthy, and are deferred to the appendix for
space reasons, although they constitute an important contribution of the paper. In Section 5 we discuss
the connection of our identified properties and the semicontinuity property from [13].
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We thank Matteo Mio who brought up the question about the structure of convex algebras on [0, 1] with
monotonicity and semicontinuity properties. Without him asking, this paper would probably not exist.

2 Monotonicity and continuity properties in convex algebras

2.1 Convex algebras

We start with recalling definitions and facts about convex algebras which are relevant for the present
paper.

Definition 2.1 A convex algebra is a set X together with a family {⊕p | p ∈ (0, 1)} of binary operations
on X that satisfy

∀x ∈ X, p ∈ (0, 1): x⊕p x = x (idempotence)

∀x, y ∈ X, p ∈ (0, 1): x⊕p y = y ⊕1−p x (parametric commutativity)

∀x, y, z ∈ X, p, q ∈ (0, 1): (x⊕p y)⊕q z = x⊕pq

(
y ⊕ (1−p)q

1−pq

z
)

(parametric associativity)

We write a convex algebra as ⟨X,⊕p⟩.
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Convex algebras have been invented as a generalisation of the following example from linear algebra.

Example 2.2 Let V be a vector space over the scalar field R, and let X be a convex subset of V . We
define operations +p on X as

x+p y := px+ (1− p)y for x, y ∈ X, p ∈ (0, 1), (1)

and refer to those as the operations induced by linear combinations. Then ⟨X,+p⟩ is a convex algebra.
Those convex algebras ⟨X,⊕p⟩ that are isomorphic to an algebra of this form are characterised by the

validity of the cancellation law

∀x, y, z ∈ X ∀p ∈ (0, 1): x⊕p z = y ⊕p z ⇒ x = y

This fact goes back to [25,10].

Convex algebras can be axiomatised in different ways, see e.g. [6,21,23]. One very practical fact is that
the signature can be enlarged by using the following formula as a definition of two additional operations
⊕0 and ⊕1:

∀x, y ∈ X: x⊕1 y = x ∧ x⊕0 y = y (projection axiom)

Doing so, the parametric commutative and associative laws remain valid.
One can extend the signature even further: one may take the set

{
(pi)

n
i=1 ∈ Rn

∣∣∣ n ≥ 1, pi ≥ 0,

n∑
i=1

pi = 1
}

as operations symbols, assign to each (pi)
n
i=1 an n-ary operation and require a projection axiom and a

barycenter axiom, cf. [23, Definition 3.1]. The connection with Definition 2.1 is that ⊕p corresponds to the
binary operation with symbol (p, 1 − p). Usually the n-ary operation corresponding to (pi)

n
i=1 is written

as a formal convex combination:

(x1, . . . , xn) 7→
n⊕
i=1

pixi.

In convex algebras as in Example 2.2, i.e. with convex operations +p induced by linear combinations, this
formal convex combination equals the actual linear combination provided by the surrounding vector space,
i.e.,

n

+
i=1

pixi =
n∑
i=1

pixi.

Remark 2.3 Enlarging the signature proves useful when describing subalgebras generated by a given
subset of a convex algebra. In fact, if ⟨X,⊕p⟩ is a convex algebra andM ⊆ X, then the smallest subalgebra
of X containing M is { n⊕

i=1

pixi

∣∣∣ n ≥ 1, pi ≥ 0,

n∑
i=1

pi = 1, xi ∈M
}

This also gives rise to a construction of free convex algebras. Let A be a nonempty set. Consider the
vector space RA, and denote by ea ∈ RA the vector whose a-th component is equal to 1 while all others
are 0 (the canonical basis vectors). Then the free convex algebra with basis A is the subalgebra of RA
generated by the set {ea | a ∈ A}. Explicitly, this is

DA =
{ n⊕
i=1

pieai

∣∣∣ n ≥ 1, pi ≥ 0,

n∑
i=1

pi = 1, ai ∈ A
}

=
{
(pa)a∈A ∈ RA

∣∣∣ pa ≥ 0 with only finitely many pa nonzero,
∑
a∈A

pa = 1
}
.

3



Sokolova, Woracek

In this context it is practical to use the following notation. Let ⟨X,⊕p⟩ be a convex algebra, let (pa)a∈A ∈
DA, and let (xa)a∈A ∈ XA. Write {a ∈ A | pa > 0} = {a1, . . . , an} and set

⊕
a∈A

paxa :=
n⊕
i=1

paixi.

Using this notation, the homomorphic extension φ# : DA → X of a map φ : A → X mapping the set A
into some convex algebra ⟨X,⊕p⟩ can be described conveniently as

φ#
(
(pa)a∈A

)
=

⊕
a∈A

paφ(a).

Remark 2.4 The free convex algebra with two generators D2 can be identified with ⟨[0, 1],+p⟩ where
+p is as in (1). If ⟨X,⊕p⟩ is any convex algebra and φ : {0, 1} → X is a map, then φ admits a unique

extension to a homomorphism of [0, 1] into X, namely the map φ# acting as

φ#(t) := φ(1)⊕t φ(0) for t ∈ [0, 1]. (2)

The congruence lattice of ⟨[0, 1],+p⟩ is very simple. It has exactly five elements, namely

(i) the diagonal {(t, t) | t ∈ [0, 1]},

(ii) {(0, 0)} ∪
[
(0, 1)× (0, 1)

]
∪ {(1, 1)},

(iii)
[
[0, 1)× [0, 1)

]
∪ {(1, 1)},

(iv) {(0, 0)} ∪
[
(0, 1]× (0, 1]

]
,

(v) the universal relation [0, 1]× [0, 1].

This is proven, e.g., in [20, Proposition 3.5] or [23, Example 4.13].

Homomorphisms of the form (2) appear frequently, and we introduce a notation for them.

Definition 2.5 Let ⟨X,⊕p⟩ be a convex algebra, and let x, y ∈ X. Then we denote

Γx,y :

{
[0, 1] → X

t 7→ y ⊕t x
(3)

The intuition is that Γx,y is a path starting at x for t = 0 and ending at y for t = 1 that parameterises the
line segment connecting x with y.

Since Γx,y is a homomorphism, the kernel of Γx,y as a relation on X is one of the five congruences listed
in Remark 2.4.

Definition 2.6 Let ⟨X,⊕p⟩ be a convex algebra, and let x, y ∈ X. Then we define a relation on X as

y x :⇔ ∀t ∈ (0, 1]: y ⊕t x = y

We see that y x if and only if Γx,y is constant on (0, 1], and in turn if and only if all of (0, 1] belongs
to one class of ker Γx,y. Since none of the congruences in Remark 2.4(i)-(iii) identifies 1 with any other
point while those from Remark 2.4(iv)-(v) identify all of (0, 1], we have y x if and only if ker Γx,y equals
congruence Remark 2.4(iv) or (v). Moreover,

y x ⇔ ∃t ∈ (0, 1): y ⊕t x = y (4)

We point out that this relation contains a lot of information about the structure of the convex algebra,
and plays a central role in the present paper.
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Remark 2.7 The equivalence (4) could also be deduced from an implication that holds in any convex
algebra ⟨X,⊕p⟩:

∀x, y, z ∈ X:
(
∃p ∈ (0, 1): x⊕p z = y ⊕p z

)
⇒

(
∀p ∈ (0, 1): x⊕p z = y ⊕p z

)
This implication can be shown with a direct argument that does not refer to the description of the
congruence lattice of ⟨[0, 1],+p⟩, see e.g. [11, p.91] or [9, Lemma 2.8].

Sometimes it is practical to use the following computation rule. It is shown using the parametric commu-
tative and associative laws; we skip the details.

Lemma 2.8 Let x1, . . . , xn ∈ X and p1, . . . , pn ≥ 0 with
∑n

i=1 pi = 1. Let j ∈ {1, . . . , n} be such that
pj > 0, and set

yi :=

{
xj if xj xi,

xi otherwise.

Then
n⊕
i=1

pixi =
n⊕
i=1

piyi.

We will use the following facts about subalgebras of ⟨R,+p⟩, and make them explicit for later reference.
They follow since a convex map between intervals has an extension to an affine map on R; we skip the
details.

Remark 2.9 Let t > 0. We denote byMt : R → R the map acting as multiplication by t, i.e.,Mt(x) := tx.
The relevance of these maps in the present context is that they describe homomorphisms between intervals.

▷ If τ, τ ′ ∈ (0,∞), then there exists a unique isomorphism of ⟨[0, τ),+p⟩ onto ⟨[0, τ ′),+p⟩. Namely, the
map M τ ′

τ

.

▷ The set of all automorphisms of ⟨[0,∞),+p⟩ is {Mt | t > 0}.
▷ If τ, τ ′ ∈ (0,∞), then there exist exactly two isomorphisms of ⟨[0, τ ],+p⟩ onto ⟨[0, τ ′],+p⟩. Namely, the
maps M τ ′

τ

and x 7→ τ ′ −M τ ′
τ

(x).

Furthermore we have:

▷ For any τ ∈ (0,∞) the algebras ⟨[0, τ),+p⟩ and ⟨[0,∞),+p⟩ are not isomorphic.

▷ No two algebras ⟨[0, τ ],+p⟩ with τ ∈ (0,∞) and ⟨[0, τ ′),+p⟩ with τ ′ ∈ (0,∞] are isomorphic.

2.2 Monotone operations

We consider convex algebras that are additionally endowed with a compatible order.

