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Abstract

Effectful categories have two classes of morphisms: pure morphisms, which form a monoidal category; and effectful morphisms,
which can only be combined monoidally with central morphisms (such as the pure ones), forming a premonoidal category.
This suggests seeing morphisms of an effectful category as carrying a grade that combines under the monoidal product in
a partially defined manner. We axiomatize this idea with the notion of monoidal category graded by a partial commutative
monoid (PCM). Strict monoidal categories arise as the special case of grading by the singleton PCM, and strict effectful
categories arise from grading by a two-element PCM. Further examples include grading by powerset PCMs, modelling non-
interfering parallelism for programs accessing shared resources, and grading by intervals, modelling bounded resource usage.
We show that effectful categories form a coreflective subcategory of PCM-graded monoidal categories; introduce cartesian
structure, recovering Freyd categories; and describe PCM-graded monoidal categories as monoids by viewing a PCM as a thin
promonoidal category.
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1 Introduction

Effectful categories, or generalized Freyd categories, refine monoidal categories into a structure fit for the
semantics of effectful programming languages [20,71,15]. They do this by dividing morphisms between a
category of pure computations and a category of effectful computations, with a functor including the former
amongst the latter. Since pure computations are independent of one another, their parallel execution is
well defined, and is modelled by a monoidal product. Effectful computations instead form a premonoidal
category: since in general they depend on one another, these morphisms may only be combined monoidally
with central morphisms ', such as morphisms in the image of the functor from the category of pure com-

putations [!2]. This two-part categorization of morphisms suggests taking the perspective that morphisms
in an effectful category have an algebraic grading.
In the existing literature on graded effect systems [21,22,20,50] and their semantics in graded monads

[25,35,11,52], grades typically combine under sequential composition of morphisms. The grading introduced
here is different in two respects. Firstly, grades combine only under the monoidal product of morphisms.
The monoidal product of a pure and an effectful computation, for example, should yield an effectful
computation. On the other hand, sequentially composing two pure computations should yield a pure

! Central morphisms in a premonoidal category are those interchanging with all other morphisms. This defines a
monoidal product on the category when all morphisms are central. The center of a premonoidal category is monoidal.
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computation, and likewise for effectful computations. Secondly, the combination of grades need only be
partially defined: for example, the monoidal product of two effectful computations must be undefined.
The central contribution of this paper, laid out starting in Section 3, is the notion of monoidal category
graded by a partial commutative monoid (PCM), which axiomatizes this idea.

In a monoidal category graded by a PCM, every morphism has a grade, taken from a partial commu-
tative monoid (E, @, 0). Thus they comprise a family of categories {C, }4cp indexed by the grading PCM,
and monoidal product operations of the type

(@)ap 1 Ca(X;Y) x Cp(XY') = Cogp(X @ XY @ Y).

Crucially, (®)q exists only when a @ b is defined in the grading PCM. If we grade by the singleton
PCM, 1, we recover strict monoidal categories. Strict effectful categories are isomorphic to strict monoidal
categories graded by the powerset PCM, 2 = Z?(1), in which 1 @ 1 is undefined.

More generally, we can consider the powerset PCM, (X)), over an arbitrary set X, whose operation
of union is defined only on disjoint subsets. A monoidal category graded by the powerset PCM models
safe parallelism of programs accessing a set of heap locations, file handles or other such devices in X: their
monoidal product exists only when they use disjoint devices. Grading by an interval [0, ]|, which forms a
PCM under bounded addition, captures the situation of bounded bandwidth, where morphisms are graded
by their bandwidth usage, and may use no more than the bound in parallel. All of these examples, and
more, are given in more detail in Section 3.

In Section 4, we establish an isomorphism between the category of effectful categories and the category
of 2-graded monoidal categories, and exhibit the latter as a coreflective subcategory of PCM-graded
monoidal categories. We go on to introduce symmetric and cartesian structure on PCM-graded monoidal
categories, extending the case of grading by 2 to find an isomorphism between the category of cartesian
2-graded monoidal categories and the category of Freyd categories.

In Section 5 we show that for certain well behaved PCMs FE, we can assemble the family of categories
{Cs}ack of an E-graded monoidal category into a single category in two ways, which makes sense of the
sequential composition of heterogeneously graded morphisms.

Section 6 lays out a more formal perspective on our central definition, reformulating PCM-graded
monoidal categories as monoids in a monoidal category. The key idea in this reformulation is to view
a PCM as a thin promonoidal category. This is enough structure to obtain a monoidal structure on
presheaves, which forms the heart of this reformulation.

1.1 Related work

Premonoidal categories were introduced by Power and Robinson [ /7] as a reformulation of Moggi’s monadic
semantics of effectful programming languages [19], capturing structure present in the Kleisli category of
strong monads. Freyd categories, introduced by Levy, Power and Thielecke [11,29], extend these with
a cartesian base and inclusion functor, providing semantics for effectful call-by-value languages. Jeffrey
[20] considered an additional symmetric monoidal category of central computations to model control-flow
graphs. Bonchi, Di Lavore and Romén [}] have used the resulting effectful triples to define effectful Mealy
machines. Non-cartesian Freyd categories or effectful categories have recently been applied to the semantics
of SSA by Ghalayini and Krishnaswami [17].

A substantial literature studies the syntax and semantics of languages in which programs are equipped
with grades tracking quantitative or qualitative information such as effects, costs, or security levels. Key
examples include graded monads (Katsumata [25]; Mellies [3%]; Orchard, Petricek and Mycroft [!1]), in-
dexed monads (Maillard and Mellies [27]), parameterized monads (Atkey [1]), and graded Freyd categories
[15], where grades combine under sequential composition. By contrast, sequential composition in PCM-
graded monoidal categories preserves the grade. Grades instead combine under the monoidal product, and
moreover govern its existence: the monoidal product is defined only when the sum of the grades is de-
fined in the grading PCM. This makes PCM-graded monoidal categories well suited to modelling ambient
resources such as memory locations or bandwidth, rather than sequentially accumulating information.

PCMs, especially qua separation and effect algebras, are widely used to model shared resources or ghost
state in program logics and verification [9,20,21,27]. Undefinedness typically arises when attempting to
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combine sets of resources that are not disjoint, as in Reynolds’ separation logic [17,0,10,27], with heaps
providing the paradigmatic example.

Partial monoidal categories have been defined in the literature on categorical quantum mechanics (Co-
ecke and Lau [7]). These restrict the monoidal product to a full subcategory of the product category,
modelling space-like separation of resources. Hefford and Kissinger [|] relate these to promonoidal cate-
gories, showing they generally differ but agree in special cases. In our notion, objects form a monoid and
so always have a monoidal product, and the monoidal product of morphisms is controlled by the grading.

Sarkis and Zanasi [70,51] study monoidal categories graded by a symmetric strict monoidal category.
Unlike in our notion, these grades combine totally, and by the same operation, under both sequential and
monoidal composition.

In prior work [17], we showed that every effectful category has an underlying signature which is effec-
tively “graded by” a powerset, with a left adjoint that constructs free effectful categories. This relies on a
weak notion of signature morphism; its connection to the present work remains to be clarified further.

Heunen and Sigal [19] defined enriched Freyd categories over a duoidal category V. In Section 6, we
show that PCM-graded monoidal categories can be captured as an instance of this definition, where V is
the category of presheaves on a promonoidal category encoding the PCM.

2 Partial commutative monoids

This section introduces PCMs and some basic propositions on them. Readers may wish to start at Section 3,
consulting this section as a reference.

To avoid proliferation of side-conditions on definedness when working with PCMs, it is helpful to
introduce the following “Kleene equality” notation.

Definition 2.1 For partial functions f,g: A — B, we write f(a) ~ g(a) to denote that if either side is
defined then both are, and they are equal. We write f(a) = g(a) to denote that if the left-hand side is
defined, then so is the right, and they are equal. We write f(a)? to denote that f is undefined at a.