Definition 2.10 Let ⟨X,⊕p⟩ be a convex algebra and let ⪯ be a partial order on X. We consider the
following property:

(MO) ∀x, x′, y ∈ X ∀p ∈ (0, 1): x ⪯ x′ ⇒ x⊕p y ⪯ x′ ⊕p y

If (MO) holds, we call the triple ⟨X,⊕p,⪯⟩ a monotone convex algebra. If the order ⪯ is clear from the
context, which will be the case for most of the paper, we drop ⪯ from the notation and speak of the
monotone convex algebra ⟨X,⊕p⟩.
Example 2.11 Let V be an ordered vector space and X a convex subset of V . Let +p be the operations
on X induced by linear combinations and let ⪯ be the order on X inherited from V . Then ⟨X,+p,⪯⟩ is
a monotone convex algebra.

A simple instance of such a situation is D2; just use the identification from Remark 2.4.

In conjunction with the computation rules that are valid in every convex algebra, the monotonicity axiom
(MO) implies stronger properties. Notably, a monotonicity property of ⊕p in the parameter p ∈ [0, 1]
follows automatically.
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Lemma 2.12 Let ⟨X,⊕p,⪯⟩ be a monotone convex algebra. Then we have:

(i) ∀x, x′, y, y′ ∈ X ∀p ∈ [0, 1]: x ⪯ x′ ∧ y ⪯ y′ ⇒ x⊕p y ⪯ x′ ⊕p y
′

(ii) ∀x, y ∈ X ∀p ∈ [0, 1]: x ⪯ y ⇒ x ⪯ x⊕p y ⪯ y ∧ x ⪯ y ⊕p x ⪯ y

(iii) ∀x, y ∈ X ∀p, p′ ∈ [0, 1]: x ⪯ y ∧ p ≤ p′ ⇒ y ⊕p x ⪯ y ⊕p′ x

Proof.

(i) Assume we have x, x′, y, y′ ∈ X with x ⪯ x′ and y ⪯ y′, and p ∈ [0, 1]. If p = 0, then x⊕p y = y ⪯ y′ =
x′ ⊕p y

′. If p = 1, then x⊕p y = x ⪯ x′ = x′ ⊕p y
′. For p ∈ (0, 1), we have

x⊕p y ⪯ x′ ⊕p y = y ⊕1−p x
′ ⪯ y′ ⊕1−p x

′ = x′ ⊕p y
′.

(ii) If x, y ∈ X, x ⪯ y and p ∈ [0, 1] we have

x = x⊕p x ⪯ x⊕p y ⪯ y ⊕p y = y.

The second statement follows by parametric commutativity.

(iii) Assume we have x, y ∈ X with x ⪯ y, and p, p′ ∈ [0, 1] with p ≤ p′. If p = p′ the assertion is trivial,
hence assume that p < p′. Then, in particular, p < 1.

Set r := p′−p
1−p , then r ∈ (0, 1] and r + (1− r)p = p′. Hence, we obtain

y ⊕p′ x = y ⊕r (y ⊕p x) ⪰ y ⊕p x.
2

Corollary 2.13 Let ⟨X,⊕p,⪯⟩ be a monotone convex algebra. Let x, y ∈ X with x ⪯ y. Then the map
Γx,y : [0, 1] → X from (3) is either increasing (in particular injective), or Γx,y|(0,1) is constant.

Proof. By Lemma 2.12(iii) the map Γx,y is nondecreasing. Its kernel is one of the five congruences of
⟨[0, 1],+p⟩ listed in Remark 2.4. 2

2.3 Semicontinuous operations

We study convex algebras whose underlying set is the interval [0, 1], and whose convex operations ⊕p enjoy
certain (semi-) continuity properties.

▷ Convention 1: Throughout the paper all topological notions on [0, 1] refer to the Euclidean topology,
that is, the topology inherited from the Euclidean metric d(x, y) := |x− y| on R.

▷ Convention 2: Throughout the paper we denote by “≤” the usual order on [0, 1]. All order theoretic
terms, in particular the condition (MO), refer to this order.

We point out that the operations ⊕p will usually not be equal to the operations +p on [0, 1] induced by
linear combinations. Of course, ⟨[0, 1],+p⟩ provides an example. To recap: topology and order on [0, 1]
are always the usual ones, while convex operations ⊕p are not (except in a single particular case).

Definition 2.14 Let ⟨[0, 1],⊕p⟩ be a convex algebra. We consider the following properties:

(UC) ∀x, y ∈ [0, 1) ∀p ∈ (0, 1): lim sup
ε→0+

[
(x+ ε)⊕p (y + ε)

]
≤ x⊕p y

(LC) ∀x, y ∈ [0, 1]: x ≤ y ⇒ lim inf
p→1−

[
y ⊕p x

]
≥ y

The terminology “(UC)” and “(LC)” stems from the fact that these properties express a kind of semicon-
tinuity of the map

(x, y, p) 7→ x⊕p y.

For (LC) this is straightforward: for each fixed x, y belonging to the triangle{
(x, y) ∈ [0, 1]2 | x ≤ y

}
6



Sokolova, Woracek

the function p 7→ y ⊕p x is lower semicontinuous at the point p = 1. For (UC) the interpretation is a bit
more loose: (UC) matches upper semicontinuity of (x, y) 7→ x ⊕p y for fixed p, but is one-sided since ε
is only allowed to approach 0 from above, and restricted since the variables x, y are not allowed to vary
independently from each other.

It does not come as a surprise that in conjuction with monotonicity of operations (UC) and (LC) imply
stronger continuity properties.

Lemma 2.15 Let ⟨[0, 1],⊕p⟩ be a monotone convex algebra.

(i) If ⟨[0, 1],⊕p⟩ satisfies (UC), then

∀x, y ∈ [0, 1) ∀p ∈ [0, 1]: lim
x′→x+
y′→y+

[
x′ ⊕p y

′] = x⊕p y (5)

∀x, y ∈ [0, 1], x ≤ y ∀q ∈ (0, 1): lim
p→q+

[
y ⊕p x

]
= y ⊕q x (6)

(ii) If ⟨[0, 1],⊕p⟩ satisfies (LC), then

∀x, y ∈ [0, 1], x ≤ y ∀q ∈ (0, 1]: lim
p→q−

[
y ⊕p x

]
= y ⊕q x. (7)

Proof. Assume that (UC) holds and x, y ∈ [0, 1). If p = 0 or p = 1, the limit relation (5) trivially holds.
Assume that p ∈ (0, 1), and consider sequences (xn)

∞
n=1 with xn > x and xn → x, and (yn)

∞
n=1 with yn > y

and yn → y. Set
εn := max{xn − x, yn − y},

and note εn > 0. Then limn→∞ εn = 0 and hence max{x+ εn, y + εn} < 1 for all sufficiently large n. For
such n we have

x⊕p y ≤ xn ⊕p yn ≤ (x+ εn)⊕p (y + εn),

and obtain

lim sup
n→∞

(xn ⊕p yn) ≤ lim sup
n→∞

[
(x+ εn)⊕p (y + εn)

] (UC)

≤ x⊕p y ≤ lim inf
n→∞

(xn ⊕p yn).

Thus (5) holds.
We come to the proof of (6). Let x, y ∈ [0, 1], x ≤ y, and q ∈ (0, 1) be given. The function Γx,y is

nondecreasing, and hence has at most countably many discontinuities. Choose q′ ∈ (q, 1) such that Γx,y is
continuous at q′. Consider now a sequence (pn)

∞
n=1 with pn > q and pn → q. Set tn := pn

q q
′. Then tn > q′

and tn → q′, in particular tn < 1 for all sufficiently large n, and for such n

y ⊕tn x ≥ y ⊕q′ x and lim
n→∞

(y ⊕tn x) = y ⊕q′ x.

Hence, using (5),

y ⊕q x = (y ⊕q′ x)⊕ q
q′
x =

[
lim
n→∞

(y ⊕tn x)
]
⊕ q

q′
x = lim

n→∞

[
(y ⊕tn x)⊕ q

q′
x
]
= lim

n→∞
(y ⊕pn x).

Assume now that (LC) holds; we have to prove (7). Since x ≤ y we have y ⊕q x ≥ x, and hence

y ⊕q x ≥ lim sup
t→1−

[
(y ⊕q x)⊕t x

]
≥ lim inf

t→1−

[
(y ⊕q x)⊕t x

] (LC)

≥ y ⊕q x.

So, the limit exists. However, (y ⊕q x) ⊕t x = y ⊕qt x. Setting p := qt, the limit t → 1− corresponds to
the limit p→ q−. 2
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The relation (5) says that for each fixed p ∈ [0, 1] the map (x, y) 7→ x⊕p y is continuous from the right on
the domain [0, 1)2. The relations (6) and (7) together say that for each fixed x, y ∈ [0, 1], x ≤ y, the map
Γx,y is continuous on the domain (0, 1].

The bulk of the paper deals with convex algebras satisfying all three conditions (MO), (UC), (LC).

Definition 2.16 We call ⟨[0, 1],⊕p⟩ a monotone almost continuous convex algebra, if it is a convex algebra
that satisfies (MO), (UC), (LC).

It is interesting to observe how continuity properties influence the algebraic structure of the algebra. One
instance is the following statement.

Lemma 2.17 Let ⟨[0, 1],⊕p⟩ be a monotone convex algebra that satisfies (LC). Then a one-sided cancel-
lation law holds in ⟨[0, 1],⊕p⟩. Namely,

∀x, y, z ∈ [0, 1] ∀p ∈ (0, 1): x⊕p z = y ⊕p z ∧ z ≤ x ∧ z ≤ y ⇒ x = y.

Proof. For every p ∈ (0, 1) we have

y ⊕p 0 ≤ y ⊕p z = x⊕p z ≤ x, x⊕p 0 ≤ x⊕p z = y ⊕p z ≤ y.