Definition 2.2 A partial commutative monoid (E,®,0) is a set E, a partial function @ : E x F — E and
an element 0 € E satisfying

a®b~bda,
a®0=a=06®a,
(a®b)®c~ad (bdc).

In view of associativity, we may unambiguously write a & b @ c¢. We write a L b (“a is orthogonal to b”)
when a @ b is defined; conversely, we write a X\. b when a @ b is undefined.

Of course, a commutative monoid is a PCM, and we shall consider some total examples in the following.

Definition 2.3 A homomorphism of partial commutative monoids is a (total) function f : E — FE’
satisfying f(0g) = 0gr and f(a @®b) = f(a) ® f(b).

PCMs and their homomorphisms form a category, PCM. Every PCM gives rise to a canonical preorder,
which we will use extensively in the following.

Definition 2.4 The extension order (E, <) on the elements of a partial commutative monoid (E, &, 0) is
the preorder defined by a < b if and only if there exists ¢ such that a ® ¢ = b.

Lemma 2.5 For every element b of a PCM (E,®,0), the operations (— @& b) are monotonic with respect
to the extension order: © <y andy L b impliesx L b andx b <Ly db.

Proof. Since z < y we have de, x @ ¢ = y by definition. Let b be an element of £ and y L b. Then
ybb=(xrdc)db= (xdb) D c, applying associativity twice and commutativity. That is, @b < y @ b.0

Often we shall have a < b just when a is a “less capacious” grade than b, that is, b “extends” a. Clearly,
0 is a least element in the extension order. PCMs with a top element in their extension order, such as
effect algebras, feature prominently in the following. Let us now introduce a few examples of PCMs.
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Example 2.6 The PCM 1 is the singleton with the unique total operation.
Example 2.7 The PCM 2 has two elements (0 and 1) with partial operation,

060=0 0el=100=1 11X 1

The PCM 2 is isomorphic to the powerset PCM of 1, defined as follows.

Example 2.8 The powerset of a set, Z(X), has a partial commutative monoid structure (W, &) defined
by taking the union of subsets only when they are disjoint

SUuT ifSNT=o
T otherwise.

SLﬂT::{

Definition 2.9 Given a family of PCMs {(A;, ®;,0;) }ier, their product has carrier [[..; A; and operation

i€l
(a; @i bi)ier ifa; L b; foralliel,

ith unit (0;);c;.
T otherwise, with unit (0:)ies

(ai)ier @ (b)icr = {

Separation algebras and effect algebras are PCMs with extra properties/structure making them partic-
ularly well behaved as gradings.

Definition 2.10 (Calcagno, O’Hearn, Yang [(]) A separation algebra is a PCM that is cancellative: if
a@c=bdcthena=5b.

Definition 2.11 (Foulis and Bennett [!]) An effect algebra is a PCM (E, ®,0) equipped with a unary
operation (—)J-: E — E; such that a* is the unique element such that a @ a = 1, where 1 := 0+; and if
1 & a is defined, then a = 0.

Powerset PCMs are separation algebras, for example. It follows that an element ¢ witnessing a < b
in the extension order of a separation algebra is unique. This moreover implies that the extension order
of a separation algebra is a poset. Every effect algebra is a separation algebra [!/, Theorem 2.5]. In the
extension order of an effect algebra, 1 is the top element, as witnessed by « @z = 1. The archetypical
effect algebras are intervals (see Example 3.10).

3 Monoidal categories graded by partial commutative monoids

In this section we introduce our central definition, its basic properties, and several examples. We shall
refer to elements of PCMs as grades. Partiality of their operation will correspond to partial definedness of
monoidal products. Commutativity will correspond to the fact that the grade of a monoidal product does
not change if the factors are swapped.

Definition 3.1 For a partial commutative monoid (E, ®,0), an E-graded monoidal category consists of
* a monoid of objects, (Cobj, ®, 1),
e for each grade, a € F, a category C, with set of objects C,p;, with composition denoted by

(9)a: Co(X5Y) x Co(Y; Z2) — Cu(X; 2),

and identities at grade 0 denoted idy,
e for each a < b in the extension order an identity-on-objects regrading functor

()2 :Cy — Cy,

allowing us to denote identities at grade a by (idx)3, and
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e monoidal product operations for every pair of grades a and b such that a L b
(@)ap: Ca(X;5Y) x Cp(X;Y') = Cogp(X @ X' Y @ Y7).

These are subject to the following axioms, whenever well typed (and parametric in the omitted subscripts),

(REG-ACT)  f¢= fand (f%)5= f¢, for f € C,

(REG-®) (f® g)fl%% = f¢®gf, for f € Cy, g € Cy,

(®-U-A) fRid=f=id;®@fand (fRg)@h=f®(gh)

(®-ID) dy ® idy = idX®y

(INTER)  (f©9)3(h@k) = (f3h) © (93 k) whenever f € Ca(X;Y), h € Co(Y;2), g € Cy(X; V),

and k € Cp,(Y'; Z").

The crucial point of Definition 3.1 is that ®,; only exists when a L b: the PCM structure on grades
controls our ability to take the monoidal product of morphisms. The data of a PCM-graded category can
be formulated in terms of a monoid in a monoidal category of lax monoidal functors, as in Section 6.

We can show that regradings are given by monoidal products with the identity on I in some grade.

Proposition 3.2 Let f € C, be a morphism in an E-graded monoidal category, where a < b. Then
fb = f® (idj)§, for every c witnessing a < b.
. REG-AcT . . ®-U-A

Proof. f® (id)5 "L o (id)g (f ®idy)aee FLA) pb. O

When F is a separation algebra, the witnesses of a < b are necessarily unique. Moreover, when F is
an effect algebra, not only do we have regrading functors (—)! for every grade a, their behaviour is given
by monoidal product with the identity on I at the grade at, ie. fl=f® (id])gl.

Beware of red herrings ['0]: PCM-graded monoidal categories are not, in general, monoidal categories
equipped with extra stuff, structure, or properties. However, we do have the following.

(REG-®)

Lemma 3.3 Let C be an E-graded monoidal category, and let e be an idempotent in E. Then the category
Ce is a strict monoidal category with monoidal product ®. . and unit I.

Proof. If e = e @ e is an idempotent, e L e and so the monoidal product operation (®).. has the type
required of a strict monoidal structure, C.(X;Y) x Ce(X";Y') = Co(X ® X';Y ® Y'). The axioms that
these must satisfy (see [1 7, Appendix]) are exactly given by ®-U-A, ®-ID and INTER of Definition 3.1.0

Corollary 3.4 For every (E,®,0)-graded monoidal category, the category Co at the identity of E is a
monoidal category.

The PCM 1 (Example 2.6) therefore provides our first example, which provides a sanity check for the
definition of F-graded monoidal category.

Example 3.5 A 1-graded monoidal category is precisely a strict monoidal category.

Lemma 3.6 Let C be an E-graded monoidal category and a € E be a grade. Then the category Cq, is a
strict premonoidal category with Ax B= A x B := A® B and whiskering functors

(Ax =) = (ida®pq—):Co(X;Y) = Co(A® X;4ARY)
(—xA) = (—®qoida) Co(X;Y) = Co(X @AY ® A).

Proof. The whiskering functors are defined since 0 @ a = a = a @ 0 by the unit laws of PCMs. That they
satisfy the laws of strict premonoidal categories (see [1, Appendix]) follows straightforwardly from the
axioms ®-U-A, ®-1D, and INTER. a

Via this lemma, the PCM 2 (Example 2.7) supplies our first non-trivial example.

Example 3.7 A 2-graded monoidal category comprises two categories Cy and C;, and a non-trivial
regrading functor (=)} : Cp — C;. By Lemmas 3.3 and 3.6, we have that Cy is monoidal and C; is
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premonoidal. As we shall see in Proposition 4.2, the regrading functor is moreover premonoidal and has
image in the center of Cy, and so a 2-graded monoidal category is precisely a (strict) effectful category, also
known as a generalized Freyd category [10,21,15,19]. We investigate this case in more detail in Section 4.

Since 2 & Z(1), Example 3.7 is a “coarse grained” instance of grading by arbitrary powerset PCMs.

Example 3.8 Recall the powerset separation algebra (P (D), W, @) from Example 2.8. In a &(D)-graded
monoidal category C, morphisms are graded by subsets of a set D, and the monoidal product of morphisms
f € Cg and g € Cr is defined if and only if the intersection S NT is empty. This could model programs
that use subsets of a given set D of devices, which may be thought of as resources corresponding to definite
noun phrases, such as “the database” or “the lock z”. The monoidal product of two programs that share
a device is not defined; it is defined just when they use disjoint sets of devices. Sequential composition of
programs that use the same set of devices again yields a program using that set.

This notion of device was introduced in our prior work [10,17], where we showed that every effectful
category has an underlying effectful signature — in the context of the present paper we might call this
informally a “2?(D)-graded signature”.

Example 3.9 Consider the PCM RW := (#(L)? @, (@,@)) where L is a set and where

(Rl, Wl) o (R2’ Wz) — {(Rl U Ry, W1 U WQ) if Wy ﬂ (RQ U WQ) =g =WyN (Rl U Wl)
0 otherwise.

A morphism in an RW-graded monoidal category with grade (R, W) could model a program which may
read a set of memory locations R C L and write a set of memory locations W C L. The side conditions for
@ enforce non-interference: read-read overlap is allowed, but any overlap involving a write is forbidden,
so parallel composition is defined exactly for race-free pairs of morphisms.

Example 3.10 For a choice of 7 > 0, the real interval ([0, r],+,0) is an effect algebra with the operation
of bounded addition,

. Jrty frx+y<r Lo

rHY= {T otherwise s

In an [0, r]-graded monoidal category C, morphisms are graded by real numbers in the interval [0, r], and
the monoidal product of morphisms f € C, and g € C, is defined if and only if  +y < r. These grades
might mark the amount of some finite resource, whose total amount is r, used by that morphism. For
example, this could model programs that use some amount of a fixed bandwidth or processor capacity.
The monoidal product exists only so long as together they do not exceed the bound 7, in which case the
amount of the resource used by the monoidal product is the sum of that used by the factors. The sequential
composition of two programs using the same amount of the resource again uses that same amount.

Example 3.11 We can refine Example 3.8 by taking a product of intervals as follows. Consider a set D
equipped with a function b : D — R, thought of as specifying the maximum available quantity of each
element of D. Consider the family of interval PCMs {([0, b(d)], +,0) }4ep, and let [0, b] denote the product
of this family, as in Definition 2.9.

A [0, b]-graded monoidal category is one in which every morphism may use a certain amount of each
device, up to the bound specified by b. The monoidal product is defined, and has grade given by the
pointwise sum of the quantities, only when this does not exceed the bound for any d. This is a quantitative
refinement of Example 3.8. In that example, a device was either present or not, without multiplicity, and
the monoidal product of two morphisms sharing a device was necessarily undefined.

Example 3.12 Let (N, max, 0) denote the total monoid of natural numbers with the maximum operation.
Morphisms in a (N, max, 0)-graded monoidal category are graded by natural numbers, the monoidal prod-
uct exists for every pair of morphisms, and the grade of a monoidal product is the maximum of the grades
of the factors. It is tempting to interpret these grades as marking the running time of a morphism, but
for this to be the case, grades should sum under sequential composition, which they do not. However, we
can interpret these grades as marking, for example, the maximum time of an atomic step in the execution
of a program. The sequential composition of programs, each having maximum time of an atomic step n,
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again has maximum time of an atomic step n. In Section 5, and Example 5.5 in particular, we show how
to build a category from an (N, max, 0)-graded monoidal category in which we can interpret the idea of
grades summing under sequential composition.

Example 3.13 Let (N, +,0) denote the total monoid of natural numbers with addition. Morphisms in a
(N, +, 0)-graded monoidal category are graded by a natural number, the monoidal product exists for every
pair of morphisms, and the grade of a monoidal product is the sum of the grades of the factors. We might
interpret these grades as measuring how much of some reusable ambient resource a program has access to,
where running programs in parallel uses disjoint resources (and hence has grade given by the sum of the
factors), but running programs sequentially uses the same resource pool (and so the grades must match,
and do not accumulate). An example of such a resource might be auxiliary memory cells.

Example 3.14 Let (S,V, L) be a join semilattice, which might for example model clearance or security
levels, with the join of two levels being the least level above its factors. Since (S,V, L) is also a total
monoid, we can consider an (S, V, L)-graded monoidal category C. A morphism f € C,, where ¢; € S,
might model the fact that one needs clearance level ¢; to run the program f. Then given g € Cy,, the
grade of the monoidal product f ® g, which is always defined, is given by ¢; V s, indicating the clearance
required to run f and g in parallel.

In the following section, we shall need the category of PCM-graded monoidal categories.

Definition 3.15 A morphism of PCM-graded monoidal categories (M, ¢) : (C, E) — (D, F') comprises
* a monoid homomorphism M : (Copj, ®c, Ic) = (Dobj, ®n, In)
* a homomorphism of partial commutative monoids ¢ : (E,®g,0r) — (F,®F,0F),
e for every e € E, a functor M, : Cc — Dy with action M on objects.

These must satisfy the axioms enforcing preservation of monoidal products and regradings
* Meger(g® h) = Me(g9) ® M (h), whenever g € C, and h € Co have orthogonal grades e L €/, and
¢ Mf(.qg) = Me(Q)%EQ'

Proposition 3.16 There is a functor (—)-GradMon : PCM°P — Cat, taking a PCM E to the category of
FE-graded monoidal categories and morphisms between them.

Proof. Let E be a PCM. Then E-GradMon has objects E-graded monoidal categories, and morphisms
(Definition 3.15) of the form (M,idg). Define (M,idg) o (N,idg) to have monoid homomorphism M o N
morphism of PCMs idg, and functors (M o N), := M, o N.. This is unital with identities (idc,idg). Let
¢ : E — F be a morphism of PCMs. Define a functor ¢* : F-GradMon — E-GradMon on objects by sending
an F-graded monoidal category C to one having the same objects, and ¢*Ce(X;Y) := Cy(o)(X;Y). Since
¢ is a morphism of PCMs, e L ¢’ implies ¢(e) L ¢(€’), and so monoidal products as well as sequential
composition can be defined by those in C. On a morphism (P,idr) : (C,F) — (D, F) in F-GradMon,
¢*(P) := (P,idg) with local functors P, : ¢*(C)e — ¢* (D). being P, : Cy(.) — Dy from the definition of
P, which assignment is clearly functorial. a

Definition 3.17 GradMon is the total category of the corresponding split fibration over PCM induced by
Proposition 3.16. For a PCM FE, the category E-GradMon is a subcategory of GradMon, the fibre over E.

Remark 3.18 The definition of PCM-graded monoidal category is strict, in the sense that it has a monoid
of objects, and its axioms are such that we recover strict monoidal categories in Example 3.5, and strict
effectful categories in Example 3.7. We believe that the definition could be weakened, along the lines of
asking for a monoidal category of objects. This would have the advantage of capturing more examples
“in nature”, at the price of adding considerable complexity to the definition. Monoidal categories and
premonoidal categories (and therefore effectful categories) are equivalent to their strict notions, in the
sense of Mac Lane’s strictification theorem [13,31]. We expect a similar result would hold for a weakened
definition of PCM-graded monoidal category. However, we do not attempt to make this precise here.

7



EARNSHAW, NESTER, ROMAN

4 Effectful categories are 2-graded monoidal categories

This section lays out in detail the isomorphism between effectful categories and 2-graded monoidal cate-
gories (Proposition 4.2), previewed in Example 3.7, establishing a new perspective on a well established
structure in the semantics of programming languages. We also show that if F has a top element, for ex-
ample, when it is an effect algebra, then E-graded monoidal categories can be functorially “squashed” into
2-graded monoidal categories, and this is a coreflector (Theorem 4.4). We then introduce symmetric and
cartesian structure for graded monoidal categories, and show that cartesian 2-graded monoidal categories
are isomorphic to Freyd categories. For the definitions of premonoidal, effectful and Freyd categories, and
functors between them, see [!3, Appendix].