Passing to the limit “p→ 1−” yields y ≤ x and x ≤ y. 2

3 Basic examples

Let us give some examples of monotone almost continuous convex algebra. We point out that these are
more than just examples: we will see in Section 4 that they are the principle building blocks that every
monotone almost continuous convex algebra is made of.

Example 3.1 Let X be a convex subset of R. We already mentioned in Example 2.11 that the convex
operations +p on X induced by linear combinations satisfy (MO). Since addition and multiplication in R
are continuous, the map {

X2 × [0, 1] → [0, 1]

(x, y, p) 7→ x+p y

is continuous. Therefore the analogue of (LC) holds in ⟨X,+p⟩:

∀x, y ∈ X: x ≤ y ⇒ lim
p→1−

[y +p x] = y. (8)

If X has more than one element, i.e., X is an interval with nonempty interior, then also the analogue of
(UC) is meaningful and holds (here supX is understood in R ∪ {∞}):

∀x, y ∈ X \ {supX} ∀p ∈ (0, 1): lim
ε→0+

[
(x+ ε) +p (y + ε)

]
= x+p y. (9)

In particular, we see that ⟨[0, 1],+p⟩ is a monotone almost continuous convex algebra.

The second example has a completely different algebraic behaviour.

Example 3.2 We define

x⊕p y := max{x, y} for x, y ∈ X, p ∈ (0, 1).

It is straightforward to check that ⟨[0, 1],⊕p⟩ is a monotone convex algebra. The maps max: R2 → R, and
with it also {

[0, 1]2 × (0, 1) → [0, 1]

(x, y, p) 7→ x⊕p y

8
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are continuous and thus (UC) certainly holds. For (LC) we observe that{
{(x, y) ∈ [0, 1]2 | x ≤ y} × (0, 1] → [0, 1]

(x, y, p) 7→ y ⊕p x

is continuous.
We observe that the map (x, y, p) 7→ y ⊕p x is not continuous on all of [0, 1]2 × [0, 1]. For example we

have limp→0+ 1⊕p 0 = 1 ̸= 0 = 1⊕0 0.
Also note that every subset M ⊆ [0, 1] is a subalgebra of ⟨[0, 1],⊕p⟩.

In the third and fourth example we present algebras with mixed behaviour.

Example 3.3 We define operations +p, p ∈ (0, 1), on [0, 1] as

x⊕p y :=

{
px+ (1− p)y if x, y ∈ [0, 1)

1 if x = 1 ∨ y = 1

It is easy to check that ⟨[0, 1],⊕p⟩ is a monotone almost continuous convex algebra. Again, the map
(x, y, p) 7→ x⊕p y is not continuous, for example, we have limx→1− x⊕ 1

2
0 = 1

2 ̸= 1 = 1⊕p 0.

Example 3.4 Let operations ⊕p on [0, 1] be defined as

x⊕p y := 1− (1− x)p(1− y)1−p for x, y ∈ [0, 1], p ∈ (0, 1).

Instead of working with [0, 1], ⊕p, and ≤, it is in this example more practical (and more enlightening) to
pass to an isomorphic copy. Consider the set [0,∞], the operations +p for p ∈ (0, 1), defined on [0,∞] by
the usual computational conventions

x+p y :=

{
px+ (1− p)y if x, y ∈ [0,∞)

∞ otherwise

and the usual order ≤ on [0,∞]. Then ⟨[0,∞],+p,≤⟩ is a monotone convex algebra. The functions{
[0,∞]2 × (0, 1) → [0, 1]

(x, y, p) 7→ x+p y{
{(x, y) ∈ [0,∞]2 | x ≤ y} × (0, 1] → [0, 1]

(x, y, p) 7→ y +p x

are continuous. In particular, (UC) and (LC) hold.
Now let f : [0,∞] → [0, 1] be defined as

f(t) :=

{
1− e−t if t ∈ [0,∞)

1 if t = ∞ (10)

Then f is an increasing continuous bijection, and

∀x, y ∈ [0, 1] ∀p ∈ (0, 1): x⊕p y = f
(
f−1(x) +p f

−1(y)
)
.

We see that ⟨[0, 1],⊕p⟩ is a monotone almost continuous convex algebra.

9
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4 Classification of monotone almost continuous convex algebras

In this section we present our main results which establish a description of all monotone almost continuous
convex algebras. This description is achieved by putting together three theorems.

▷ Theorem 4.1: Constructing monotone almost continuous convex algebras from certain data.

▷ Theorem 4.7: Showing that every monotone almost continuous convex algebra can be obtained by the
above construction.

▷ Theorem 4.8: Describing which data gives rise to isomorphic algebras.

The construction of algebras in Theorem 4.1 is done by using isomorphic copies of the algebras from
Examples 3.1, 3.2, 3.3, 3.4 as building blocks and plugging them together with a general construction
method. We start from data

E, (σa,b)(a,b)∈∆

where E is a closed subset of [0, 1] with 0 ∈ E,

∆ :=
{
(a, b) ∈ [0, 1]2 | a, b ∈ E, a < b, (a, b) ∩ E = ∅

}
,

and σa,b ∈ {1,∞} for all (a, b) ∈ ∆. The plugging together process leading to a monotone almost continuous
convex algebra ⟨[0, 1],⊕p⟩ can be illustrated as

0 1
a b maxEb′a′

E (purple)

⟨[0, 1],+p⟩

⟨[0, σa,b),+p⟩ ⟨[0, σa′,b′),+p⟩

Thereby elements x of E act below themselves as

∀y ∈ [0, x] ∀p ∈ (0, 1): x⊕p y = x

and elements in some interval (a, b) with (a, b) ∈ ∆ or in the possibly present interval (a, 1] with a := maxE
act below that interval as

∀y ∈ [0, a] ∀p ∈ (0, 1): x⊕p y = x⊕p a

4.1 Constructing monotone almost continuous convex algebras

Theorem 4.1 Let E be a closed subset of [0, 1] with 0 ∈ E, set

∆ := {(a, b) ∈ [0, 1]2 | a, b ∈ E, a < b, (a, b) ∩ E = ∅},

and let (σa,b)(a,b)∈∆ ∈ {1,∞}∆. Then there exists a monotone almost continuous convex algebra ⟨[0, 1],⊕p⟩
such that

(i) E = {y ∈ [0, 1] | y 0};
(ii) For every (a, b) ∈ ∆ the subalgebra ⟨[a, b),⊕p⟩ is isomorphic to ⟨[0, σa,b),+p⟩;
(iii) If maxE < 1, the subalgebra ⟨[maxE, 1],⊕p⟩ is isomorphic to ⟨[0, 1],+p⟩.

10
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The proof of Theorem 4.1 is deferred to the appendix. However, let us explain the main tool used in the
construction, namely Plonka sums. They go back to [18] and have been studied further, e.g. in [19,7].

Assume we are given

▷ a set I ̸= ∅ that is endowed with a partial order such that each two elements have a least upper bound,

▷ a family of algebras Ai, i ∈ I, that all have the same finitary signature,

▷ a family of homomorphisms ϕij : Ai → Aj , i, j ∈ I, i ≤ j, such that

∀i ∈ I: ϕii = idAi and ∀i, j, k ∈ I, i ≤ j ≤ k: ϕjk ◦ ϕij = ϕik

Let A be the disjoint union

A :=
⋃
i∈I

•

Ai,

and define an algebra structure on A as follows. Let τ be an n-ary operation symbol in the signature of the
algebras Ai and denote the corresponding operation on Ai as f

i
τ . Given a1, . . . , an ∈ A, let i1, . . . , in ∈ I

be the indices with al ∈ Ail , set k := sup{i1, . . . , in}, and define

fτ (a1, . . . , an) := fkτ
(
ϕi1k(a1), . . . , ϕink(an)

)
.

The so obtained algebra ⟨A, (fτ )τ ⟩ is called the Plonka sum of the algebras ⟨Ai, (f iτ )τ ⟩, i ∈ I.
For convex algebras we can picture the construction of the Plonka sum as

x⊕p y := ϕik(x)⊕p ϕjk(y)
ϕik

ϕjk

Ak (where k = sup{i, j})

Ai
Aj

x

ϕik(x)

y

ϕjk(x)

x⊕p y

Plonka observed that every equation that holds in all algebras Ai and has the property that the sets of
variables occuring on the left and right sides coincide also holds in A. This applies in particular to convex
algebras: the idempotence law and the parametric commutative and associative laws are all of that kind.
Thus every Plonka sum of convex algebras is again a convex algebra.

4.2 Structure of monotone almost continuous convex algebras

We have already remarked that the relation from Definition 2.6 contains a lot of information about
the algebraic structure of a convex algebra. The conditions (MO), (UC), (LC) have surprisingly strong
consequences on this relation. The following definitions are crucial for the further development.

Definition 4.2 Let ⟨[0, 1],⊕p⟩ be a convex algebra. Then we denote

E⊕ :=
{
y ∈ [0, 1] | y 0

}
,

and
Vx,y := inf

{
y ⊕p x | p ∈ (0, 1]

}
for x, y ∈ [0, 1], x ≤ y.

Note that

∀x, y ∈ [0, 1], x ≤ y: x ≤ Vx,y ≤ y ∧
(
Vx,y = y ⇔ y x

)
.

Indeed, the inequalities follow directly from x ≤ y ⊕p x ≤ y and if y x then immediately Vx,y = y. If
Vx,y = y, then y is a lower bound for {y ⊕p x | p ∈ (0, 1]

}
and hence y ≤ y ⊕p x ≤ y.

11
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We next present two results which contain the technical core for the proof of Theorem 4.7. The role of
the number Vx,y will become apparent from Lemma 4.3(iii) and Lemma 4.4(i).

Lemma 4.3 Let ⟨[0, 1],⊕p⟩ be a monotone convex algebra.

(i) If ⟨[0, 1],⊕p⟩ satisfies (UC), then ∀x, y ∈ [0, 1], x ≤ y: Vx,y x.

(ii) If ⟨[0, 1],⊕p⟩ satisfies (LC), then

∀x, y ∈ [0, 1]: y x ⇔
(
x ≤ y ∧ Γx,y not injective

)
,

∀y ∈ (0, 1]:
(
∃x ∈ [0, 1]\{y}: y x

)
⇔ y 0 ⇔

(
∀x ∈ [0, 1], x ≤ y: y x

)
,

∀x, y ∈ [0, 1], x ≤ y: (Vx,y, y) ∩ E⊕ = ∅.

(iii) If ⟨[0, 1],⊕p⟩ satisfies (UC) and (LC), then E⊕ is closed and

∀y ∈ [0, 1]: max(E⊕ ∩ [0, y]) = V0,y

Proof.

(i) We know that x ≤ Vx,y and, by monotonicity, that Vx,y = limr→0+(y ⊕r x). Hence (5) yields

Vx,y ≥ Vx,y ⊕ 1
2
x =

[
lim
r→0+

(y ⊕r x)
]
⊕ 1

2
x = lim

r→0+

[
(y ⊕r x)⊕ 1

2
x
]
= lim

r→0+

[
y ⊕ r

2
x
]
= Vx,y.

Thus equality holds throughout, and we see that Vx,y x.

(ii) First formula “⇒”: The function Γx,y is constant on (0, 1], in particular, not injective. If y ≤ x, then

x = lim
p→1−

(x⊕p y) = lim
p→1−

y = y.

Hence, in any case, x ≤ y.

First formula “⇐”: Since the kernel of Γx,y is one of the five congruences exhibited in Remark 2.4 and
Γx,y is not injective, we know that Γx,y|(0,1) is constant. Hence,

y = lim
p→1−

(y ⊕p x) = y ⊕ 1
2
x ≤ y.

We see that equality must hold throughout, and hence y x.

Second formula “⇐”: Both backwards implications are trivial.

Second formula; first “⇒”: Assume x ̸= y and y x. Then x < y, and since limp→1−(y ⊕p 0) = y we can
choose p ∈ (0, 1) with y ⊕p 0 ≥ x. It follows that

y = y ⊕p x ≤ y ⊕p (y ⊕p 0) = y ⊕p+(1−p)p 0 ≤ y.

We see that equality must hold throughout, and since p+ (1− p)p ∈ (0, 1) it follows that y 0.

Second formula; second “⇒”: This holds simply because of monotonicity: let x ≤ y, then

y = y ⊕ 1
2
0 ≤ y ⊕ 1

2
x ≤ y,

and hence y x.

Third formula: Assume towards a contradiction that x, y ∈ [0, 1], x ≤ y and (Vx,y, y) ∩ E⊕ ̸= ∅. Then, in
particular, Vx,y < y and hence ¬(y x). Thus Γx,y is injective. Choose z ∈ (Vx,y, y) ∩E⊕ and p, q ∈ (0, 1)
with

y ⊕p x ≤ z ≤ y ⊕q x.

12
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Since y ⊕ p
2
x < y ⊕p x ≤ z, we obtain for any r ∈ (0, 1) that

z = z ⊕r (y ⊕ p
2
x) ≤ (y ⊕q x)⊕r (y ⊕ p

2
x) = y ⊕rq+(1−r) p

2
x.

Since limr→0+(rq + (1− r)p2) =
p
2 , we find r ∈ (0, 1) with rq + (1− r)p2 < p. For such r we have

y ⊕rq+(1−r) p
2
x < y ⊕p x ≤ z,

and this is a contradiction.

(iii) We show that E⊕ is closed. Let y ∈ [0, 1] and assume we have a sequence (yn)
∞
n=1 in E⊕ with yn → y

and yn > y. By (5) we have

y ⊕ 1
2
0 =

[
lim
n→∞

yn
]
⊕ 1

2
0 = lim

n→∞

[
yn ⊕ 1

2
0
]
= lim

n→∞
yn = y,

and hence y 0. Assume we have a sequence (yn)
∞
n=1 in E

⊕ with yn → y and yn < y. By the third formula
in (ii) we must have yn ≤ V0,y, and conclude that V0,y = y. This means that y 0.

To prove the second assertion, let y ∈ [0, 1]. If y ∈ E⊕, then V0,y = y = max(E⊕ ∩ [0, y]). Assume that
y /∈ E⊕. By (i) we have V0,y ∈ E⊕ and by the third formula in (ii) we have (V0,y, y) ∩ E⊕ = ∅. It again
follows that V0,y = max(E⊕ ∩ [0, y]).

2

We also obtain important information about the complement of E⊕.

Lemma 4.4 Let ⟨[0, 1],⊕p⟩ be a monotone convex algebra.

(i) If ⟨[0, 1],⊕p⟩ satisfies (UC), then

∀x, y ∈ [0, 1]:
(
x ≤ y ⇒ ∀z ∈ [x, Vx,y] ∀p ∈ (0, 1): y ⊕p z = y ⊕p Vx,y

)
.

(ii) If ⟨[0, 1],⊕p⟩ satisfies (UC) and (LC), then

∀x, y ∈ [0, 1]:
(
x < y ∧ (x, y] ∩ E⊕ = ∅ ⇒ Γx,y : [0, 1] → [x, y] is an increasing bijection

)
.

Proof.

(i) Let z ∈ [x, Vx,y] and p ∈ (0, 1). Then we have for every r ∈ (0, 1)

y ⊕p x ≤ y ⊕p z ≤ y ⊕p Vx,y ≤ y ⊕p (y ⊕r x) = y ⊕p+(1−p)r x.

Since limr→0+(p+ (1− p)r) = p, we obtain from (6) that

lim
r→0+

[
y ⊕p+(1−p)r x

]
= y ⊕p x.

(ii) Since Vx,y ∈ [x, y] and Vx,y x, we have Vx,y = x. Since ¬(y x) we know that Γx,y is injective, hence
increasing. Since Γx,y is continuous on (0, 1] and x = Vx,y = limp→0+(y ⊕p x), the map Γx,y is continuous
on all of [0, 1]. It follows that Γx,y : [0, 1] → [x, y] is also surjective.

2

Similarly as in Lemma 2.8 we can use Lemma 4.4(i) to obtain a relation for sums with more than two
summands. The proof is again carried out using the parametric commutativity and associativity laws; we
skip the details.

13
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Corollary 4.5 Let ⟨[0, 1],⊕p⟩ be a monotone convex algebra that satisfies (UC). Let A ̸= ∅, (xa)a∈A ∈
[0, 1]A, and (pa)a∈A ∈ DA. Moreover, let a0 ∈ A and assume that pa0 > 0. Then⊕

a∈A
paxa =

⊕
a∈A

pamax
{
xa, V0,xa0}.

Lemma 4.4(ii) enables us to construct a family of ”structural constants” for a monotone almost continuous
convex algebra. More precisely, we can fully identify the algebraic behaviour on intervals containing no
point of E⊕ in their interior. Here we use the following notation.

Definition 4.6 Let ⟨[0, 1],⊕p⟩ be a monotone almost continuous convex algebra. Then we denote

∆⊕ :=
{
(a, b) ∈ [0, 1]2 | a, b ∈ E⊕, a < b, (a, b) ∩ E⊕ = ∅

}
.

Theorem 4.7 Let ⟨[0, 1],⊕p⟩ be a monotone almost continuous convex algebra.

(i) Assume that maxE⊕ < 1. Then ⟨[maxE⊕, 1],⊕p⟩ is isomorphic to ⟨[0, 1],+p⟩. There exist exactly
two isomorphisms, one of which is increasing and one decreasing.

(ii) For each (a, b) ∈ ∆⊕ there exists a unique element τ⊕a,b ∈ {1,∞} such that ⟨[a, b),⊕p⟩ is isomorphic

to ⟨[0, τ⊕a,b),+p⟩. Every isomorphism of ⟨[a, b),⊕p⟩ onto ⟨[0, τ⊕a,b),+p⟩ is increasing. If τ⊕a,b = 1, the

isomorphism is unique.

Proof. We show item (i); assume that a := maxE⊕ < 1. By Lemma 4.4(ii) the map Γa,1 is an increasing

isomorphism of ⟨[0, 1],+p⟩ onto ⟨[a, 1],⊕p⟩. Let Φ be any isomorphism of these algebras. Then Γ−1
a,1 ◦Φ is

an automorphism of ⟨[0, 1],+p⟩. By Remark 2.9 thus either Φ(t) = Γa,1(t), t ∈ [0, 1], or Φ(t) = Γa,1(1− t),
t ∈ [0, 1].

The proof of (ii) is slightly more technical, since we cannot work with the map Γa,b directly. The idea
is to exhaust [a, b) with smaller intervals [a, y] on which the map Γa,y can be used.

Let (a, b) ∈ ∆⊕ be given. Choose a sequence (yk)
∞
k=1 with

a < y1 < y2 < . . . and lim
k→∞

yk = b.

Then each map Γa,yk is an increasing isomorphism of ⟨[0, 1],+p⟩ onto ⟨[a, yk],⊕p⟩. We define sequences
(rk)

∞
k=0 and (tk)

∞
k=1 by

r0 := 1, rk :=
(
Γa,yk+1

)−1
(yk) for k ≥ 1,

tk :=
( k−1∏
j=0

rj

)−1
for k ≥ 1.