Lemma 4.1 Let C be an E-graded monoidal category, and let f € Co(X;Y) and g € Co(X';Y). Then f
and g interchange in Co: (f®idx/) s (idy ® 9) = (idx ® ¢) ¢ (f¢®idy/) = f ® g, and similarly for g® f.

Proof.
(fi®idx) s (idy ® g)
(f@idxg) ¢ (idy ® g) (REG-ACT)
= (f®@idx)§E0 s (idy ® g) (REG-®)
= (f ®idx)9%6 s (idy ® g) (PCM comm.)
= (fi®@idx§) s (idy ® g) (REG-®)
= (fsidy) ® (idx/§ 5 9) (REG-AcT, INTER)
- f ® 97
and analogous reasoning starting from (idx ® g) § (f§ ® idy+) similarly arrives at f ® g. O

Proposition 4.2 The category 2-GradMon is isomorphic to the category Eff of strict effectful categories
and effectful functors.

Proof. We define a functor F' : 2-GradMon — Eff. Let C be a 2-graded monoidal category. We claim that
F(C) := (Cp,Cy, (—)§: Cg — Cy) is an effectful category. We already have that Cy is a monoidal category
by Corollary 3.4, and C; is a premonmdal category by Lemma 3.6. The axioms REG-ACT and REG-®
entail that the regrading functor (—) preserves whiskerings, thus we have an identity-on-objects strict
premonoidal functor (=)} : Cy — C;. That the image of this functor is central follows from unfolding the
definition of x and x and applying Lemma 4.1 with a = 1.

For the action on morphisms, recall that a morphism (M,ids) : C — D in 2-GradMon comprises a
monoid homomorphism M : (Copj, ®c, Ic) = (Dobj, @b, In) and functors My : Co — Dy, My : C; — Dy
with action on objects given by M, satisfying compatibility with monoidal product and regradings. Since
0 L 0 and the functors M, are monoid homomorphisms on objects, the monoidal product axiom gives us
that My is a strict monoidal functor, and similarly that M preserves whiskerings and hence is a strict
premonoidal functor. Finally, the regrading axiom is precisely the condition that these commute with the
effectful categories F'(C) and F (D).

Conversely, let (V,C,n) be an effectful category. We define a 2-graded monoidal category G(V,C,n)
by setting G(V,C,n)o =V and G(V,C,7n); = C, with only non-trivial regrading functor given by (=)} :=
n:V — C. The monoidal product (®)g is the tensor of V. For f € V(X;Y) and g € C(X';Y’), define

f®o019:=m(f)»xX")s(Y xg).

The axioms REG-ACT are immediate. For REG-®, the only non-trivial cases are those involving the

8
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regrading 7; for f € V(X;Y) and g € V(X';Y’) we have

(f®g9):=n(f@g)
=n((f®idx/) 3 (idy ® g)) (V mon. cat)
=n(f ®idx) $n(idy @ g) (n func.)
= (n(f) x X') 5 (Y xn(g)) ( premon. cat)
=: [ ®o0,11(9),

and similarly n(f ® g) = n(f) ®1,0 g. The axioms ®-U-A and ®-ID follow from the strict premonoidal
axioms in C together with preservation of identities by 7.

For INTER, the grade O case is interchange in V. For the mixed case, let f,h € V and g,k € C be
composable. Then

(f ®0,19) 5 (h@ok):=n(f) x X)) (Y xg)s(nh) xY')s(Z x k)
= ((f) x X) s (n(h) x X)§(Z x g)3(Z x k) (n central)
— 0 5h) % X')3 (2 (95 K) (10, fnc)
= (f3h)®o1(g5k).

The case of ®1 is analogous. Thus G(V,C,n) is a 2-graded monoidal category.

An effectful functor (Hp, Hy) : (V,C,n) — (V/,C,n’) determines a morphism G(Hy, H1) in 2-GradMon
with monoid homomorphism given by the action on objects of Hy (which necessarily coincides with that
of Hy) and local functors G(Hop, H1)o and G(Hy, H1)1 given by Hy and H; respectively. The fact that
Hy is strict monoidal and Hj is strict premonoidal, along with the condition 7’ o Hy = Hy o n gives
the required preservation of monoidal products in the grade combinations where they are defined. The
condition i’ o Hy = Hj o corresponds precisely to the regrading compatibility axiom. Thus we recover a
morphism of 2-graded monoidal categories. It is clear that these processes are mutually inverse. O

Definition 4.3 Denote by GradMon— the subcategory of GradMon whose grading PCMs have a top ele-
ment, and whose morphisms preserve the top grade.

Since 2 has a top element and morphisms in 2-GradMon preserve it, 2-GradMon is a full subcategory
of GradMon, and moreover a coreflective one.

Theorem 4.4 The full subcategory inclusion i : 2-GradMon — GradMon— has a right adjoint. That is,
2-GradMon 22 Eff is a coreflective subcategory of GradMon-.

Proof. We construct a universal morphism from the functor ¢ to an arbitrary C in GradMon+ with
monoid of objects (Copj, ®, ), graded by a PCM E with a top element. Define RC to be the 2-graded
monoidal category over the same monoid of objects and where, RCo(X;Y) := Co(X;Y) and RC;(X;Y) :=
Ct(X;Y), the non-trivial regrading (—)§ is (—)J and monoidal product for two morphisms of grade 0,
or of grade 0 and grade 1 is just that in C. Define a morphism e¢ : i(RC) — C in GradMont to be
identity-on-objects, with morphism of PCMs 2 — FE the unique T preserving morphism, sending 0 to 0
and 1 to T. The required functors from grade 0 to 0 and grade 1 to T are then simply identities, and
it is immediate that these commute with regradings and monoidal products where defined. Let D be a
2-graded monoidal category and (M, ¢) : iD — C a morphism in GradMon, where ¢ is necessarily the
unique top-preserving PCM morphism 2 — E. Define M : D — RC in/g—Grad Mon to have the same action
on objects and morphisms as M. Then it is easy to verify that eco i(M) =M, and moreover M is unique
with this property: if N is another morphism such that ¢ o i(N ) M then N = M Therefore 7 has a

right adjoint given on objects by R and on a morphism F' : D — C by the unique Foep ED. a

4.1  Symmetric and cartesian structure

Monoidal categories lack structure corresponding to the syntactic rules of symmetry, weakening, and
contraction. This makes them suited to the semantics of non-cartesian domains, such as quantum [57]

9
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or probabilistic programming languages [1,27]. For classical programming languages, we must supply
cartesian structure. Freyd categories [11,17] are the cartesian cousins of effectful categories. Their category
of pure morphisms is a cartesian monoidal category, and the category of effectful morphisms is a symmetric
premonoidal category. In this section, we define cartesian PCM-graded monoidal categories, and show
that cartesian 2-graded monoidal categories are precisely Freyd categories, extending Proposition 4.2. We
shall begin with symmetric structure.

Definition 4.5 Let (F,®,0) be a partial commutative monoid, and let C be an E-graded monoidal
category. We say that C is symmetric in case the monoidal category Cy is a symmetric strict monoidal
category with braidings ox y € Co(X®Y;Y®X) such that for alla,b € E witha L b, and all f € Co(X;Y)
and g € Cp(X";Y"), we have

(f®9)3(oyy)i® = (oxx)i 5 (g® f).

Example 4.6 A symmetric 1-graded monoidal category is simply a symmetric strict monoidal category.
More generally, in a symmetric E-graded monoidal category C, the category C, is symmetric monoidal for
any idempotent a € E, with braidings (ox y)§. The straightforward proof of this fact is essentially that
of the following lemma.

Lemma 4.7 Let E be a PCM, let C be a symmetric E-graded monoidal category, and let a € E be a
grade. Then Cq, is a symmetric premonoidal category with braidings (ox,y)§-

Proof. Lemma 3.6 gives that C, is premonoidal. Write oxy € Co(X ® Y,Y ® X) for the braiding of C.
Then the braidings of C, are given by (oxy)§ € Co(X ®Y,Y ® X). These satisfy the required axioms of
braidings, using axioms for regrading and the axioms of braidings in Cy,

(1) (oxy)o3(ovix)g = (oxy $ov,x)s = (idxey)s = idxey,

(@) ((oxy)g=x Z2)5(Y x (0x,2)5) = ((0x,y)) ®a0idz) § (idy ®o,a (0x,2)5)
= (oxy ®idz)g ¢ (idy @ ox 2)5 = ((ox,y ®idz) 5 (idy ® ox,2))5 = (0xvez)s
(ii) (ox,1)5 = (idx)g

and for any f € C,(X;Y) we have naturality, via the symmetry axiom for symmetric E-graded monoidal
categories,

(fxZ)s(ov,z)5=(f®idz)$§(ov,z)5 = (0x,2)5 5 (idz ® f) = (0x,2)5 § (Z X [).

It remains to show that these braidings are central in C,. Let g € C,(A; B). Unfolding the whiskerings
in C, and applying Lemma 4.1 we obtain

(X®Y)xg)s((oxy)s x B) = (idxgy ® g) § ((ox,y)j ®idp)
= ((ox,y)o ®ida) § (idyex ®g)
= ((oxy)y x A) 5 ((Y @ X) x g),

and similarly for the other interchange equation. Hence (oxy)§ is central, so C, is a symmetric pre-
monoidal category. a

Proposition 4.8 Let F be a PCM, let C be a symmetric E-graded monoidal category and let a € E be a
grade. Then there is a symmetric effectful category given by (—)§ : Co — Cq.

Proof. We have that C, is symmetric premonoidal from Lemma 4.7, and (—)§ preserves the braiding by
construction. That (—)§ is strict premonoidal and has central image follows by the same reasoning as in
the first part of the proof of Proposition 4.2. O

Definition 4.9 A morphism M of symmetric PCM-graded monoidal categories is a morphism as in Def-
inition 3.15, for which My(oxy) = omx,my, i.e. My is a symmetric strict monoidal functor.

Proposition 4.10 The category SymEff is isomorphic to the category Sym2-GradMon.
10
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Proof. From Proposition 4.8 with a = 1, a symmetric 2-graded monoidal category induces a symmetric
effectful category. From Proposition 4.2 we have that an effectful category induces a 2-graded monoidal
category. Assume (V,C,n) is symmetric. To show the induced 2-graded monoidal category is symmetric,
we must check (f ® g) 3 (oyy)a® = (ox.x)i® s (g ® f) for all a L b. For a = b = 0, this follows from the
fact that V is symmetric. For a = 0,b = 1, we have f§ := n(f) and (ox x/)p :=n(ox.x’), S0 we must show
n(f)®g)soyy =ox.x (g®@n(f)), which follows from the fact that C is symmetric premonoidal, using
that n preserves braidings and lands in the center. The case a = 1,b = 0 is analogous. Given a morphism
of symmetric 2-graded monoidal categories, Proposition 4.2 gives us an effectful functor with components
My and M;. The condition that the morphism is symmetric is precisely that My is a symmetric strict
monoidal functor, so it remains to check that M; is a symmetric premonoidal functor, which follows from
Mi((oxy)}) = Mg(axy)(l] = (omx.my ) Conversely, given a symmetric strict effectful functor, we have
a morphism of 2-graded monoidal categories from Proposition 4.2, and the condition that M, preserve
symmetries is the extra condition that the functor between the monoidal categories be symmetric strict.O

Proposition 4.11 The adjunction of Theorem .} restricts to symmetric structures, i.e.
Sym2-GradMon = SymEff is a coreflective subcategory of SymGradMon-.

Proof. Let C be a symmetric E-graded monoidal category for a PCM E with top element. From Theo-
rem 4.4 we obtain a 2-graded monoidal category RC. Since by definition (RC)y = Co, and (—)} preserves
braidings, RC is a symmetric 2-graded monoidal category. Since the counit is identity on objects and mor-
phisms, it preserves the braiding and so is a morphism of symmetric F-graded monoidal categories. Given
a symmetric 2-graded monoidal category D and a symmetric morphism (M, ¢) : i) — C in SymGradMon-,

we have the unique M as in Theorem 4.4, which we must check is a morphism of Sym2-GradMon. It suffices
to check that it preserves braidings, which follows from My(oxy) := Mo(ox,y) = opmx,my- |

Definition 4.12 Let F = (F,®,0) be a PCM. An E-graded monoidal category is said to be cartesian
in case Cy is a cartesian monoidal category, and the braiding there makes C into a symmetric E-graded
monoidal category.

Proposition 4.13 Let E be a PCM, let C be a cartesian E-graded monoidal category, and let a € E be
a grade. Then there is a Freyd category given by (—)§ : Co — C,.

Proof. By Proposition 4.8, (—)4 : Cyp — C, is a symmetric effectful category and since Cy is cartesian
monoidal by definition, this is a Freyd category. a

Definition 4.14 A morphism of cartesian F-graded monoidal categories is a morphism as in Defini-
tion 3.15, for which Mj is a cartesian monoidal functor.

Theorem 4.15 The category of Freyd categories is isomorphic to the category of cartesian 2-graded
monoidal categories, Cart2-GradMon 2 Freyd.

Proof. By Proposition 4.10, symmetric 2-graded monoidal categories are isomorphic to symmetric effect-
ful categories. We show that this isomorphism restricts to the cartesian case. On objects, if C is a cartesian
2-graded monoidal category, then by Proposition 4.13 the induced effectful category (—)(1) :Ch—Ciisa
Freyd category since Cy is cartesian by definition.

Conversely, if (V,C, J) is a Freyd category, then Proposition 4.10 yields a symmetric 2-graded monoidal
category with grade 0 category V and grade 1 category C. Since V is cartesian monoidal, this is in fact
a cartesian 2-graded monoidal category. On morphisms, the isomorphism of Proposition 4.10 sends an
effectful functor (My, M1) to the corresponding morphism of symmetric 2-graded monoidal categories
with the same components. The additional requirement for a morphism in Freyd is precisely that My be
cartesian, which is exactly the additional requirement for a morphism in Cart2-GradMon. O

Proposition 4.16 The adjunction of Proposition 4.11 restricts to cartesian structures, i.e.
Cart2-GradMon 2 Freyd is a coreflective subcategory of CartGradMon-.

Proof. We extend Proposition 4.11. Let C be a cartesian FE-graded monoidal category for a PCM £
with top element. From Proposition 4.11 we obtain a symmetric 2-graded monoidal category, RC. Since
by definition (RC)y = Cy, it is a cartesian 2-graded monoidal category. Since the counit is the identity

11
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on objects and morphisms, it is a morphism of cartesian E-graded monoidal categories. Given a Freyd
category D and a morphism (M, ¢) : iD — C in CartGradMonT, we have from Proposition 4.11 a unique
M : D — RC in Sym2-GradMon. Since Mj is defined to be exactly My, which is a cartesian monoidal
functor by assumption, M preserves cartesian structure and hence is a morphism in Cart2-GradMon. O

Jeffrey [20] considered programming language semantics in triples of a cartesian category, a symmetric
monoidal category and a symmetric premonoidal category, corresponding respectively to values, pure
computations and effectful computations. From this point of view, the PCM 2 is a “truncated” instance
of the total monoid given by mazimum, which extends to three elements as follows.

Example 4.17 Denote by 3 the PCM with three elements {0, 1,2} and partial operation

vi= max(z,y) otherwise.

Then combining the above results, we observe that

Corollary 4.18 Cartesian 3-graded monoidal categories are the triples of Jeffrey [20].