Then rk ∈ (0, 1) for all k ≥ 1, t1 = 1, and (tk)
∞
k=1 is an increasing sequence. Set t∞ := limk→∞ tk ∈ (1,∞].

Plugging the definitions yields the diagram (recall the map Mt from Remark 2.9)

⟨[0, tk],+p⟩ ⟨[0, 1],+p⟩ ⟨[a, yk],⊕p⟩

⟨[0, tk+1],+p⟩ ⟨[0, 1],+p⟩ ⟨[a, yk+1],⊕p⟩

⊆ Mrk

Mtk
Γa,yk

⊆
Mtk+1

Γa,yk+1

To see the right wing of the diagram note that all involved maps are homomorphisms, and hence it suffices
to check the images of 0 and 1. It follows that an increasing isomorphism F : ⟨[0, t∞),+p⟩ → ⟨[a, b),⊕p⟩ is
well-defined by the requirement that

∀k ≥ 1: F |[0,tk] = Γa,yk ◦ (Mtk)
−1.

14



Sokolova, Woracek

If t∞ = ∞, we set τ⊕a,b := ∞ and use Φ := F . Otherwise, we rescale: set τ⊕a,b := 1 and Φ := F ◦Mt∞ |[0,1).
Assume now that we have τ̃⊕a,b ∈ {1,∞} and an isomorphism Φ̃: ⟨[0, τ̃⊕a,b),+p⟩ → ⟨[a, b),⊕p⟩. Then

Φ−1 ◦ Φ̃ is an isomorphism of ⟨[0, τ̃⊕a,b),+p⟩ onto ⟨[0, τ⊕a,b),+p⟩. Remark 2.9 implies that τ̃⊕a,b = τ⊕a,b and that

Φ−1 ◦ Φ̃ is increasing. Since Φ is increasing, also Φ̃ must be. 2

4.3 Describing isomorphy of algebras

In our third theorem we describe how the set E⊕ and the structural constants τ⊕a,b determine the algebra

up to isomorphism.

Theorem 4.8 Let ⟨[0, 1],⊕p⟩ and ⟨[0, 1],⊕′
p⟩ be monotone almost continuous convex algebras. Then

⟨[0, 1],⊕p⟩ and ⟨[0, 1],⊕′
p⟩ are isomorphic, if and only if

(i) there exists an increasing bijection φ : E⊕ → E⊕′
with (note here that (φ× φ)(∆⊕) = ∆⊕′

)

∀(a, b) ∈ ∆⊕: τ⊕a,b = τ⊕
′

φ(a),φ(b) (11)

and

(ii) maxE⊕ < 1 ⇔ maxE⊕′
< 1.

Also the proof of Theorem 4.8 is deferred to the appendix. However, let us explicitly mention that in the
course of the proof we will establish some more detailed statements for parts of the theorem:

▷ If (i) and (ii) hold, and φ is as in (i), then there exists an increasing isomorphism Φ of ⟨[0, 1],⊕p⟩ onto
⟨[0, 1],⊕′

p⟩ with Φ|E⊕ = φ.

▷ If E⊕ = E⊕′
= {0}, there exist exactly two isomorphisms of ⟨[0, 1],⊕p⟩ onto ⟨[0, 1],⊕′

p⟩. One of them
is increasing and the other is decreasing.

▷ Assume that E⊕ ̸= {0} and Φ: ⟨[0, 1],⊕p⟩ → ⟨[0, 1],⊕′
p⟩ is an isomorphism. Then Φ is increasing, maps

E⊕ bijectively onto E⊕′
, and φ := Φ|E⊕ satisfies (11).

Let us revisit the examples given in Section 3.

Remark 4.9 We give for each of Examples 3.1, 3.2, 3.3, 3.4 the respective set E⊕, structural constants
(τ⊕a,b)(a,b)∈∆⊕ , and the automorphism group of ⟨[0, 1],⊕p⟩ (denote it as Aut⟨[0, 1],⊕p⟩).

▷ In Example 3.1: E⊕ = {0}, ∆⊕ = ∅, and Aut⟨[0, 1],⊕p⟩ = {id, 1− id}.
▷ In Example 3.2: E⊕ = [0, 1], ∆⊕ = ∅, and
Aut⟨[0, 1],⊕p⟩ = {Φ: [0, 1] → [0, 1] | Φ increasing bijection}.

▷ In Example 3.3: E⊕ = {0, 1}, ∆⊕ = {(0, 1)}, τ⊕0,1 = 1, and Aut⟨[0, 1],⊕p⟩ = {id}.

▷ In Example 3.4: E⊕ = {0, 1}, ∆⊕ = {(0, 1)}, τ⊕0,1 = ∞, and

Aut⟨[0, 1],⊕p⟩ =
{
f ◦Mt ◦ f−1 | t > 0

}
where f is the map from (10) and Mt is extended to [0,∞] by

the usual convention that t · ∞ = ∞.

For the purpose of illustration we discuss two examples which are more complex than our building blocks
Examples 3.1, 3.2, 3.3, 3.4, and show mixed behaviour.

Example 4.10 Let r ∈ (0, 1), and consider the set

Er :=
{
rn

∣∣ n ∈ N
}
∪ {0}.

Then Er is a closed subset of [0, 1] with 0 ∈ Er. The set ∆r corresponding to Er is

∆r =
{
(rn+1, rn)

∣∣ n ∈ N
}
,
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and we can identify it with N. For each sequence (σn)n∈N ∈ {1,∞}N Theorem 4.1 provides us with a
monotone almost continuous algebra ⟨[0, 1],⊕p⟩.

1 = r0r1r2r30

σ0σ1σ2

The isomorphy classes of those algebras can be determined based on Theorem 4.8. To this end observe
that for each r, r′ ∈ (0, 1) there exists exactly one increasing bijection of Er onto Er′ . Hence, two algebras
constructed from r, (σn)n∈N and r′, (σ′n)n∈N are isomorphic if and only if σn = σ′n for all n ∈ N. Two differ-
ent algebras indeed may have a very different structure. To illustrate this observe that the automorphism
group of the algebra obtained from Er, (σn)n∈N is isomorphic to (R+){n∈N|σn=∞}.

In this example the set E enforces a certain stability, due to the fact that there are no nontrivial increasing
bijections of E onto itself. An example where E admits nontrivial increasing bijections is the following.

Example 4.11 Fix a parameter r ∈ (0, 1), and consider the set

E :=
{
r2

n ∣∣ n ∈ Z
}
∪ {0, 1}.

Then E is a closed subset of [0, 1] with 0 ∈ E. The set ∆ corresponding to E is

∆ =
{(
r2

n
, r2

n−1) ∣∣ n ∈ Z
}
,

and we can identify it with Z. For each sequence (σn)n∈Z ∈ {1,∞}Z Theorem 4.1 provides us with a
monotone almost continuous algebra ⟨[0, 1],⊕p⟩.

1r2
−2

r2
−1

r2
0

r2
1

r2
2

0

σ−1σ0σ1σ2

The isomorphy classes of those algebras can be determined based on Theorem 4.8. To this end observe
that the set of all increasing bijections of E onto itself is {φm | m ∈ Z} where

φm(x) := x2
m
.

Hence, two sequences (σn)n∈Z and (σ̃n)n∈Z give rise to isomorphic algebras, if and only if

∃m ∈ Z ∀n ∈ Z: σ̃n = σn+m

Again different algebras may have very different structure. For example:

▷ If σn = 1 for all n ∈ Z, then Aut⟨[0, 1],⊕p⟩ ∼= Z.
▷ If σ0 = ∞ and σn = 1 for n ∈ Z \ {0}, then Aut⟨[0, 1],⊕p⟩ ∼= R+.

If we change the parameter r, there exist increasing bijections between the corresponding sets E. Hence,
isomorphy within all these algebras is decided in a similar way.

5 Semicontinuity of homomorphic extensions

In this section we make the connection with a semicontinuity property that appeared in the work of Mio
(see the paragraph after the proof of Theorem 5.3 in [13]).

Definition 5.1 Let ⟨[0, 1],⊕p⟩ be a convex algebra. We consider the following property:

(LC) For every nonempty set A and every map φ : A → [0, 1] the extension φ# of φ to a homomorphism
of DA into ⟨[0, 1],⊕p⟩ is lower semicontinuous.
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HereDA is endowed with the topology of pointwise convergence (i.e., the restriction of the product topology
of RA to DA).

The condition (LC) is clearly stronger than the previously considered condition (LC): if x, y ∈ X with
x ≤ y are given, then (LC) states nothing but lower semicontinuity at the point t := 1 of the extension
φ# : D({0, 1}) → X of the map φ : {0, 1} → X defined as φ(0) := x, φ(1) := y.

Interestingly, in conjunction with (MO) and (UC) the conditions (LC) and (LC) are equivalent.

Proposition 5.2 Every monotone almost continuous convex algebra satisfies (LC).

We isolate the source of semicontinuity that enables the argument.

Lemma 5.3 Let ⟨[0, 1],⊕p⟩ be a monotone almost continuous convex algebra, and let A be a nonempty
set. Let w ∈ X \ E⊕, and (ξa)a∈A ∈ [V0,w, w]

A. Then the map

Λξ :

{
DA → [V0,w, w]

(pa)a∈A 7→
⊕

a∈A paξa

is lower semicontinuous.

Proof. We use the increasing isomorphism Γ := ΓV0,w,w to transport the problem from ⟨[V0,w, w],⊕p⟩ to
⟨[0, 1],+p⟩: set ta := Γ−1(ξa), then we have

∀(pa)a∈A ∈ DA: Λξ
(
(pa)a∈A

)
= Γ

(∑
a∈A

pata

)
.