5 Categories from PCM-graded monoidal categories

Although the sequential composition operators of an F-graded monoidal category C are homogeneous in
the grade, if the extension order of F is appropriately well behaved, we can make sense of the sequential
composition of heterogeneously graded morphisms, assembling the “local” categories C, into a single
“global” category. The simplest case is when the extension order of E has binary joins, in which case we
can take the disjoint union of the hom-sets.

Proposition 5.1 Let (E,®,0) be a PCM whose extension order is a poset with binary joins, and let C
be an E-graded monoidal category. There is a category, also denoted by C, with objects C,p; and hom-
sets C(X,Y) = [1,ep Ca(XY). Identities are given by idx (grade 0 identities), and composition for
feCa(X;Y) and g € Cy(Y; 2) by fr9:= fa"5 95"

Proof. Let f € Co(X;Y), g € Co(Y; Z), and h € C.(Z; W). For associativity, we have by definition
(F19)sh = (£ 5 g8 )R 5 A OVe.
Then we have

(fgvb g ggvb)gc\z/\éb)Vc 3 hgavb)Vc

= ((F5V0)avhves (g5")avpve) s laverve (regrad. func.)
— (fg\/ch 3 gg\/b\/c) 3 hga\/b)Vc (REG—ACT)

— fg\/b\/c; (gz,\/ch 3 h((ja\/b)\/c)’ (3 assoc.)
and the same reasoning starting with f; (g; h) arrives at the same term. For left unitality, let f € C,(X;Y")
then we have idx; f := idxJV®s fOV@ = fo¢ = f,, and similarly for right unitality. O

Example 5.2 The extension order of a powerset PCM (Example 2.8) is exactly the usual subset inclusion
preorder, since U =T — S witnesses S < T'. Therefore join is given by the union S UT.

Recall from Example 3.8 the device interpretation of & (X)-graded monoidal categories: a morphism
of grade S C X is a program that uses devices in S, and parallel composition is defined only for disjoint
device sets. Under this interpretation, sequential composition in the category C corresponds to the intuitive
notion that a sequential program uses the union of the devices appearing in each term of the sequence.

Example 5.3 The (total) commutative monoid (N, +,0) has binary joins, n V m := max(n,m). Under
the interpretation of (N, 4, 0)-graded monoidal categories as those modelling programs whose grade cor-
responds to the amount of a reusable resource used by that program (such as auxiliary “scratch” memory
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cells), composition in the resulting global category captures the intuitive idea that we should be able to
compose an n graded and an m graded program to obtain a max(n,m) graded one.

In fact, inspection of the proof of Proposition 5.1 shows that we do not need the full strength of a join:
it suffices that V is an “upper-bounding monoid” structure in the following sense.

Proposition 5.4 Let (E,®,0) be a PCM and let VV be an associative binary operation on E, with unit 0,
and such that it provides an upper bound of its arguments in the extension order, a < aVb and b < aVb.
Then an E-graded monoidal category gives a category C exactly as defined in Proposition 5.1. When V ois
moreover idempotent, the composition of two morphisms f € Co(X;Y) and g € Co(Y; Z) with the same
grade a coincides with the operation (3,) of the E-graded monoidal category.

Any total commutative monoid provides an example of such an upper-bounding operation, given by
the operation of the monoid. For example + is an upper bounding operation for the total monoid (N, +,0),
differing from the join, given by max. We can also swap these operations, as in the following example.

Example 5.5 Consider the total commutative monoid of natural numbers with maximum, (N, max,0).
The extension order has a join given by max but addition is an upper-bounding operation in the sense
of Proposition 5.4. Therefore, given an (N, max, 0)-graded monoidal category (Example 3.12) we obtain
a category from Proposition 5.1 in which grades sum under sequential composition: this might model
execution time or other accumulating costs.

The category C constructed above contains copies of “the same” morphism in different grades, being
a disjoint union of the hom-sets at each grade, C,. It is also natural to consider identifying morphisms
along regrading functors, which allows us to weaken the hypothesis on the extension order to directedness.

Proposition 5.6 Let (E,®,0) be a PCM whose extension order is directed. Then there is a category

C with objects Copj and hom-sets C(X;Y) = [1,Cua(X;Y)/= where = is the least equivalence relation
generated by pairs (a, f) = (b, f2) for every a < b in E.

Proof. Write [(a, f)] € C(X;Y) for the equivalence class of a morphism f € C,(X;Y). Let [(a, f)] €
C(X;Y) and [(b,g)] € C(Y; Z). We define composition as follows. Since E is directed, we can choose a ¢
such that a,b < c¢. Define [(a, f)] § [(b, 9)] := [{c, f¢ 3¢ 95)]. We must show this is well defined. Firstly, if
c is another a,b < ¢, then by directedness we can again choose ¢, ¢ < d, and by the axioms of E-graded
monoidal categories we have

(f&5c95)8 = ()5 (95)d = fasa gf = () 5a (95)& = (F5 500 95)%,

o [(e, f&395] = [(d, fd590)] = [(¢, [S 5 95)).

Now let (p,h) and (g,i) be different representatives of the equivalence classes [(a, f)] and [(b, g)] re-
spectively. For p,q < 7, we must show [(r, by )] = [(c, fq § g5)]. Again, by directedness choose ¢,r < 2,
then we shall show that both equivalence classes are equal to [(z, fZ ¢ g7)]. On the one hand, from ¢ < z
we have [(c, f¢595)] = [(2, f2 ¢ gb>] establishing one of the desired equalities. From r < z and the axioms
for regrading, we have [(r, hy 3 ip)] = [(2, b7 §i7)], so it remains to show [(z, k7§ >] [(z, fZ5 7))

We have assumed [(a, f)] [( h)], so ' there must exist a sequence (ao, f0> . = (an, fn), with ap =
a, fo = f and a, = p, f, = h, and either a;—1 < a; and f; = (fi—1)3_, or a; < a;—1 and fi—1 = (fi)3i 7,
and similarly for g (with sequence of grades b = by, ..., by, = i, say). By directedness of F, there exists an
element w such that w > z,a;,b; forall 0 <i<nand 0 < k < m. Observe that for any step in the chain,
say (a;—1, fi—1) = (a4, fi), the morphisms become equal when regraded to w. Explicitly, if a;—; < a; and
fi = (fi—1)§_,, then by the axioms of regrading

(fi)a, = (fim1)ai_)a;, = (fi-1)a; -

The case a; < a;_1 follows symmetrically. Applying this to each pair we obtain, ¢’ = fo,, = ... =

fna, = hyy- Similar reasoning for g establishes gj’ = ¢, so finally we have,

({2, £ 5 9] = [w, (35 90)2)] = [w, £33 98] = [w, by’ 5 ig)] = [{w, (h339)2)] = [(z, h 5.80)],
13
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establishing that composition is well defined. For associativity, let [(a, f}], [(b, g)], [(c, h)] be composable.
We show both orders of composition are equal to [(¢, fE 3 gf ¢ hl)], for some ¢ > a,b, ¢, recalling that g
is associative axiomatically. For instance, compute (a, £)] ¢ [(b,9)]) § [(c, h)] by taking d > a,b and then
t >d,c, giving [(t, (f¢590)43ht)] = [(¢, fg; gt shl)], and similarly for the other parenthesisation. Therefore
composition is associative.

The identity at X is [(0,idx)]. Given [(a, f)] : X — Y, and taking a > 0,a we have left unitality,
[(0,idx)] 5 [{(a, /)] = [{(a, (idx)& 5a f4)] = [{a, f)], with right unitality following similarly. O

Example 5.7 PCMs whose extension orders have binary joins, or have an upper-bounding monoid struc-
ture (in the sense of Proposition 5.4), are directed, and so Examples 5.2, 5.3 and 5.5 also give rise to
categories as in Proposition 5.6.

In case E has a top element in its extension order, for example, when F is an effect algebra, this global
category C is isomorphic to C, and in case @ is total, C is a strict monoidal category.

Proposition 5.8 Let (E,®,0) be a PCM whose extension order has a top element. Then the category
C with objects Cop; and hom-sets C(X;Y) := [[,Ca(X;Y)/= defined in Proposition 5.6 exists and is
isomorphic to the category C.

Proof. C exists since a top element implies directedness. For every a € F we have a < T, so ev-
ery equivalence class [(a, f)] has the representative (T, f,]). The map [{a, f)] — £ is then a well de-
fined bijection C(X;Y) = Ct(X;Y) with inverse u +— [(T,u)]. These functions preserve identities since
[(0,idx)] ~ (idx){ , and composition since for composable [{(a, f)] and [(b, g)], the top element is an upper
bound of a and b, so by the definition of composition in C,

[a, N 3109 = [T, fd 51900 = (fd 5795 )T = fa 3795 -
Hence these bijections assemble into an isomorphism of categories C = Cr. a

Proposition 5.9 When (E,®,0) is a (total) commutative monoid then C is defined and has a strict
monoidal structure.

Proof. A total commutative monoid has a directed extension order since a,b < a ® b, so C exists by
Proposition 5.6. Define [(a, f)] ® [(b, g)] := [(a ® b, f ®q 9)]. To show that this is well defined, it suffices
to check compatibility with the generating relation. If a < ¢ and (a, f) = (¢, f¢), then

(fogi=riog=rieg

by REG-® and REG-ACT, so
[(a®b f@g)=[(c®b [i®9)].

The argument in the second variable is identical, and therefore the monoidal product descends to equiva-
lence classes.

The monoidal unit is 7, whose identity morphism in C is [(0,id;)]. Associativity on morphisms follows
immediately from ®-U-A. For instance,

([{a, N[, g ©lle, )] = [((a®b)De, (f@g)@h)] = [(a®(bDe), f@(g@h))] = [(a, HD([(b, g)l@[(c, h)))-

Unitality for the monoidal product is likewise inherited from ®-U-A:

[{a, H] ©[(0,1d1)] = [(a @ 0, f @idp)] = [(a, ],

and similarly on the left, and we have that [(0,idx)] ® [(0,idy)] = [(0,idx ®idy)] = [(0,idxgy)] by ®-ID.
It remains to check interchange with composition in C. Let [{a, f)], [{a’, )], [(b,g)], and [(¥/, k:>] be
composable. Using the definition of composition from Proposition 5.6, choose the upper bound a @ a’ of

14



EARNSHAW, NESTER, ROMAN

a,a’ and b @b of b,b/. Then

([(a, H] 3 [(a’, W)]) @ ([(b 9)] 5 [V, K)])

=[(a®d, f2% s RPN @ [(b DV, g§¥ 5 k5P

(a@d @bal,(fa%shaPe) @ (gh® 5 khPY))]
{a@b@d @V, (f ®g) 500 s (h® k)4ge)®0e)],

by REG-®, INTER, associativity and commutativity of @. This is exactly the composite
(aeb fo gl &b, he k)] = (o f)] © (b)) 5 ([(ash)] @ [, k)

using the common upper bound a ® @’ ® b ® b'. Therefore C is a strict monoidal category. a

6 PCM-graded monoidal categories as monoids

In this section, we present a category-theoretic perspective on our central definition (Definition 3.1). This
reformulation better connects our notion to the existing literature, and opens it up to generalization.

Categories of grades are often treated as thin monoidal categories, for example in the literature on
graded monads [25,35,11] and locally graded categories [7,30,37]. The preorder structure in such categories
of grades induces regrading maps, and the monoidal structure captures the monoid structure on grades.

To deal with the fact that our grades combine only partially, we introduce a thin promonoidal category
of grades [%]. Promonoidal structure suffices to obtain a convolution monoidal structure on presheaves,
which are duoidal with the pointwise cartesian monoidal product. This allows us to use the results of
Heunen and Sigal [19] to characterize PCM-graded monoidal categories as monoids in a category of lax
monoidal functors. We shall not need promonoidal categories in their full generality, but rather the simpler
case of Bool-enriched promonoidal categories.

Definition 6.1 Let Bool be the poset of truth values {& < T}. A Bool-profunctor P : C + D is a functor
P : C° x D — Bool. Composition is relational composition, (Q o P)(¢;d) ;=3 e €D, P(c;e) A Q(e;d).

Definition 6.2 A Bool-promonoidal category (C, P,I) is a category C equipped with Bool-profunctors
P:CxC-»CandII:1-»C, satisfying the associativity and unitality laws

Po (P xbide) = Po(bide x P), Po(bidc x I) =bidc, P o (I x bidc) = bidg,
where bidc is the Bool-profunctor given by change of base of Hom¢ along

Set — Bool := {@ — 2, A~ T if Ais non-empty.

We encode a PCM as thin Bool-promonoidal category as follows.

Proposition 6.3 Let (E,®,0) be a PCM. Then E = ((E, <), P,I) is a Bool-promonoidal category on the
extension order of I where

T ifalbanda®b<ec,
@ otherwise,

P(a,b;c) := { I(c):=T for all c.
Proof. As regards functoriality, we have

e ifa’ <aand P(a,b;c) =T, then ' b < a®b < ¢ by Lemma 2.5, hence P(a’,b;¢) = T, and similarly
for b,

e if c < and P(a,b;¢) = T, then a ® b < ¢ implies a ® b < ¢, so P(a,b;d) =T,
<dand I(¢)=Tthen0<c<d,s0I(d)=T.
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For associativity, we need to show, for arbitrary elements a,b,c,d € E
dx€E, a®dr<d Nb®c<r < dz€E, adb<z N zPc<d.

Assume the left hand side holds with witness x, then by Lemma 2.5 we have (a®b) L cand a®b®c <
a®x < d, and so a P b witnesses the right hand side. If the right hand side holds with witness x, then
Lemma 2.5 similarly gives that b @ ¢ witnesses the left hand side.

For right unitality, since I is constantly true, we need to show

dxeE, adx<b < a<b

Let the left hand side hold with witness z. Then since 0 < z, we have a = a® 0 < a® z < b from
Lemma 2.5. Conversely, if the right hand side holds, 0 witnesses the left hand side. Left unitality is
analogous. a

A functor F : E — Set, or copresheaf, comprises a family of sets {F(e)}ecr indexed by FE, together
with functions F(e < €') : F(e) — F(€’) for each e < ¢’ in the extension order. These families will give
graded hom-sets, and the functions F(e < ¢') will give regrading maps. We shall also need two monoidal
structures on the category [E, Set] of functors E — Set and natural transformations between them.

Proposition 6.4 Let (E, P,I) be the Bool-promonoidal category generated by a PCM (Proposition 6.3).
Then the category [E, Set] has convolution monoidal structure ([E, Set], *, J) where

(F«G)c)=| [] Fla)xG®) |/~

abb<c

and ~ is the least equivalence relation generated by pairs (a,b,x,y) ~ (a', ¥/, F(a < a')(z), G(b < V)(y))
forz € F(a),ye G(b), a<d,b<l and d ®V < c. The unit is given by J(c) := {e} for all c.

Proof. This is the Bool-enriched case of the standard convolution monoidal structure for presheaves on a
promonoidal category [*], specialized to the promonoidal category E. O

Along with the pointwise cartesian monoidal structure (x, K), where (F'x G)(e) := F(e) x G(e), and K
is constant at the singleton, it is standard that ([E, Set], *, J, X, K) is a duoidal category [77]. Therefore we
have the following, where although C,y; is discrete, and so ngj = Copj, we write (ngj X Cop; to anticipate
future generalization.

Proposition 6.5 (Heunen and Sigal, [ §5 Propositions 3,4 and 5]) Let (Copj, ®,1) be a monoid, seen
as a monoidal discrete category, so that COY i % Copj is monoidal with (X, V) (XY):= (XX YY).
The functor category

MonCatlaz(C‘;g] X Copy, ([E, Set], , J))

has a monoidal structure (o, L) given by lifting (x, K),

K if X =Y
e— & otherwise.