Since ∑
a∈A

pata = sup
A′⊆A
A′ finite

∑
a∈A′

pata,

and each sum taken over a fixed finite subset A′ is a continuous function of (pa)a∈A, the function mapping
(pa)a∈A to

∑
a∈A pata is lower semicontinuous.

Let (qa)a∈A ∈ DA, γ ∈ R, and assume that γ < Λξ((qa)a∈A). We have to find a neighbourhood U of
(qa)a∈A in DA such that this inequality holds throughout U . If γ < V0,w, we can choose U := DA. Assume

that γ ≥ V0,w. Since γ is bounded from above by a value of Λξ, it certainly does not exceed w. Hence, the
value Γ−1(γ) is defined. Monotonicity of Γ yields

Γ−1(γ) <
∑
a∈A

qata,

and we find a neighbourhood U of (qa)a∈A such that this inequality prevails throughout U . Applying Γ
yields the required assertion. 2

Proof. [Proof of Proposition 5.2] Assume we have a nonempty set A, a map φ : A→ [0, 1], a point (qa)a∈A,
and a number γ ∈ R with γ < φ#((qa)a∈A).

Write {a ∈ A | qa > 0} = {a1, . . . , am}, where the enumeration is chosen such that

φ(a1) = max
{
φ(aj) | j ∈ {1, . . . ,m}

}
,

and set
O :=

{
(pa)a∈A ∈ DA | pa1 > 0

}
.

Then O is an open subset of DA and (qa)a∈A ∈ O.
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By Corollary 4.5 we have

∀(pa)a∈A ∈ O: φ#
(
(pa)a∈A

)
=

⊕
a∈A

pamax{φ(a), V0,φ(a1)}.

The case that φ(a1) ∈ E⊕ is easily settled. In this case we have V0,φ(a1) = φ(a1), and hence can estimate
for each (pa)a∈A ∈ O

γ <φ#
(
(qa)a∈A

)
=

m⊕
j=1

qaj max{φ(aj), φ(a1)}︸ ︷︷ ︸
=φ(a1)

= φ(a1) =
⊕
a∈A

paφ(a1)

≤
⊕
a∈A

pamax{φ(a), φ(a1)} = φ#
(
(pa)a∈A

)
.

Consider now the case that φ(a1) /∈ E⊕. The idea is to push φ(a) into the interval [V0,φ(a1), φ(a1)]: set

ξa := min
{
max{φ(a), V0,φ(a1)}, φ(a1)

}
for a ∈ A.

The map Λξ from Lemma 5.3 satisfies

Λξ
(
(qa)a∈A

)
=

m⊕
j=1

qajξaj =
m⊕
j=1

qaj min
{
max{φ(aj), V0,φ(a1)}, φ(a1)

}
=

m⊕
j=1

qaj max{φ(aj), V0,φ(a1)} = φ#
(
(qa)a∈A

)
> γ.

Lemma 5.3 tells us that there exists a neighbourhood U of (qa)a∈A such that

∀(pa)a∈A ∈ U : Λξ
(
(pa)a∈A

)
> γ.

The set U ∩O is again a neighbourhood of (qa)a∈A, and for (pa)a∈A ∈ U ∩O we can estimate

φ#
(
(pa)a∈A

)
=

⊕
a∈A

pamax{φ(a), V0,φ(a1)}

≥
⊕
a∈A

pamin
{
max{φ(a), V0,φ(a1)}, φ(a1)} = Λξ

(
(pa)a∈A

)
> γ.

2

6 Conclusions

We gave an explicit construction of all convex algebras on [0, 1] with monotone and semicontinuous op-
erations with respect to the standard order and topology on the unit interval. The theory of generalized
ICA for these convex algebras is compact. It would be interesting to investigate if this or similar classes
play a role in the proof of compactness of other quantitative theories.

The set [0, 1] is the carrier of the free convex algebra D2 with two generators. Monotone almost
continuous convex algebras with carrier set Dn where n > 2 (or even more general carriers) could be
defined in the very same way; simply use the product order and product topology. It may be subject
of future work to understand the structure of such algebras. However, we expect the situation to be
much more complicated. A severe obstacle may arise from the fact that the congruence lattice of Dn is
much more complex than the one of D2, and it is exactly this simplicity of D2 that enables the present
description via the set E⊕ of eaters.
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A Proof of Theorem 4.1 and Theorem 4.8

Proof. [Proof of Theorem 4.1] The proof is carried out in several steps. First we define an algebraic
structure on [0, 1] by making a suitable Plonka sum. Then we check that it has all required properties.

Step ➀ : In this step we define the ingredients for a Plonka sum that will give an algebra structure on
[0, 1]. The index set of this sum is E, and it is totally ordered with the usual order.

For each a ∈ E we define a convex algebra ⟨X(a),⊕(a)
p ⟩. The carrier set X(a) is

X(a) :=


[a, b) if (a, b) ∈ ∆

[a, 1] if a = maxE

{a} otherwise

(A.1)

Note that these case distinction could be formulated differently using that

(a, b) ∈ ∆ ⇔ E ∩ (a, 1] ̸= ∅ ∧ b := inf
(
E ∩ (a, 1]

)
> a

a = maxE ⇔ E ∩ (a, 1] = ∅

The set X(a) is endowed with operations ⊕(a)
p as follows. In the first case in (A.1) choose an increasing

bijection fa,b : [0, σa,b) → [a, b) and transport the operations induced by linear combinations on [0, σa,b) to
[a, b) with fa,b:

x⊕(a)
p y := fa,b

(
pf−1
a,b (x) + (1− p)f−1

a,b (y)
)

for x, y ∈ X(a), p ∈ (0, 1).

In the second case let ⊕(a)
p be the operations induced on X(a) by linear combinations. In the last case ⊕(a)

p

is trivial; the set X(a) has only one element.
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For a, a′ ∈ E with a < a′ we define ϕaa′ : X
(a) → X(a′) as the constant map

ϕaa′(x) := a′ for x ∈ X(a).

Clearly, ϕaa′ is a homomorphism. Moreover, we set ϕaa := idX(a) , a ∈ E. It is clear that ϕa′a′′ ◦ϕaa′ = ϕaa′′
for all a ≤ a′ ≤ a′′.

The sets X(a) are pairwise disjoint and their union is [0, 1]. Hence, the Plonka sum of the algebras

⟨X(a),⊕(a)
p ⟩, p ∈ (0, 1), gives operations ⊕p on [0, 1].

Step ➁ : We collect some properties of the algebras ⟨X(a),⊕(a)⟩ and the homomorphisms ϕaa′ .
▷ We have

∀a ∈ E: X(a) ∩ E = {a}
∀x ∈ [0, 1]: x ∈ X(α(x)) where α(x) := max

(
E ∩ [0, x]

)
The function α : [0, 1] → E has several important properties. It is nondecreasing, it is continuous from the
right (i.e. limy→x+ α(y) = α(x) for all x ∈ [0, 1)), and

∀x ∈ [0, 1]: x ∈ E ⇔ x = α(x)

▷ Not only the points of E are totally ordered, but also the algebras X(a) are ordered as whole blocks in
the sense that

∀a, a′ ∈ E: a < a′ ⇔
(
∀x ∈ X(a), y ∈ X(a′): x < y

)
Moreover, a is the smallest element of X(a).

▷ The homomorphisms ϕij have the monotonicity properties

∀x, y ∈ [0, 1), x ≤ y: ϕα(x),α(y)(x) ≤ y

∀a, c ∈ E, a ≤ c ∀x, y ∈ X(a), x ≤ y: ϕac(x) ≤ ϕac(y)

▷ By the definition of ⊕(a)
p , every algebra ⟨X(a),⊕(a)

p ⟩ is isomorphic to a convex subset of R with operations
induced by linear combinations. The involved isomorphism (that is: the maps fa,b and the identity map,
respectively) are increasing bijections. Therefore, all those maps and their inverses are also continuous.

Now we recall Example 3.1, where we saw that convex subsets of R with the operations +p satisfy (MO)
and the analogue (8) of (LC). Provided that it has more than one element, it also satisfies the analogue (9)

of (UC). These properties are inherited by the isomorphisms, and hence every algebra ⟨X(a),⊕(a)
p ⟩ satisfies

(MO) and (8). Provided that X(a) has more than one element, also (9) holds.

▷ Being isomorphic to convex subsets of R with operations induced by linear combinations, the algebras

⟨X(a),⊕(a)
p ⟩ are all cancellative. In particular, it follows that

∀x, y ∈ X(a), x ̸= y: Γx,y injective

Step ➂ : We check that ⟨[0, 1],⊕p⟩ satisfies (MO).
Let x, x′, y ∈ [0, 1] with x ≤ x′ and p ∈ (0, 1) be given. Denote

a := α(x), a′ := α(x′), b := α(y), c := max{a, b}, c′ := max{a′, b}.

Clearly, a ≤ a′ and c ≤ c′. By the definition of ⊕p, it holds that

x⊕p y = ϕac(x)⊕(c)
p ϕbc(y), x′ ⊕p y = ϕa′c′(x)⊕(c′)

p ϕbc′(y).
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We have x⊕p y ∈ X(c) and x′ ⊕p y ∈ X(c′). If c < c′ it readily follows that x⊕p y < x′ ⊕p y. Assume that
c = c′. Then

ϕac(x) = ϕa′c
(
ϕaa′(x)︸ ︷︷ ︸

≤x′

)
≤ ϕa′c(x

′).