PoQ)(x:2):= [[ QX:Y)xP(Y;2) L(X;Y)::{

YE(COb]

Theorem 6.6 Let (E ®,0) be a PCM, E be the corresponding Bool-promonoidal category, as in Proposi-
tion 0.3, and (Copj, ®,I) be a monoid, seen as monoidal discrete category. An E-graded monoidal category
with monoid of ob]ects (Copjy @, 1) is precisely a monoid in the monoidal category

(MonCatlam((C - X Copj, (B, Set], *,J)), 0, L),

that is, a duoidally [E, Set]-enriched Freyd category on (Copj, ®,1), in the terminology of Heunen and Sigal

[19].
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Proof. This is mostly a case of unfolding definitions, so let us first unpack what such a monoid comprises
in elementary terms. We will then examine the apparent discrepancies.

1. A lax monoidal functor C : (Cg{:j x Copj — ([E, Set], *, J), which is
(i) aset Co(X;Y), for each pair of objects X, Y in Copj, and grade a € E, and
(ii) a function (—)% : Co(X;Y) — Cp(X;Y), for grades a < b in E,
(iif) such that (—)2 is the identity, and (—)§ o (=) = (=),
(iv) functions ®gp;c : Co(X;Y) x Cp(X;Y') - Co(X @ X3 Y @ Y”) for each a @ b <
(v) an element 7, € C4(I; ), for each a € E,

satisfying the following naturality and coherence equations
(vi) compatibility of ®gp,. with the equwalence relation in Proposition 6.4, i.e. whenever a < d/,
b<v, anda@b/<c(f)®a/b/ (9% ) = f @avec 9,
(vil) ne = (770)c whenever ¢ < ¢/,
(viil) (f ®a,pe g) = f @aba g Whenever a®b<c<d,
(IX) (f ®a,b,x g) ®azz,c;d h = f ®a,y;d (g ®b,c;y h) whenever a & b < Tz, xdec < d, bdc < Y, and a ® ) < d,
(X) f ®a,b;c = fccz and Tla ®a,b;c f = fg whenever a © b <ec.
2. A monoidal natural transformation (3) : C o C = C, which is
(i) a function (3)q : Co(X;Y) x Co(Y; Z) — Cu(X; Z), for each grade a € E and objects X, Y, Z,
(ii) natural in the grade, i.e. for a < b, (f 32 9)% = f2 3, g%, and
(iii) mﬁnoidal withbrespect to the lax structure ®q p.c, i.e. (f$09) Qapic(P5p1) = (f Dapich) e (9Pa,pict),
whenever a © b < ¢

3. A monoidal natural transformatlon id : L = C, which is

i) an element (idy), € C,(X;X), for each grade a € E and object X,
(ii) natural in the grade, i.e. ((1dX) )¢ = (idx ), whenever a < b,

i) monoidal with respect to ®q pc, i.e. (idx)a Qq,p:e (idy)s = (idX@Y)c whenever a ®b < ¢
(iv) and compatible with the lax monoidal unit above, i.e. . = (ids), for all ¢ € E.

4. the monoid laws for § and id, namely
(i) associativity in each grade: for composable f,g,h € C,, we have (f$,9)3a h = f%a (95 h),
(ii) left and right unit in each grade: (idx)q 8o f = f and f 3, (idy ), = f for all f € Co(X;Y).

This data defines an E-graded monoidal category: by items 1.(1), 2.(1), 3.(1) and 4, for each a € E we have
a category C, with objects (CObJ; items 1.(ii), 2.(ii) and 3.(ii) give 1dent1ty—on—0bJectS regrading functors
()b : C, — Cyp; item 1.(iv) gives partial monoidal products with ¢ = a ® b, i.e. ®q4p = ®q p.acp- For the
laws, REG-ACT is item 1.(iii). For REG-® we have

1. (viii) 1.(vi)
(f & 9)2%% = (f ®a,b;a€9b 9)2%% - f Qa bic@dd g = (fg) ®c,d;c®d (gg) = fg b2y gg

®-U-A follows from items 1.(ix), 1.(x) and 3.(iv); ®-ID follows from item 3.(iii); INTER follows from
item 2.(iii) with ¢ = a @ b. For the converse, the idea is that given an E-graded monoidal category,
we can define the monoidal products required above via regrading, f ®qpc 9 = (f @ap 9)5qp The lax
monoidal unit 7. (item 1.(v)) is determined by the sequential unit via item 3.(iv), and item 1.(vii) is then
subsumed by item 3.(ii) at X = I. The necessary laws are verified in the appendix of the full version
[13]. These two processes are mutually inverse: starting from an E-graded monoidal category, we have
f Qapaar 9 = (f @ g)Z%ﬁ = f ® g by REG-ACT; conversely, starting from a lax monoidal functor with
laxator ®a,bie, the recovered laxator is (f ®q pamb 9)omp = f Pa,pe 9 by Ttem 1.(viii). O

Remark 6.7 Locally indezed categories [2)] axiomatize a notion of category in which hom-sets C,(A4; B)
carry a grade v, typically an object of a monoidal category V, equipped with regrading morphisms and
sequential composition operations that are homogeneous in the grade: C,(A; B) x C,(B;C) — C,(A4;C).
Formally, a locally V-indexed category is a category enriched in the category of presheaves on V, equipped
with its pointwise cartesian product (x). Locally graded categories [57,30,37] are instead enriched in
the convolution monoidal product on presheaves (), which allows grades to combine under sequential
composition. As noted above, these two monoidal structures form a duoidal structure [75]. Whenever one
has a duoidal category (V, x, J, X, I), the category (V, %, J)-Cat has a monoidal structure given by (x,I),
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as in Batanin and Markl [2, Section 3]. In the case of V = [E, Set|, monoids in this monoidal category are
a “flipped” notion of graded monoidal category in which grades combine sequentially but not monoidally.

7 Conclusion and future work

We have introduced monoidal categories graded by partial commutative monoids: a uniform framework
for monoidal categories, effectful categories, and Freyd categories. By varying the grading PCM, we have
modelled non-interfering parallelism, bounded resource usage, and other resource-sensitive settings, going
beyond the two-element grading of effectful categories.

Proposition 5.1 raises the possibility of equipping an FE-graded monoidal category with sequential
composition operations of the type C,(X;Y) x Cp(Y; Z) — Cuvp(X; Z), suggesting a notion of monoidal
categories graded in algebraic structures equipped with two (partial) monoid structures, with one operation
grading the monoidal composition, and the other sequential composition. A similar notion in the total case
has appeared in a preprint of the third author with Di Lavore [2%]. Section 6 suggests a concrete approach
to defining such “partial duoid” graded monoidal categories, by taking an E to be an appropriate (thin)
produoidal category, which again induces a duoidal structure on presheaves [!,!1]. This might provide a
common roof for our notion and that of Sarkis and Zanasi [70] in which grades combine totally, by the
same operation, under both sequential and monoidal composition.

Most of our examples of E-graded monoidal categories have been agnostic towards the definition of
objects and morphisms in the category. It would be nice to give conditions under which effectful categories
can be refined to non-trivially E-graded monoidal categories. The work of Breuvart, McDermott and
Uustalu on canonical gradings of monads [7] may be relevant in this regard.

In previous work [12], we constructed free effectful categories over what might be termed &?(X)-graded
signatures (or “effectful signatures”). In particular, we showed that every effectful category has a non-
trivial underlying &2(X)-graded signature, where the set X is given by taking maximal cliques in a graph
determined by the morphisms of an effectful category. Thus we may wonder if there is a further right
adjoint to the functor R of Theorem 4.4, defined using this construction. However, it seems that the
morphisms of GradMonT are too strong for this to be the case, since their assignment on morphisms is
governed by a morphism of PCMs whereas the morphisms of signatures in our paper [! 2] were necessarily
weaker, only preserving orthogonality. It remains to be seen how to relate these two notions of morphism.

Partial commutative monoids are used extensively in separation logic to model resources [17,23]. Es-
tablishing substantive connections to separation logic is also a promising direction for future work. In
particular, a natural next step would be to understand the relation between separating conjunction and
partially defined monoidal products arising from grading by appropriate separation algebras.
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