Since the algebra ⟨X(c),⊕(c)
p ⟩ satisfies (MO), this relation implies that

ϕac(x)⊕(c)
p ϕbc(y) ≤ ϕa′c(x)⊕(c)

p ϕbc(y).

Step ➃ : We check that ⟨[0, 1],⊕p⟩ satisfies (UC).
Let x, y ∈ [0, 1) and p ∈ (0, 1) be given. W.l.o.g. assume that x ≤ y. We distinguish several cases.

▷ Assume that there exists εn ↓ 0 such that

∀n ∈ N: α(y + εn+1) < α(y + εn)

We have

x⊕p y = ϕα(x)α(y)(x)⊕(α(y))
p y ∈ X(α(y)),

and hence x⊕p y ≥ α(y). For ε ∈ (0, εn+1] we have

α(y + ε) ≤ α(y + εn+1) < α(y + εn).

Since

(x+ ε)⊕p (y + ε) = ϕα(x+ε)α(y+ε)(x)⊕(α(y+ε))
p y ∈ X(α(y+ε))

it follows that

(x+ ε)⊕p (y + ε) < α(y + εn).

We conclude that

∀n ∈ N: lim sup
ε→0+

[
(x+ ε)⊕p (y + ε)

]
≤ α(y + εn).

Since limn→∞ α(y + εn) = α(y), therefore

lim sup
ε→0+

[
(x+ ε)⊕p (y + ε)

]
≤ α(y).

▷ Assume that there exists ε0 > 0 such that

α(x+ ε0) < α(y), ∀ε ∈ (0, ε0]: α(y + ε) = α(y)

By monotonicity then also

∀ε ∈ [0, ε0]: α(x+ ε) < α(y)

Moreover, we have y, y + ε0 ∈ X(α(y)), and hence X(α(y)) has more than one element.

Since (MO) and (9) hold in the algebra ⟨X(α(y)),⊕(α(y))
p ⟩, we obtain

x⊕p y =ϕα(x)α(y)(x)⊕(α(y))
p y = α(y)⊕(α(y))

p y = lim
ε→0+

[
α(y)⊕(α(y))

p (y + ε)
]

= lim
ε→0+

[
ϕα(x+ε)α(y)(x+ ε)⊕(α(y))

p (y + ε)
]
= lim

ε→0+

[
(x+ ε)⊕p (y + ε)

]
.

▷ Assume that there exists ε0 > 0 such that

∀ε ∈ (0, ε0]: α(y + ε) = α(y) = α(x+ ε)
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Then also α(x) = α(y). Again X(α(y)) has more than one element, and hence (9) holds in ⟨X(α(y)),⊕(α(y))
p ⟩.

We obtain

x⊕p y =x⊕(α(y))
p y ≥ lim sup

ε→0+

[
(x+ ε)⊕(α(y))

p (y + ε)
]

= lim sup
ε→0+

[
(x+ ε)⊕p (y + ε)

]
.

Step ➄ : We check that ⟨[0, 1],⊕p⟩ satisfies (LC).
Let x, y ∈ [0, 1] with x ≤ y be given. Then α(x) ≤ α(y), and hence for each p ∈ (0, 1)

y ⊕p x = y ⊕(α(y))
p ϕα(x)α(y)(x).

Since ϕα(x)α(y)(x) ≤ y and the algebra ⟨X(α(y)),⊕(α(y))
p ⟩ satisfies (8), it follows that

lim inf
p→1−

[
y ⊕p x

]
= lim inf

p→1−

[
y ⊕(α(y))

p ϕα(x)α(y)(x)
]
≥ y.

Step ➅ : We show (i)–(iii).
Items (ii) and (iii) hold by the definition of ⊕p. For the proof of (i) denote the set on the right side of

(i) as E⊕. Let y ∈ E. If y = 0, then trivially y ∈ E⊕. Assume that y > 0, then α(0) = 0 < y = α(y), and
hence for each p ∈ (0, 1)

0⊕p y = ϕα(0)α(y)(0)⊕(α(y))
p y = α(y)⊕(α(y)) α(y) = α(y) = y.

We see that E ⊆ E⊕.
Assume that y ∈ [0, 1] \ E. Then α(y) < y, and therefore Γα(y),y is injective. It follows that

α(y)⊕ 1
2
y = α(y)⊕(α(y))

1
2

y ̸= y,

and we see that y /∈ E⊕.
2

Proof. [Proof of Theorem 4.8] In Steps➀ and ➁ of the proof our goal is to show that the properties (i)
and (ii) of the theorem enable construction of an isomorphism. Hence, in these two steps, assume we

have an increasing bijection φ : E⊕ → E⊕′
that satisfies (11), and that either maxE⊕ = maxE⊕′

= 1, or

maxE⊕ < 1 and maxE⊕′
< 1.

Step ➀ : In this step we construct a candidate for Φ. Let (a, b) ∈ ∆⊕ and denote a′ := φ(a), b′ := φ(b).

Then (a′, b′) ∈ ∆⊕′
. Theorem 4.7(ii) provides us with increasing isomorphisms fa,b : ⟨[0, τ⊕a,b),+p⟩ →

⟨[a, b),⊕p⟩ and f ′a′,b′ : ⟨[0, τ
⊕′

a′,b′),+p⟩ → ⟨[a′, b′),⊕′
p⟩. Since τ⊕a,b = τ⊕

′

a′,b′ , mutually inverse increasing isomor-

phisms Φa,b and Φ′
a′,b′ are well-defined by the diagram

⟨[a, b),⊕p⟩ ⟨[a′, b′),⊕′
p⟩

⟨[0, τ⊕a,b),+p⟩

Φa,b

Φ′
a′,b′

fa,b f ′
a′,b′

If maxE⊕ < 1, then also maxE⊕′
< 1, and Theorem 4.7(i) provides us with increasing isomorphisms

f1 : ⟨[0, 1],+p⟩ → ⟨[maxE⊕, 1],⊕p⟩ and f ′1 : ⟨[0, 1],+p⟩ → ⟨[maxE⊕′
, 1],⊕′

p⟩. Again mutually inverse in-
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creasing isomorphisms ΦmaxE⊕,1 and Φ′
maxE⊕′ ,1

are well-defined by the diagram

⟨[maxE⊕, 1],⊕p⟩ ⟨[maxE⊕′
, 1],⊕′

p⟩

⟨[0, 1],+p⟩

ΦmaxE⊕,1

Φ′
maxE⊕′

,1
f1 f ′1

We plug the maps φ and Φa,b together: define Φ: [0, 1] → [0, 1] as

Φ(x) :=


φ(x) if x ∈ E⊕

Φa,b(x) if (a, b) ∈ ∆⊕, x ∈ [a, b)

ΦmaxE⊕,1(x) if maxE⊕ < 1 and x ∈ [maxE⊕, 1]

The map Φ is well-defined since

[0, 1] = E⊕ ∪
⋃

(a,b)∈∆⊕

[a, b) ∪
{
∅ if maxE⊕ = 1,

[maxE⊕, 1] if maxE⊕ < 1,

for each (a, b) ∈ ∆⊕ it holds that φ(a) = a′, and φ(maxE⊕) = maxE⊕′
.

In the same way a map Φ′ : [0, 1] → [0, 1] is well-defined by

Φ′(x) :=


φ−1(x) if x ∈ E⊕′

Φ′
a′,b′(x) if (a′, b′) ∈ ∆⊕′

, x ∈ [a′, b′)

Φ′
maxE⊕′ ,1

(x) if maxE⊕′
< 1 and x ∈ [maxE⊕′

, 1]

Clearly, Φ and Φ′ are inverses of each other.

Step ➁ : In this step we show that the map Φ constructed above is an increasing isomorphism of ⟨[0, 1],⊕⟩
onto ⟨[0, 1],⊕′⟩.

The fact that Φ is increasing is easy to see from the definitions. Let x, y ∈ [0, 1] with x < y be given.
We distinguish cases.
▷ x ∈ E⊕, y ∈ E⊕′

: Then
Φ(x) = φ(x) < φ(y) = Φ(y).

▷ x /∈ E⊕, y ∈ E⊕′
: Set

a := max
(
E⊕ ∩ [0, x)

)
, b := min(E⊕ ∩ (x, 1])

Then b ≤ y, and hence
Φ(x) = Φa,b(x) < φ(b) ≤ φ(y) = Φ(y).

▷ x ∈ E⊕, y /∈ E⊕′
: Set

a := max
(
E⊕ ∩ [0, y)

)
, b :=

{
min(E⊕ ∩ (y, 1]) if E⊕ ∩ (y, 1] ̸= ∅
1 otherwise

Then x ≤ a, and hence

Φ(x) = φ(x) ≤ φ(a) = Φa,b(a) < Φa,b(y) = Φ(y).

▷ x /∈ E⊕, y /∈ E⊕′
and (x, y) ∩ E⊕ = ∅: Set

a := max
(
E⊕ ∩ [0, x)

)
, b :=

{
min(E⊕ ∩ (y, 1]) if E⊕ ∩ (y, 1] ̸= ∅
1 otherwise
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Then [x, y] ⊆ (a, b), and hence

Φ(x) = Φa,b(x) < Φa,b(y) = Φ(y).

▷ x /∈ E⊕, y /∈ E⊕′
and (x, y) ∩ E⊕ = ∅: Set

ax := max
(
E⊕ ∩ [0, x)

)
, bx := min(E⊕ ∩ (x, 1])

ay := max
(
E⊕ ∩ [0, y)

)
, by :=

{
min(E⊕ ∩ (y, 1]) if E⊕ ∩ (y, 1] ̸= ∅
1 otherwise

Then bx ≤ ay, and hence

Φ(x) = Φax,bx(x) < φ(bx) ≤ φ(ay) = Φay ,by(ay) < Φay ,by(y) = Φ(y).

To prove that Φ is a homomorphism it is enough to check that

∀x, y ∈ [0, 1], x < y ∀p ∈ (0, 1): Φ(y ⊕p x) = Φ(y)⊕′
p Φ(x)

Hence, let x, y ∈ [0, 1] with x < y, and p ∈ (0, 1) be given. Again we distinguish cases.

▷ y ∈ E⊕: Then Φ(y) = φ(y) ∈ E⊕′
, and Φ(x) < Φ(y), and y ⊕p x = y. Hence,

Φ(y)⊕′
p Φ(x) = Φ(y) = Φ(y ⊕p x).

▷ y /∈ E⊕: Set

a := max
(
E⊕ ∩ [0, y)

)
, b :=

{
min(E⊕ ∩ (y, 1]) if E⊕ ∩ (y, 1] ̸= ∅
1 otherwise

If (x, y) ∩ E⊕ = ∅, then [x, y] ⊆ [a, b), and we can compute

Φ(y ⊕p x) = Φa,b(y ⊕p x) = Φa,b(y)⊕′
p Φa,b(x) = Φ(y)⊕′

p Φ(x).

If (x, y) ∩ E⊕ ̸= ∅, then x ≤ a = V0,y and Φ(x) ≤ Φ(a) = V0,Φ(y), and we can compute

Φ(y ⊕p x) =Φ(y ⊕p a) = Φa,b(y ⊕p a)

=Φa,b(y)⊕′
p Φa,b(a) = Φ(y)⊕′

p Φ(a) = Φ(y)⊕′
p Φ(x).

We come to the proof of the converse implication.

Step ➂ : Assume that Φ: ⟨[0, 1],⊕p⟩ → ⟨[0, 1],⊕′
p⟩ is an isomorphism. We start with showing that

Φ
(
E⊕ \ {0}

)
= E⊕′ \ {0} (A.2)

∀y ∈ E⊕ \ {0}: Φ
(
[0, y)

)
= [0,Φ(y)) (A.3)

Let x, y ∈ [0, 1]. Since Φ is an isomorphism, we have

y x ⇔ y ⊕ 1
2
x = y ⇔ Φ(y)⊕ 1

2
Φ(x) = Φ(y) ⇔ Φ(y) Φ(x)

Let y ∈ E⊕ \ {0} and x ∈ [0, y). Then y x and y ̸= x, and hence also Φ(y) Φ(x) and Φ(y) ̸= Φ(x).

Thus Φ(y) ∈ E⊕′ \ {0} and Φ(x) < Φ(y).
The map Φ is bijective, and we conclude from (A.3) that also

∀y ∈ E⊕ \ {0}: Φ
(
[0, y]

)
= [0,Φ(y)]∧

Φ
(
[y, 1]

)
= [Φ(y), 1] ∧ Φ

(
(y, 1]

)
= (Φ(y), 1]

(A.4)
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∀x, y ∈ E⊕ \ {0}, x < y: Φ
(
[x, y)

)
= [Φ(x),Φ(y)) (A.5)

Using these relations, we already obtain some pieces of the required assertions. The relation (A.2) implies

that Φ|E⊕\{0} is a bijection of E⊕ \ {0} onto E⊕′ \ {0}. In particular, we have

E⊕ = {0} ⇔ E⊕′
= {0}

Moreover, (A.3) implies that the restriction Φ|E⊕ is increasing.
We can also deduce item (ii) of the theorem. Assume that maxE⊕ = 1. Then

[0, 1] = Φ
(
[0, 1]

)
= Φ

(
[0,maxE⊕]

)
= [0,Φ(maxE⊕)],

and thus Φ(maxE⊕) = 1. Since Φ(maxE⊕) ∈ Φ(E⊕ \ {0}) ⊆ E⊕′
, we see that maxE⊕′

= 1. To show the
converse implication, apply the already proven to Φ−1.

Step ➃ : We settle the case that E⊕ = E⊕′
= {0}. It is clear that in this case the statements Theo-

rem 4.8(i),(ii) hold (note that ∆⊕ = ∆⊕′
= ∅). Let f : ⟨[0, 1],+p⟩ → ⟨[0, 1],⊕p⟩ and f ′ : ⟨[0, 1],+p⟩ →

⟨[0, 1],⊕′
p⟩ be the increasing isomorphisms that exist uniquely according to Theorem 4.7(i). Then a map

Φ: [0, 1] → [0, 1] is an isomorphism of ⟨[0, 1],⊕p⟩ onto ⟨[0, 1],⊕′
p⟩ if and only if (f ′)−1 ◦ Φ ◦ f is an auto-

morphism of ⟨[0, 1],+p⟩. These automorphisms are known from Remark 2.9; they are the maps t 7→ t and
t 7→ 1− t.

From now on we shall assume that E⊕ ̸= {0} (and hence also E⊕′ ̸= {0}).
Step ➄ : Throughout Steps➄ –➇ assume we are given an isomorphism Φ: ⟨[0, 1],⊕p⟩ → ⟨[0, 1],⊕′

p⟩. In
this step we show that Φ(0) = 0.

The relation (A.3) implies that Φ(0) ≤ Φ(y) for every y ∈ E⊕, and since Φ(E⊕ \ {0}) = E⊕′ \ {0} we
obtain

Φ(0) ≤ inf
(
E⊕′ \ {0}

)
.

If the infimum equals 0, we are done. Assume that b′ := inf(E⊕′ \ {0}) > 0. Since E⊕′
is closed, we have

b′ ∈ E⊕′ \ {0}. It follows that b := Φ−1(b′) is the smallest element of E⊕ \ {0}. Thus (0, b) ∈ ∆⊕ and

(0, b′) ∈ ∆⊕′
, and Theorem 4.7(ii) provides us with increasing isomorphisms f : ⟨[0, τ⊕0,b),+p⟩ → ⟨[0, b),⊕p⟩

and f ′ : ⟨[0, τ⊕′

0,b′),+p⟩ → ⟨[0, b′),⊕′
p⟩. Again referring to (A.3) we find that Φ([0, b)) = [0, b′), and hence a

map ψ is well-defined by the following diagram and is an isomorphism:

⟨[0, b),⊕p⟩ ⟨[0, b′),⊕′
p⟩

⟨[0, τ⊕0,b),+p⟩ ⟨[0, τ⊕′

0,b′),+p⟩

Φ

f

ψ

f ′

Remark 2.9 implies that τ⊕0,b = τ⊕
′

0,b′ and that ψ is increasing. In turn Φ|[0,b) is increasing, which yields in

particular that Φ(0) = 0.

Now we know that Φ(E⊕) = E⊕′
, and Φ|E⊕ : E⊕ → E⊕′

is an increasing bijection. Hence, Φ|E⊕

qualifies as a candidate for a map φ in (ii).

Step ➅ : Let (a, b) ∈ ∆⊕. We show that (11) holds and Φ|[a,b) is increasing.
If a = 0, this was already seen in the previous step of the proof. The analogous argument applies

in the case that a > 0. Since Φ|E⊕ : E⊕ → E⊕′
is an increasing bijection, we have (Φ(a),Φ(b)) ∈ ∆⊕′

.
Denote a′ := Φ(a) and b′ := Φ(b). Theorem 4.7(ii) gives increasing isomorphisms f : ⟨[0, τ⊕a,b),+p⟩ →
⟨[a, b),⊕p⟩ and f ′ : ⟨[0, τ⊕′

a′,b′),+p⟩ → ⟨[a, b′),⊕′
p⟩. The relation (A.5) tells us that Φ([a, b)) = [a′, b′), and
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an isomorphism ψ is well-defined by the diagram:

⟨[a, b),⊕p⟩ ⟨[a′, b′),⊕′
p⟩

⟨[0, τ⊕a,b),+p⟩ ⟨[0, τ⊕′

a′,b′),+p⟩

Φ

f

ψ

f ′

Remark 2.9 implies that τ⊕a,b = τ⊕
′

a′,b′ and that ψ is increasing. In turn also Φ|[a,b) is increasing.

Step ➆ : Assume that a := maxE⊕ < 1 (equivalently, a′ := maxE⊕′
< 1). We show that Φ|[a,1] is

increasing. Again the analogous argument applies. We have Φ(a) = a′, and by (A.4) therefore Φ([a, 1]) =
[a′, 1]. Theorem 4.7(i) gives increasing isomorphisms f : ⟨[0, 1],+p⟩ → ⟨[a, 1],⊕p⟩ and f ′ : ⟨[0, 1],+p⟩ →
⟨[a′, 1],⊕′

p⟩. Now an isomorphism ψ is well-defined by the diagram:

⟨[a, 1],⊕p⟩ ⟨[a′, 1],⊕′
p⟩

⟨[0, 1],+p⟩ ⟨[0, 1],+p⟩

Φ

f

ψ

f ′

Since Φ(a) = a′, we must have ψ(0) = 0, and Remark 2.9 implies that ψ = id. In particular, ψ and with
it also Φ|[a,1] is increasing.
Step ➇ : It is easy to deduce that Φ is increasing. Let x, y ∈ [0, 1] with x < y be given. If there exists
z ∈ [x, y]∩E⊕, then (A.4) implies that Φ(x) ≤ Φ(z) ≤ Φ(y) and since Φ is injective we have Φ(x) < Φ(y).
If [x, y] ∩ E⊕ = ∅, then either there exists (a, b) ∈ ∆⊕ such that [x, y] ⊆ (a, b), or [x, y] ⊆ (maxE⊕, 1]. In
both cases the previous steps yield that Φ(x) < Φ(y).

2
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